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ABSTRACT: Spin qubits associated with color centers are promising platforms for various
quantum technologies. However, to be deployed in robust quantum devices, the variations of their
intrinsic properties with the external conditions, in particular temperature and strain, should be
known with high precision. Unfortunately, a predictive theory on the temperature dependence of |~ Al
the resonance frequency of electron and nuclear spin defects in solids remains lacking. In this )

work, we develop a first-principles method for the temperature dependence of the zero-field
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splitting, hyperfine interaction, and nuclear quadrupole interaction of color centers. As a testbed, 7 ) -

we compare our ab initio calculations with experiments for the nitrogen-vacancy (NV~) center in

diamond, finding good agreements. We identify the major origin of the temperature dependence as

a second-order effect of dynamic phonon vibrations, instead of the thermal-expansion strain. The

method can be applied to different color centers and provides a theoretical tool for designing high-precision quantum sensors.

olor centers, the fluorescent lattice defects in insulators,

have been intensively studied as solid-state qubits for
quantum computing,l’2 quantum communication,”* and
quantum sensing.”® The temperature (and strain) dependence
of the spin defect properties is a critical factor in their
performance: their spatiotemporal fluctuations in the crystal
host would result in degraded coherence times, while the
sensitivity of the defects to their small variations can be
exploited in quantum sensing.” A predictive theoretical model
accompanied by a robust computational protocol would be
invaluable in both mitigating deleterious effects and selecting
the best host/defect combinations for quantum sensing. Here,
we developed a first-principles method for predicting the
temperature dependence of optical, electronic, and nuclear
spin-transition frequencies. We benchmark our calculations
using the properties of the nitrogen-vacancy (NV~) center in
diamond. Our first-principles calculations achieve excellent
agreement with the temperature dependence of the NV~ zero
phonon line (ZPL), zero-field splitting (ZFS), hyperfine
interaction, and nuclear quadrupole interaction. Crucially, we
find that the dominant part of the temperature dependence is
from a second-order dynamical phonon effect. Our method
paves the way for computation-assisted design of novel
quantum sensors using color centers in solids.

We select the NV~ center as our testbed, since it has been
accurately characterized in experiments for its applications to
quantum sensing of magnetic fields,” ™ electric fields,"’
temperature,' "' pressure, ”'* and rotation.>'® While the
temperature dependence of the NV~ electronic spin resonance
frequency'” has been exploited to probe the local temperature
with ultrahigh spatial resolution in nanothermometry devi-
ces,"® 7% it is also detrimental to some quantum devices, since
its fluctuations can lead to decoherence.*®
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Despite extensive experimental study on the temperature
dependence of both electronic and nuclear spin frequen-
cies,”’7** a predictive theoretical method is still lacking. The
temperature dependence has been previously attributed to the
thermal-expansion strain, but the calculated temperature shifts
are far smaller in absolute magnitude than the experimental
values””?' ™% (approximately by an order of magnitude). This
discrepancy indicates that other effects dominate the temper-
ature dependence. Various explanations have being proposed
for such a discrepancy. Doherty et al. proposed that the
dynamical phonon effect might play an important role in the
temperature dependence of the ZFS."” However, in the
absence of a method to evaluate the dynamical phonon effect
from first-principles, its contribution to the temperature
dependence could not be unambiguously determined. To
overcome these challenges, here we develop a theoretical
model of the defect transition energy v dependence on the
temperature-induced atomic displacement up to the second
order. We combine a full calculation of the phonon spectrum
including density functional perturbation theory (DFPT)**
with density functional theory (DFT) calculation of the spin-
transition energies with the supercell method.”

Given an electron—nuclear spin system, such as the NV~
center, we aim at calculating the temperature-induced shift of a
transition frequency v between any two levels that can be
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probed experimentally (e.g., by Rabi experiments.) The shift in
v arises from the temperature-induced atomic displacement, as
the thermal excitation of electrons is negligible due to the large
energy gap in a broad temperature range. For a general
transition, the atomic displacement effect is described by the
energy surfaces of the two levels as a function of atomic
coordinates, as shown in Figure 1(a). Expressing the atomic
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Figure 1. (a) Illustration of the second-order phonon effect to spin
resonance. (b) Electron and nuclear spin interaction in an NV~
center. The blue isosurface of electron spin density is from the DFT,
and the brown and silver spheres represent carbon and nitrogen
atoms, respectively. (c) The energy levels of NV~ centers.

configuration by the normal coordinates of phonon modes
{q;}, the transition frequency is then a function of ({g;}):
v({a}) = [B:({g}) — E,({g.)1/h (E, and E, are the energy
level 1 and energy level 2, respectively). At finite temperature,
{q;} has both thermal and quantum fluctuations. As all electron
and nuclear spin-transition frequencies (zero-field splitting D,
hyperfine interaction A, and nuclear quadrupole interaction Q)
are at least 3 orders of magnitude smaller than the typical
phonon frequency,” the measured v is a statistical average
over the phonon mode distribution:
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The first-order term represents the change of atomic
equilibrium positions, corresponding to thermal expansion.
Here we emphasize that the first-order term is typically smaller
than the second-order term, as (g;) originates from the weak
phonon anharmonicity. Then, what appears to be a “first-order
term” in eq 1 is actually the product of first-order and third-
order terms, as a purely harmonic system will have zero
thermal expansion with (gq;) = 0. We evaluate the first-order
term through the quasiharmonic approximation®” as a static
lattice expansion effect. The temperature-dependent lattice
parameter a(T) of nitrogen-rich diamond is obtained from the
previous experiments,”® and v/(a) is calculated for different a at
the equilibrium atomic configuration. The thermal-expansion
contribution to the spectral drift is then:
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where a(T) is the linear thermal-expansion coefficient at
temperature T.

The dominant second-order term represents the atomic
vibration around the equilibrium positions caused by phonon
excitations at finite temperature. The second-order term is
evaluated by the dependence of the spin-transition energy v on
the phonon occupation number n; = 0, 1, 2.. (i is the
vibrational mode index), which affects (q7) in eq 1.
By evaluating (g7) for a quantum harmonic oscillator
(harmonic phonon theory) at thermal equilibrium,

_ 1 ,
(q. > ot z)’ we obtain

1
(< >+ )_Mw<"”’i/k—T

V) = 1y(a(T)) + Z ;Z 3 Mh (ehw[/le ] + é)
3)

where M; is the mode-specific effective mass (conjugate to the
q; definition) in real-space harmonic lattice dynamics
expansion. Here we already included the “first-order”
thermal-expansion term in eqs 1 and 2 by taking 7, not at
the zero-temperature lattice constant a, but at finite-temper-
ature lattice parameter v, = vy(a(T)). We notice that the
dynamical phonon effect contributes a finite zero-point
vibration term to the spin-transition frequency even at zero
temperature.

We can gain additional physical intuition of this result by
considering the Franck—Condon discussions” and graphically
analyzing the expected frequency shift, as shown in Figure
1(a). We consider two spin energy levels within vibrational
energy levels (n; = 0, 1, 2,..) associated with orthogonal
vibrational wave functions of the ions. Suppose the upper
energy surface (red, associated with the higher spin energy)
has a slightly softer phonon frequency, which is true on average
for the NV~ center. Therefore, the s dprn -transition energy v
decreases as the phonon number #;f n’¢ = n increases.
Although the typical radio frequency and microwave (MHz to
GHz) spin control cannot induce direct transitions between
different phonon levels n; (~THz), these vibration energy
levels still affect the average spin-transition frequencies by

M,w;

inducing relatively small shifts in total energy (n + )flAa)

where Aw; = @ — @™ is the difference in modal frequency

between the upper energy surface (red) and the lower energy
surface (blue).

More specifically, the mean value of the spin-transition
frequency can be calculated as

(W) = {Z; Lo(a(T)) + Z %(n,. + %)

Aw, 1 1
=yy(a(T)) + Z ;(—eha’,/’d‘ - + E)

e Y. hay(n+3) /KT

z

1

(4)
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As Aw; < o, (0 + @;™)/2, the expression can be
evaluated by the second-order derivative of the spin-transition
energy (vertical distance between red and blue) to the normal-

n *Qw
(Z) , where 27hy = E*¢ —
2Mw; 611{

is the difference in red and blue potential energy surfaces,

mode coordinates Aw; =

Eblue
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and we have used the fundamental relation of harmonic
oscillators for each phonon mode:

aZE 62 Ered _ Eblue

aqi aqiz ()

Thus, this independent derivation from (4) gives

1 (92(277711/)( 1 L] ]
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) = y(a(T)) + Y ”
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which is identical to eq 3.

The zero-phonon line (ZPL), unlike the spin-transition
energies D, A, and Q, will have much larger transition energy/
frequency than the vibrational frequency. For ZPL, there is also
no vibrational transition (direct mixing with first-order Aw,), as
this is the “zero-phonon” vibronic transition. But the second-
order phonon-frequency softening argument due to n”¢ = n —
n = n in Figure 1(a) still holds, and therefore, the eq 6
derivation is still valid as well as eq 3. The absolute transition
rate can be computed through total vibronic wave function
overlap (joint electronic-vibrational wave function overlap
between the red and blue)*”.

Thus, the temperature-dependent frequency due to the
dynamic-harmonic-phonon effect is given by eq 3, which is the
form we will adopt for the numerical computations in this
paper. At first, a full phonon calculation is implemented
through the phonopy package*® combined with DFPT
implemented in Vienna ab initio simulation package
(VASP)*"** to derive the frequency @, and effective mass M,
of the full phonon spectrum. The second-order derivatives are

then calculated by the finite-differential method:
o 1
—— = —5[(6q) + v(=8q) — 2w(0)] + O(5q)
dq; o, )

where 1(g;) is calculated by exerting a small displacement of
0q; relative to the relaxed atomic configuration in the DFT
calculations (see Supporting Information (SI) for details™).
We simulate the NV~ center in diamond by a 4 X 4 X 4
rhombohedral supercell with the single defect at the center.
First, we calculate the zero-temperature electronic structures of
the NV~ center for the fully relaxed atomic configuration
(Figure 1b). The electronic structure calculation employs the
DFT and projector-augmented-wave (PAW) method imple-
mented by VASP. The ground state A, contains electron spin
S = 1 and "N nuclear spin I = 1, leading to the fine and
hyperfine structure shown in Figure 1(c). The spin state
splittings originate from three types of interaction: the
electron—electron magnetic dipolar interaction D, the hyper-
fine interaction A, and the nuclear quadrupole interaction Q;**

(8)

D, A, and Q are calculated by the first-order perturbation
theory to the DFT ground state®>*™*" (see SI* for details).
Selecting the C; axis of the NV~ center as the z-direction and
taking into account that Hp >H,, Hg, the effective
Hamiltonian, reduces to>°

A=SDS+SAT+1-QI

H=DS+QI’+A_SI

22772

)

where D = %DH andQ = %sz (magnetic field coupling terms

are not included). The temperature variations of D, Q, and A,
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are then calculated by relating them to transitions v between
two selected spin states (illustrated in Figure 1c). Similarly, the
ZPL’s temperature dependence is calculated by eq 4 using the
ASCF method*™*”* (see SI*® for details).

Applying our method to electronic transition, we calculate
the temperature dependence of the ZPL and ZFS (Figure 2).

@,

27
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Figure 2. (a) The ZPL and (b) ZFS from simulation and experiment.
The blue and red dashed lines represent the first-order (thermal
expansion) and second-order (dynamical phonon) effects, respec-
tively. The black line is the total shift from simulation, and the green
dots are experimental data points from refs 17 and 31. The well-
known first-order effect in (b) is obtained from ref 17.

The “first-order” thermal-expansion effect is, as found in
previous computational work,>”®>® far smaller than the
experimental results for the measured temperature drifts.
This is not surprising, since the quasiharmonic “first-order” is
physically a “cubic-order” Griineisen parameter X “first-order”
effect. Including the second-order dynamical phonon effects
corrects the discrepancy. The overall simulation results
(summation of the first- and second-order) for both quantities
are now consistent with prior experimental results. The

calculated temperature derivative Z—IT) at room temperature is

—75.99 kHz/K, consistent with the widely used experimental
value of —74.27 kHz/K.*” Different from ref 17, where the
dynamical phonon effect is fitted by experiment, we evaluate
the effect in a parameter-free manner from first-principles
calculations. Our result indicates that the main mechanism of
the temperature dependence of the ZPL and ZFS is the
dynamical phonon effect, with a much smaller contribution
from the thermal-expansion strain, at least near room
temperature. The temperature shift of the ZES in NV~ centers
provides promising prospects for nanothermometry, where the

magnitude of 4D s crucial for its temperature sensitivity.” Our
dar

method provides a predictive tool to search for different color
centers for optimal temperature sensitivity.

We notice that the method we used to calculate the ZFS
(developed in ref 33) does not take an exact estimation to the
contribution of the electron wave functions in the atomic core
regions. The method also involves errors from the spin
contamination issue.’” Despite this, as the core contribution is
estimated to be less than 5% and the predicted response of
the ZFS to external perturbations is reasonably consistent with
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Figure 3. (a) Nuclear quadrupole interaction Q and (b) hyperfine interaction A_, from simulation. The blue, red, and black curves represent the
calculated temperature-induced change from the thermal-expansion effect, the second-order vibration effect, and their summation, respectively. The
insets are the derivative of Q and A_, results, where the green dots are experimental data obtained from refs 17, 28, 29, and 51. (c) Overlap behavior
of D(T), Q(T), and A, (T) from simulation. The inset shows the spectral density Sy, S, and S, as defined in eq 10, where Gaussian broadening is
applied to the §(w — w,) for each phonon mode with a width of 2 THz.
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Figure 4. Hyperfine interaction A, with *C nuclear spin from simulation. (a) Illustration of the three groups of identical nuclear spins with the
strongest hyperfine interaction. (b) A,, for different '*C nuclear spins around the NV~ center plotted against the distance d between the 3C site
and the NV~ center. (c) Temperature shifts of different components of the hyperfine tensor A for *C atoms at different sites. The z-axis orients
from the vacancy site to the N site, the x-axis is along the vector between the two C® atoms pointed by black arrows (toward the upper one), and
7 =z X k. In the label, A; = 0 means the exact zero by symmetry and A; ~ 0 means numerically almost zero.

experiments in both previous work and our work, we expect
the method can approximately output the temperature
dependence of the ZFS.

We then calculate the temperature dependence of the
nuclear spin interaction. The temperature dependence of '*N-
related nuclear spin transition is shown in Figures 3(a,b). Both
A, and Q are negative quantities, and their absolute values
decrease with increasing temperature, yielding positive dQ/dT
and dA,,/dT. The thermal-expansion contribution to the
temperature shifts has an opposite slope with respect to the
experiments. The dynamical phonon effect is more than 1
order of magnitude larger than the thermal-expansion effects,

so it corrects both the trend and the magnitude, obtaining j—%

3269

2z

and in good agreement with the previous experi-

17,28,29,51
ments.

A_, is much more sensitive to T than Q. The sensitivity of
A,, mainly comes from the Fermi contact term, which is highly
sensitive to the atomic displacement in the dynamical phonon
effects according to our calculations. In comparison, the
electric field gradient (EFG) is relatively insensitive to atomic
displacement, so Q has a smaller temperature shift. Therefore,
we expect that the higher sensitivity of A,, than Q is also a
general behavior in many other color centers. It has been

L1 dA .
recently proposed that with @ 1, the coherence time of

nuclear spin qubits can be robustly protected by at least 1

https://doi.org/10.1021/acs.jpclett.3c00314
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et |

order of magnitude through noise decoupling techniques.’!
The generality of the higher sensitivity of A_, indicates a broad
applicability of such a method to various solid state spin
A, 1
T A,
approaches 8.9 X 107° K™' at room temperature. While the
absolute value of the ZFS shift is much larger, the relative

defects. The relative shift of the hyperfine transition,

frequency change Z—?% ~ 2.58 X 10° K" is smaller than for

the hyperfine interaction. Thus, to operate a quantum sensor
based on the nuclear spin, it is imperative to recalibrate the
temperature effects.”® The perpendicular hyperfine interaction
A,, is also important for nuclear spin dynamics,*® whose
temperature dependence is shown in SI section V.

Previous experimental results had observed a strong, but so-
far unexplained, correlation between D(T) and Q(T).”” Our
first-principles results not only confirm such a correlation over
a broad temperature range from 100 to 500 K (Figure 3¢c) but
also provide approaches to revealing the underlying mecha-
nism of such a correlation. As the dynamical phonon effects are
dominant for all these interactions, we investigate the overlap
behavior by defining the spectral density of the second-order
derivative of v as

M; dq;

S(w) = Y
j j (10)

as shown in the inset of Figure 3(c). The large intensities of S”,
S and $* at around 32—38 THz are attributed to the high
phonon density of states (DOS)>® and large second-order
derivatives in eq 10 at that frequency range. The ratio between
two temperature-induced frequency shifts (second-order) is
then a weighted average between their spectral density:

At S @)y (T, 0)/wda

AV /Sz(w)fBE(T, )/ wdw

1 0% ;
L% 50 - o)

(11)

where fyg is the Bose-Einstein distribution. As the spectral
densities S and Sy, have a similar shape, the ratio AQ/AD is
relatively insensitive to temperature. In comparison, S, shows a
more striking difference, undermining A_’s overlap with Q and
D. Thus, although A_(T) also shows an approximate
correlation with Q and D, it has a relatively larger deviation
with a larger slope in the low-temperature region and a smaller
slope in the high-temperature region as shown in Figure 3(c).
We note that the spectral correlation between different
interactions can be quite accurate and paves the way to
designing robust coherence protection protocols by refocusing
one-interaction variations using other correlated interactions
over a broad range of temperatures.”'

Beyond accurately reproducing experimental results, we can
predict the hyperfine temperature shift of '*C nuclear spins
around the NV~ center, which have been actively investigated
as qubits®”**~*" (Figure 4a). A,, for *C atoms at different
lattice sites around the NV~ centers is shown in Figure 4b as a
function of their distance to the NV~ center, where we identify
three groups of equivalent *C lattice sites with the strongest
interaction. The *C atom at the first-shell lattice sites (CV) of
the NV~ center shows a strong hyperfine splitting of 129 MHz,
well consistent with the experimental value of 127 MHz.*

The temperature dependence AA(T) of the three groups of
B3C lattice sites is shown in Figure 4(c—e). As specifying a
given ">C nuclear spin reduces the C,, symmetry, there are
more independent components of the hyperfine matrix: C(

3270

and C®s Cy;, symmetry gives four independent components
(with two constraints A,, = A,, = 0), and Cs C, symmetry
allows all six components of A(T) to be independent variables.
The diagonal components of A are positively related to T for
all three groups of lattice sites, exhibiting sensitive temperature
dependence with temperature shifts ranging from 39.3 to 98.5
kHz at 300 K. Previously, experimental work on the
temperature dependence of the "*C hyperfine interaction did
not provide definite results due to the high noise, while a
computational study did not consider the second-order
dynamical phonon effect.”® Our results provide a theoretical
prediction for A(T) of *C atoms near NV~ centers, which
could be measured by the nuclear spin transition.”"

In the discussion above, we focus on the temperature shift
under thermal equilibrium, but the dynamical phonon effect on
spin-transition frequency can be extended to kinetic processes
such as nonequilibrium phonon transport. In general, the
temperature shift at a single NV~ center measures a linear

. 2.
combination O(r) = Zi 21\:1 o, %ﬁ

(7) of the particle number

operators #; of ambient phonons, where the electron or nuclear
spin of an NV~ ensemble can probe phonon distribution in the
sample. While most materials characterization methods probe
the atomic equilibrium position, the second-order temperature
shift of spin defects provides a potential route to probe out-of-
equilibrium local atomic vibrations.

Our work provides a general scheme to study the
temperature dependence of transition frequencies of color
centers. An integrated python program that interfaces with
VASP and phonopy is made publicly accessible, which can
carry out the numerical workflow automatically. Besides the
NV~ center, various other color centers such as SiV, SnV, PbV,
GeV, and MgV in diamond are also widely studied due to their
potential in quantum sensing and communication.***~%
Besides diamond, point defects in silicon,®’~®* silicon
carbide,”* ™% Y,8i0,,"” CaWO, and YVO,**® also attract
broad interests. The temperature dependence data of transition
frequency remains lacking for many of these systems. Applying
our method to these spin defects can establish a database for
temperature-dependent transition frequency of electronic
excitation as well as electron and nuclear spin transitions,
which provides critical information for searching and designing
high-performance quantum devices such as highly sensitive
sensors and long-lived memories. Thus this result paves the
way to perform a systematic study on the energy levels of point
defects targeted for different quantum applications.

Finally, we raise caution that our current codes calculate the
ZFS by evaluating the electron spin—spin dipolar interaction
term. In some other color center systems (for example, SiV~
center in diamond), the spin—orbit coupling is also an
important source of the ZFS.*® Especially, the spin—orbit
coupling is significant in systems with heavy elements like
Y,SiOs. In order to calculate the temperature-dependent ZFS
of these systems, one can incorporate the spin—orbit coupling
calculations into our scheme, which is left to future work.
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I. DETAILS OF FIRST-PRINCIPLES
CALCULATION

The electronic structure calculation employs the
projector-augmented-wave (PAW) method implemented
by the Vienna ab-initio simulation package (VASP) with
a cut-off energy of 520 eV [1, 2]. Spin-unrestricted cal-
culations are implement using the generalized gradient
approximation (GGA) with the Perdew-Burke-Ernzerhof
(PBE) functional for electron exchange-correlation [3]
in the calculation of atomic relaxation, density func-
tional perturbation theory (DFPT), D, @, and A matrix.
The k-point mesh is sampled by the Monkhorst-Pack
method [4] with a seperation of 0.2 rad/A~" (3 x 3 x 3
k-point mesh in the supercell). The energy of electronic
iterations converge to 10~ eV and force on atoms con-
verge to 0.01 eV/A.

The phonon calculation is implemented in the 4 x 4 x 4
rhombohedral supercell with only I" k-point. 381 phonon
modes are obtained at I' k-point, including 3 trivial
modes corresponding to overall translation. The trivial
modes have no contribution to Eq. (3) in the main text,
as the overall translation of the system does not change
any transition energy. All the 378 non-trivial phonon
modes are then used to calculate the second-order deriva-
tive according to Eq. (3) in the main text. In Eq. (3), the
step of displacement d¢; is set as 0.1 A in the NV center
calculation. We tested that using d¢; = 0.05 A gives al-
most the same temperature dependence, confirming the
convergence of our results to d¢;. We mention that nu-
merically, §¢; = 0.1 A is not a large value as it appears
to be, as this magnitude of displacement is distributed to
all the 127 atoms in the supercell, and the displacement
of each atom is in a proper range.

II. CALCULATION OF D, Q, AND A

The first term in Eq. (8) in the main text originates
from the electron spin-spin magnetic dipolar interaction

* These authors contributed equally.
T pcappell@mit.edu
 liju@mit.edu

from the Kohn-Sham orbitals [5]:

2,2
Dij = Ll > Xab <‘I’ab

47
a<b

rzéij — 37“2‘7“]'
rd

‘I/ab> (1)

where (o, ¢, ge are the magnetic constant, Bohr mag-
neton, and Landé factor of electron, respectively. The
summation goes through all electron pairs (a,b). Wu
are particle determinant wave functions from the Kohn-
Sham ground state and x5 equals +1/-1 when the states
a and b have the same/different spin.

The hyperfine constant (the 2°¢ term in Eq. (8) in the
main text) is a summation of the Fermi contact contri-
bution and dipolar contribution:

HoGegI BRI _ (2
i / Ps (I' + R]) 3’/‘i’l“j — 5ijT2

ijps (Rr) +
(2)

dr]

47 r3 r2

where gy, uy, and R; are the g-factor, nuclear magne-
ton, and coordinate of nuclear spin, ps is the electron
spin density from the DFT ground state. In the NV cen-
ter calculation, we use the g-factor of g; = 3.077 x MLB

MHz/T for N and g; = 10.7084 x HLB MHz/T for 13C.

The nuclear quadrupole interaction is calculated
through the electric field gradient (EFG) V;; = 9;E; from
the electron density p(r):

e 3rir; — 0

z’j7‘2
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3
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Z Zr RS ]

T I
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4meg

where e, €, Z;, Ry, and Ry are the electron charge,
vacuum dielectric constant, nuclear charge, position of
nucleus, and relative coordinate between nucleus I’ and
I. The Q matrix is then calculated by the three principal
axis system (PAS) eigenvalues Vj o 3 of the EFG:

eQ; -V, -V; 0 0
Qij = o 0 —Vi+hh-V3 0

(4)
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where ()5 is the nuclear quadrupole moment. In the NV
center calculation, we use the N nuclear quadrupole
moment Q; = 20.44 e-mb.

In the principal axis coordinates, Eq. (8) in the main
text is converted to:

fp = DIS? - %sw SN +SE 82 0)
fig= QI ~ IT+ 1)+ 2B+ 1) ()

Hpo=A..S.I. + AppSol, + Ay S,I,  (7)

where D = %Dzz and Q = %sz are the splitting energy,
and € = (D:mc - Dyy)/Dzz and n = (sz - ny)/sz
are the asymmetric coefficients. Applying to an uniaxial
system like N'V-center under zero strain, we select the C3
axis as z-direction and the effective Hamiltonian reduces

to (considering Hp > Ha, Hg) Eq. (9) in the main text.

III. CALCULATION OF THE
TEMPERATURE-DEPENDENT ZPL

Although the ZPL is not spin-transition, its tempera-
ture dependence can be calculated by the same theoret-
ical framework. The only difference is that the energy
levels of the excited state and ground state have a large
separation of 1.945 eV, so their difference can no longer
be evaluated perturbatively. Compared with the spin
transition where the transition energy is far smaller than
the phonon energy, here the electronic transition energy
is far larger than the phonon energy.

40
—— AA,, (215-atom) /
0 — DA, (127-atom) /
) —— AQ (215-atom)
X ——— AQ (127-atom)
> -
3 20
10+
0 . ‘ . : . , ‘
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FIG. 1. Convergence test of the temperature dependence

of A., and Q of the "N nuclear spin in NV centers. The
black/blue and red/green curves represent the temperature
drifts of A../Q of the "N atom calculated by the 215-atom
rhombohedral supercell and 127-atom cubic supercell, respec-
tively

The calculation is implemented through evaluating
Eq. (4) in the main text. At first, we use the A SCF

S2

method [6] to calculate the relaxed atomic structure and
electronic structures of the excited states, where one elec-
tron is placed in a high-lying Kohn-Sham orbital. In the
NV center calculation, this is realized by fixing the elec-
tron occupancy according to the >F excited state’s aje?
molecular orbital configuration as in ref. [7]. For the two
degenerate excited orbitals (e, e,), we use (1, 0) occu-
pancy for the excited state as the previous works [7, 8.
The same electron occupancy is set for all k points in
the supercell calculation, yielding the 3E state with one
excited electron in each NV center, or namely, one ex-
cited electron in each supercell. The phonon spectral
of the excited states is then calculated, deriving a series
of excited state phonon frequency wy. Combining with
the ground state phonon frequency w?, we derive Aw; in
Eq. (4) in the main text. w; in the equation is set as the
ground state phonon frequency, as phonon exhibits the
Boson distribution according to the ground state phonon
spectral in the ZPL measurement. The first-order con-
tribution from vy (7T) is directly calculated through the
excitation energy calculation under lattice expansion by
the A SCF method.

We notice that calculating the temperature depen-
dence of the ZPL is less computationally expansive than
calculating that of the spin interaction terms. That is be-
cause the atomic vibration frequency difference of the two
electronic states in the ZPL can be directly evaluated by
phonon calculations. In comparison, a scheme to eval-
uate the atomic vibration frequency difference between
two spin states is lacking to our knowledge. Develop-
ing such schemes can potentially benefit the spin-phonon
interaction calculations, which is left to future work.

IV. CONVERGENCE TEST OF THE
SUPERCELL SIZE

Here we conducted convergence test to show that the
127-atom 4 x 4 x 4 rhombohedral supercell we used for
NV centers can derive temperature dependence reason-
ably convergent against supercell size. The temperature
dependence of A, and @ is calculated by both the 127-
atom supercell and a 216-atom cubic supercell, as shown
in Fig. 1. The temperature dependence calculated by
different supercell is well consistent, supporting that the
127-atom supercell can derive temperature dependence
with reasonable convergence. As the computational cost
of the temperature dependence calculation grows dra-
matically with the supercell size, we recommend the 127-
atom supercell based on our test results to people who
intend to use our method.

V. TEMPERATURE DEPENDENCE OF
COMPLETE SPIN INTERACTION MATRIX

In addition to the secular terms in Eq. (9) in the main
text, there are also other components of the matrix D, A,
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FIG. 2. (a) Temperature dependence of A, of the "N nuclear spin in NV centers. The blue dashed line, red dashed line, and
black line represent the 1°¢ order, 2" order, and total temperture drift. (b) Fermi contact (denoted as contact), core correction
(denoted as core), and dipolar interaction (denoted as aniso) terms of the 2"%-order hyperfine interaction.

and @ in Eq. (8) in the main text, which are also impor-
tant to characterize the spin dynamics of the system [9].
We include a complete temperature dependence analysis
of these matrix.

We first notice that the temperature effects do not
break the C3, symmetry of the system. Therefore, the
matrix D and A, Q for the '*N nuclear spin still keep the
symmetric form:

) -3 0 0
Hp(T)=D(T)| 0 —-% 0,
[0 0 3]
A —3 0 0]
Ho(T)=Q(T)| 0 —% 0], (8)
[0 0 3]
A Ay (T)
HA(T) = 0  An(T) 0
0 0 A..(T)

Notice that the asymmetry factors 7 and e in Eq. (5,6)
are zero at both zero temperature and finite tempera-
ture. The only non-secular term that is not reported
in the main text is A.,(T), the perpendicular hyperfine
interaction (denoted as A in some literature [9]).

The temperature dependence A,.(T) is plotted in
Fig. 2a. We plot the symmetrized temperature drift
1(Azz + Ayy), as the calculated Ay, (T) and Ay, (T)
have slight difference due to numerical error. As A, (T),
the A..(T) have a dominant positive contribution from
the 27 order effect and a smaller negative contribution
from the 1%¢ order effect. The total temperature drift
AA,,(T) is smaller than AA,,(T) in the studied tem-
perature range. As the temperature effect on A, (T) has
not been reported by experiments, this data also provides
a prediction.

In Fig. 2b, we plot different contributing terms of the
temperature drift AA,, and AA,,: the fermi contact
term (the first term in Eq. (2)) and its core correction,
and the dipolar interaction term (the second term in

Eq. (2)).
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