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Since strain is by definition a relative measure[1], usually one needs two atomistic configura-
tions, the reference and the current, in order to compute the local strain. A specialized trick
could work if the reference configuration is known to be of high symmetry, and that only
provides the shear invariant[2, 3]. To compute the full transformation matrix J and strain

tensor m, one needs two configurations.

Define integer N; to be the number of neighbors of atom ¢ in the present configuration. For

each neighbor j of atom ¢, their present separation is

and their old separation was
d), = x) —xj. (2)

Note that in our present programs[4, 5, 6], d;; and d?i etc. are all considered to be row

vectors.

We seek a locally affine transformation matrix J;, that best maps
{d)} — {d;;i}, YjeN, (3)

in other words, we seek J; that minimizes:
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JEN;
= Ty (FdY —df)(d)di - dj). (4)
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Performing arbitrary matrix variation 6J7 in above, we get

0 = Tr) 63/dJf(d)J; —dy)
JEN;
= Tved] ) ) (d i —dy). (5)
JEN;

For the above to be true for any 6J7, the matrix

Z dOT dO ) (6)

JEN;

has to be zero. In other words, there must be:

(Z dOTd0> Z dOTd (7>

JEN; JEN;
If we define
V= > d)fd), W, = ) dYfd;, (8)
JEN; jJEN;
then there is simply
J, = VI'w, (9)

The Lagrangian strain matrix is then calculated as

n, =

(2

(3.J7 -1). (10)
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And we can then compute its hydrostatic invariant
n 0 = ZTrn, (11)

calibrated to 1,, = 1y, = 1.. = a, and the local shear invariant,

1ses 1
" = \/éTr(n — l)?

_z22+ Tr zz2+ rr 2

calibrated to 7., = 7y, = b, and all others zero.



Note that

1. The order of J; and J! in (10) matrix product is important. The wrong product order
would also give you a symmetric matrix, but that symmetric matrix has nothing to do
with the strain.

2. The product order of (10) appears to be the reverse of that of [1], because we adopt
row-based vector scheme now [4, 5, 6], while column-based scheme was adopted in [1].
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