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Abstract
Machine learning (ML) has emerged as a transformative approach for overcoming the unfavor-
able scaling that limits system sizes and accessible timescales in electronic structure calculations,
which underpin modern computational sciences. Herein, we provide a comprehensive examina-
tion of ML methods that learn electronic structure representations across multiple levels of theory.
We introduce an ‘ML Jacob’s ladder’ framework that categorizes methods by the completeness of
electronic structure information they capture, from determining the many-body wavefunction
through neural quantum states, to parameterizing exchange- correlation functionals in density
functional theory, to predicting Hamiltonians and Fock matrices that bypass self-consistent-field
iterations, and finally to learning electron densities from which diverse observables can be derived.
Throughout, we emphasize the conceptual unification of these approaches through diverse rep-
resentations and shared physical principles such as the variational theorem, Kohn–Sham formal-
ism, and hierarchical corrections that make ML uniquely suited for this domain. We also highlight
generalizable models emerging across rungs that promise transferability between chemical systems
and levels of theory, alongside practical implementations for real molecular and materials systems.
By examining how different architectural choices and physical constraints shape model capabili-
ties, we map the evolving landscape where ML is reshaping the accessibility, accuracy, and inter-
pretability of quantum mechanical predictions.

1. Introduction

Quantum chemistry (QC) techniques undertake a fundamental role in materials, chemical, physical, and
biological research [1–5], allowing ab initio simulation of systems and the extraction of relevant prop-
erties. The refinement and improvement of computing power and algorithms have recently allowed
such complex methods to become common practice in these fields, with chemistry and materials related
research often taking over a third of supercomputer hours [6, 7].

The substantial amount of computational resources dedicated to these methods underscores their
importance to the scientific community, but simultaneously highlights the need for improved efficiency.
The unfavorable scaling of the QC methods restricts the abilities of researchers, particularly for large sys-
tems, demonstrating the value in enabling accelerated ab initio calculations. For instance, the exponen-
tial scaling of full configuration interaction (FCI) renders calculations infeasible for systems exceeding
20 electrons in 20 orbitals [8].

Therefore, with the recent emergence of machine learning (ML) methods as statistical frameworks
for inferring complex functional relationships, they have increasingly been applied to QC and electronic-
structure problems in order to make ab initio results accessible at a cheaper computational cost. Indeed,
early quantitative structure-activity relationship models showed the ability of simple statistical methods
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to predict molecular properties from their structural components [9]. With the subsequent improvement
of ML architectures and the advent of neural networks (NNs), the complexity of relationships between
inputs and predictions evolved accordingly. As such, models have been able to determine an expanding
number of physicochemical properties, achieving accuracy that nears, and in some cases rivals, high-level
quantum-chemical methods [10–15]. Relatedly, a particularly popular and growing use of NNs across
the molecular and material sciences is ML interatomic potentials (MLIPs), which aim to provide reli-
able energies and forces for large-scale molecular and materials simulations such as molecular dynamics
which are unfeasible or too costly with the above QC techniques [16–18]. These successes illustrate the
potential of NNs to learn underlying physical properties of systems, and the architectures served as inspi-
ration for many of the methods we will discuss below.

However, in this review, we focus on advances in ML models aimed at learning beyond direct prop-
erty prediction. In particular, we highlight recent efforts that use ML to predict and understand elec-
tronic structure itself. We believe this to be particularly important for the community of ab initio model-
ers and ML researchers because expanding the learning task to encompass broader aspects of the under-
lying physics enables NNs to acquire a more fundamental and transferable representation of molecu-
lar and materials systems. By learning electronic structure directly, a model is inherently more applica-
ble since many downstream properties can be computed without additional supervision. Moreover, this
approach can enhance accuracy because models trained only on target properties may lack the complete
physical information encoded in the electronic structure, resulting in degraded performance on challeng-
ing or out-of-distribution cases. In fact, increasing the electronic structure information included in ML
models has been shown to lead to better accuracy [19], suggesting that directly learning electronic struc-
ture can further improve results. Indeed, the models in this review learn underlying physics with accu-
racy approaching that of the original QC methods, hinting towards a future with more accessible ab ini-
tio results that retain their informational breadth and accuracy. It should be noted that the accuracy of
supervised models in this review is compared to the method the authors trained the model on (unless
stated otherwise). As such, numerical results and ‘chemical accuracy’ claims (roughly 1 kcalmol−1

≈43 meV per molecule) are contingent on the baseline accuracy of the method used, which is impor-
tant context for the reader.

We believe ML to be particularly primed for learning electronic structure due to four key paradigms.
Firstly, due to the reliance of diverse fields on QC and recent optimizations of algorithms and com-
putational efficiency, a lot of relevant ab initio data is available to train models, with databases for
materials [20]), small chemical systems [21, 22]) and biologically relevant systems [23] becoming avail-
able. Therefore, since these calculations often require solving the Schrödinger equation repeatedly for
chemically similar systems that are built from a limited set of elements, these datasets present a high-
value landscape for data-driven models.

Secondly, ML models possess the theoretical expressivity needed to represent the high-dimensional
objects that define electronic structure. For example, kernel ridge regression (KRR) operates in a con-
structed reproducing kernel Hilbert space to represent and minimize risk over infinite-dimensional func-
tion spaces in a tractable way [24, 25]. This shares the same functional-analytic foundation as quantum
mechanics with its Hilbert space. Furthermore, the universal approximation theorem [26] establishes that
sufficiently expressive NNs can approximate continuous functions and functionals to arbitrary accuracy,
providing a principled foundation for learning wavefunctions, exchange-correlation (XC) functionals,
Hamiltonians, and densities directly from data. When combined with symmetry-preserving architec-
tures that encode the physically required invariances, this expressive power makes NNs exceptionally well
suited for modeling the structured mappings at the heart of QC.

Thirdly, electronic structure methods follow a hierarchical and multifidelity structure from semi-
empirical methods to density functional theory (DFT) to coupled cluster (CC) and beyond. Thus, rather
than learning expensive high-level theory directly, ML models can learn corrections ∆= Ehigh − Elow
from a computationally cheap baseline method. By learning corrections to the electronic structure, the
model requires far fewer training examples and enables systematic improvement over the baseline meth-
ods. This was initially applied to the chemical space by Ramakrishnan et al [27], and has since been a
key part of certain kernel based models [28–30], and, recently, NNs [31, 32].

Lastly, ML is especially disposed for learning electronic structure due to the existence of two key the-
oretical foundations; the variational principle and the Kohn–Sham (KS) formulation of DFT. Indeed, KS
theory guarantees the existence of an exact universal functional E[ρ], but provides no prescription for
finding it. Traditional functional development has progressed through increasingly sophisticated hand-
crafted approximations as portrayed by Jacob’s ladder [33] (see figure 1), essentially manually feature
fitting to known exact conditions. By nature, ML offers a complementary approach to this fitting by
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Figure 1. Right: commonly known Jacob’s ladder with each rung representing a more accurate representation of the XC func-
tional. Left: Proposed ML for electronic structure ladder in which each rung is an increase in electronic structure information
that the ML model learns, with the ultimate goal of obtaining a representation of the exact electronic structure.

parameterizing XC functionals Exc[ρ] or related kernel functions with NNs, allowing data-driven discov-
ery of functional forms while maintaining essential physical constraints. Similarly, the variational princi-
ple allows neural quantum states (NQSs) to represent |Ψ〉 directly through NN architectures in an unsu-
pervised manner, as the Hamiltonian itself provides the optimization objective through the variational
principle; minimize the system energy. In light of the computational expense required to generate very
accurate data, the ability of networks to learn in an unsupervised fashion therefore further highlights the
potential and importance of ML electronic structure.

These conditions exemplify the synergy between ML and electronic structure learning and provide
the roadmap for a shift from purely physics-based calculations to hybrid methods that combine physical
constraints with data-driven learning. Therefore, this review examines the theoretical foundations and
practical implementations of such methods. Inspired by Jacob’s ladder for XC functionals, we have con-
structed an ‘ML Jacob’s ladder’ in which increasing electronic structure information is learned by models
at each rung (figure 1). Climbing it thus leads to a complete representation of electronic structure, from
which any downstream property can be derived. Many complementary reviews focus on specific rungs of
the ladder [34–38], and thus we aim to provide a holistic and updated view of the rapidly growing field.
We will structure this review by descending this ladder, going from learning the complete wavefunction
to the charge density. Furthermore, we aim to focus on ML models that can be applied to real molecular
and material systems, although we recognize and mention that several of these models were inspired by
work on ‘toy’ physical systems.

Therefore, our outline is as follows:

(i) Learning the wavefunction, where unsupervised NNs serve as variational ansätze capable of repre-
senting highly correlated many-electron states.
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(ii) Learning the exchange–correlation functional, enabling data-driven construction of the central
object in KS DFT.

(iii) Learning the Hamiltonian/Fock matrix, which provides a direct route to bypassing costly self-
consistent-field (SCF) iterations and enables efficient access to energies, forces, spectra, and response
properties.

(iv) Learning the electron density, which also helps to circumvent SCF iterations and serves as a founda-
tion from which many observables can be derived.

By exploring these four axes, we highlight how the landscape of electronic-structure theory is being
reshaped by various ML architectures and methods, pointing toward a future in which accurate, scalable,
interpretable, and general ab initio predictions are made accessible.

2. Theoretical background

To introduce the reader to concepts in both QC and ML, we include a short theoretical background to
the works detailed in this review. Further details should be sought in more specialized QC [39–41] and
ML [42–44] reviews.

2.1. QC
The basis behind such techniques is electronic structure theory, which revolves around the many-electron
Schrödinger equation (S.E.), usually under the Born-Oppenheimer (BO) approximation:

ĤΨ(r1, . . . ,rNe) = EΨ(r1, . . . ,rNe) , (1)

where Ĥ is the electronic Hamiltonian for Ne electrons. In order to solve this equation, several approx-
imate methods have been developed, leading to a tradeoff between the accuracy of approximations and
the computational scaling.

Indeed, an early ansatz is the Hartree–Fock (HF) method, which approximates (1) as a single Slater
determinant. The Slater determinant is made of one-electron spin-orbitals and is a logical choice to
represent a wavefunction since it ensures that the Pauli exclusion principle is respected. For Ne elec-
trons occupying spin-orbitals {ϕ1,ϕ2, . . . ,ϕNe}, the Slater determinant, and thus the HF wavefunction
is defined as:

ΨHF (x1, . . . ,xN) =
1√
Ne!

∣∣∣∣∣∣∣∣∣
ϕ1 (x1) ϕ2 (x1) · · · ϕN (x1)
ϕ1 (x2) ϕ2 (x2) · · · ϕN (x2)

...
...

. . .
...

ϕ1 (xNe) ϕ2 (xNe) · · · ϕN (xNe)

∣∣∣∣∣∣∣∣∣ . (2)

In order to best represent the system with this ansatz, ΨHF is optimized using the variational prin-
ciple. This states that the most representative/best ground-state wavefunction is obtained by minimizing
the Rayleigh coefficient (energy expectation value 〈E〉) since:

E0 ⩽
〈Ψtrial|Ĥ|Ψtrial〉
〈Ψtrial|Ψtrial〉

, (3)

where Ψtrial is the tested/evaluated trial wavefunction and E0 is the exact ground-state energy of the sys-
tem. However, by only considering the wavefunction as a single antisymmetric product of one-electron
orbitals, electron correlation beyond the mean-field level is neglected, therefore making it difficult to
achieve ‘chemical accuracy’ for more complex systems. Nevertheless, due to its relatively simple protocol,
it scales nominally with the number of basis functions as O(N4) [45].

A conceptually simple extension to HF and its accuracy is FCI, where the wavefunction is expanded
in a complete basis of Slater determinants. This can lead to exact solutions, but the method scales expo-
nentially with N, illustrating the tradeoff between modeling systems at a certain level of accuracy, and
being able to model larger systems. As such, methods that split the two extremes are more common in
practice.

Indeed, a popular approach is CC [39], which expresses the wavefunction as an exponential of exci-
tation operators acting on a reference determinant |Φ0〉:

|ΨCC〉= eT̂|Φ0〉 (4)
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where T̂= T̂1 + T̂2 + · · · includes single, double, and higher excitations. The most popular CC method
uses the Single, Double, and pertubative Triple excitations: CCSD(T). The inclusion of these excitations
allows an accurate, size-extensive treatment of electron correlation. Therefore, it is commonly dubbed
the ‘gold-standard’ method due to its high accuracy, often reaching ‘chemical accuracy’ for ground state
energies. It scales as O(N7) with the number of particles, which, although steep, is much better than
FCI, and with the progress in modern computing power/efficacy, it is usable for many industrially rele-
vant systems.

Finally, DFT is arguably the most widely used QC method, particularly for large molecular systems.
It is underpinned by a fundamentally different theoretical framework which stems from key principles
established by Hohenberg and Kohn [46]. The first Hohenberg–Kohn (HK) theorem states that the
ground-state electron density uniquely maps to the external potential, and the second HK theorem that
there exists an energy functional E[ρ] such that the total energy is minimized by the true ground-state
density, according to the variational principle. However, the exact form of E[ρ] is unknown. Therefore,
Kohn and Sham [47] introduced an auxiliary system of non-interacting electrons that reproduces the
same ground-state density as the interacting system. The corresponding orbitals {ϕj} satisfy

[
−1

2
∇2 + vs (r)

]
ϕj (r) = ϵjϕj (r) , (5)

where the KS potential vs(r) = vext(r)+ vH[n](r)+ vxc[n](r) includes the external potential, classical
Hartree, and XC contributions, respectively. In practice, the KS total energy functional is expressed as

Etotal [n] = Ts [n] + EH [n] + Exc [n] + Eei [n] + Eii, (6)

where Ts[n] is the kinetic energy of the non-interacting reference system, EH[n] is the Hartree (electron-
electron) term, Eei[n] is the electron-ion interaction energy, and Eii is the classical ion-ion repulsion, and
are known. However Exc[n], the XC functional, takes into account the errors from non-interacting kinetic
energy terms and classical treatment of electron-electron interactions, but is not known completely. This
unknown has been the subject of a lot of research because, according to the HK theorems, KS-DFT is
exact in nature, yet in practice its accuracy is limited to the approximation made for the XC functional.
The various approximations to this functional can be organized by accuracy, a hierarchy commonly
called ‘Jacob’s ladder’. These levels are shown in figure 1. Nevertheless, with its self-consistent loop,
DFT often scales as O(N3) with the number of particles [48], leading to its popularity. For the study of
excited states, time-dependent density functional theory (TDDFT) extends DFT to time-dependent (TD)
systems through the Runge–Gross theorem [49], an extension of the HK theorems which establishes a
one-to-one correspondence between the TD density ρ(r, t) and the TD potential vext(r, t).

2.2. ML
We briefly distinguish the two learning settings recurring in this review (and developed further in subse-
quent sections). Supervised learning fits models to labeled input–output pairs—for example, molecular or
crystalline structures paired with energies, Hamiltonian matrix elements, or electron densities from ref-
erence ab initio calculations—by minimizing a loss against those labels. Unsupervised learning optimizes
objectives without paired outputs, as in variational Monte Carlo (VMC) for NQSs (section 3), where the
energy expectation supplies the training signal. Many methods later in the review combine both ideas
(e.g. physics-informed losses alongside supervised fits).

2.2.1. Kernel methods
Kernel methods [24] have been central to early ML applications in QC. Given training data D =
{(xi,yi)}Ni=1, KRR predicts at a test point x∗ via:

f̂(x∗) = k
T
∗ (K+λI)−1 y (7)

where Kij = k(xi,xj) is the kernel (Gram) matrix, k∗ = [k(x∗,xi)]Ni=1, and λ > 0 is a regularization
parameter. Molecular applications usually represent each atomic environment with a symmetry-aware
descriptor. SOAP (smooth overlap of atomic positions) [50] is representative: it respects permutations
among equivalent atoms and retains a local cutoff. Chemistry papers sometimes describe SOAP itself as
a “kernel,” but it is more precisely a fixed featurization. The kernel k in equation (7) is specified sepa-
rately and defines similarity between those feature vectors in the usual way.
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Equation (7) is often presented within the Gaussian process (GP) framework, where it arises as the
posterior mean of a probabilistic model that additionally provides predictive variance:

σ2
∗ = k(x∗,x∗)− kT∗ (K+λI)−1 k∗ (8)

with λ identified as noise variance σ2
n. However, interpreting σ

2
∗ as a calibrated uncertainty estimate

requires that the kernel correspond to a valid covariance function of a stochastic process—i.e. that it is
bounded and positive semi-definite in a way consistent with the GP prior assumptions. When station-
ary kernels such as the Matérn family are used on SOAP or related descriptor vectors—the usual pair-
ing in GP/KRR models built on these featurizations—this interpretation is well-justified [50]. However,
polynomial (dot-product) kernels are also widely employed with the same descriptors, and these are
unbounded and do not define a proper stationary process, rendering the uncertainty estimates unreliable
as confidence intervals. In such cases, KRR is better understood as regularized linear regression in the
feature space induced by the kernel, without attaching probabilistic meaning to the predictive variance.

Despite this caveat, kernel methods remain valuable for small-data regimes (N≲ 104) commonly
encountered in high-accuracy QC, where their closed-form solution avoids the optimization challenges
of NNs. Exact kernel and Gaussian-process regression require an O(N3) decomposition or inversion of
the N×N Gram matrix [24, 42], which in practice caps feasible training set sizes at roughly N∼ 104

on typical hardware before time and memory become prohibitive. For substantially larger datasets, NNs
trained with stochastic optimization process mini-batches of size m� N per step, so that the cost per
epoch scales as O(N) in N at fixed architecture and batch size, and they therefore typically offer bet-
ter computational efficiency in the large-N regime [43, 44]. Their principal limitation for equation (7)
remains the O(N3) linear solve, which motivates the NN architectures discussed below.

2.2.2. Multilayer perceptrons (MLPs)
The MLP, a standard feed-forward NN architecture [51], consists of multiple layers, each applying an
affine transformation followed by a nonlinear activation function:

h(l+1) = σ
(
W(l)h(l) + b(l)

)
(9)

where h(l) ∈ Rdl is the hidden representation at layer l, W(l) ∈ Rdl+1×dl is the weight matrix, b(l) ∈ Rdl+1

is the bias vector, and σ is a nonlinear activation (commonly ReLU, tanh, or SiLU/swish). While the
universal approximation theorem guarantees that even sufficiently wide one-layer MLPs can approxi-
mate any continuous function on a compact domain as mentioned above, it does not mean that a given
function can be learned efficiently and, often, obtaining enough data to allow the MLP to learn such
complex functions is the bottleneck. This is why the field has moved toward architectures with stronger
inductive biases—graph NNs, equivariant networks, and transformers—that encode known physical
structure (molecular topology, spatial locality, rotational symmetry) directly into the model. By build-
ing in constraints that an MLP would have to discover from data, these architectures effectively reduce
the dimensionality of the function space that must be searched, achieving better accuracy with fewer
parameters and, crucially, less training data. The following sections describe these architectures in order
of increasing geometric sophistication.

Despite these limitation, MLPs remain widely used for learning atomic contributions in local chemi-
cal environments (e.g. in the Behler–Parrinello NN [52]) or as components within more complex archi-
tectures where they process aggregated features.

2.2.3. Graph neural networks (GNNs) and message passing
Molecular systems naturally lend themselves to graphical representations G= (V,E), where atoms form
the node set V and chemical bonds (or spatial proximity) define the edge set E. Often, GNNs [53]
exploit this representation by iteratively updating node features through message passing—aggregating
information from neighboring nodes while respecting the graph topology.

The general message passing framework, formalized by Gilmer et al [54], updates node features hi for
atom i through two stages

m(t+1)
i =

∑
j∈N (i)

M
(
h(t)i ,h

(t)
j ,eij

)
(10)

h(t+1)
i = U

(
h(t)i ,m

(t+1)
i

)
(11)
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where h(t)i ∈ Rd represents the feature vector for atom i at iteration t, N (i) denotes the set of neighbor-

ing atoms of node i (defined by bonding or a distance cutoff), m(t+1)
i is the aggregated message received

by node i, eij ∈ Rde represents edge features (typically including interatomic distance rij = ‖ri − rj‖, and
sometimes bond type or directional information), M is a learnable message function (often implemented
as an MLP), and U is a learnable update function (also typically an MLP or GRU). The summation
operator

∑
ensures permutation invariance—the order of neighbors does not affect the result.

After T message passing iterations, the receptive field of each node extends to atoms within T
bonds or distance steps. Global molecular properties are obtained by aggregating node features: hmol =

ρ({h(T)i }i∈V), where ρ is a permutation-invariant readout function such as summation or mean pooling.
Architectures like SchNet [55] introduce continuous-filter convolutions that weight messages by

Gaussian basis expansions of interatomic distances. DimeNet [56] extends this by incorporating direc-
tional information through bond angles θijk between atom triplets. PaiNN (polarizable atom interaction
NN) [57] maintains both scalar features si (invariant to rotations) and vector features vi (equivariant
under rotations), enabling the network to represent directional properties like dipole moments while
maintaining appropriate geometric transformation properties.

A practical consideration often underemphasized in the literature is the choice of cutoff radius and
graph construction, which implicitly encodes assumptions about locality. Too small a cutoff misses rel-
evant interactions (e.g. long-range electrostatics or dispersion); too large a cutoff inflates computational
cost quadratically and may introduce noise. For condensed-phase or charged systems, the strictly local
message-passing paradigm can be fundamentally limiting, motivating the long-range approaches and
transformer architectures discussed below.

2.2.4. Transformer architectures
Originally developed for natural language processing (NLP) [58], transformers have recently been
adapted for molecular systems. The core innovation is the self-attention mechanism, which computes
pairwise interactions between all atoms simultaneously rather than relying on iterative message passing
over local neighborhoods.

For a molecule with N atoms, each atom i is first embedded into three representations: a query
qi =WQhi, key ki =WKhi, and value vi =WVhi, where WQ,WK,WV ∈ Rdk×d are learnable projection
matrices and dk is the key/query dimension. The attention mechanism computes:

Attention(Q,K,V) = softmax

(
QKT

√
dk

)
V (12)

where Q,K,V ∈ RN×dk are matrices stacking all queries, keys, and values respectively, QKT ∈ RN×N

computes dot products measuring similarity between all atom pairs, the scaling factor 1/
√
dk prevents

gradients from vanishing for large dk, and softmax is applied row-wise to produce attention weights
αij ∈ [0,1] with

∑
jαij = 1. The output for atom i is thus houti =

∑
jαijvj, a weighted combination of all

atom features.
Multi-head attention runs H parallel attention operations with different projection matrices and con-

catenates results: MultiHead= Concat(head1, . . . ,headH)W
O, allowing the model to attend to different

aspects of atomic relationships simultaneously.
In the dense self-attention used in standard transformers, each node can in principle attend to all

other nodes within a layer, yielding a global interaction pattern at O(N2) cost. However, vanilla trans-
formers lack inherent awareness of 3D geometry, and many molecular adaptations either inject geomet-
ric priors into attention or restrict interactions to a molecular graph/neighborhood. Common strategies
include: (1) distance- or geometry-dependent attention biases that modify αij based on rij, (2) geomet-
ric/relative positional embeddings, or (3) hybrid designs that combine attention with geometric mes-
sage passing. The Molecule Attention Transformer [59] augments the attention matrix with distance and
graph-structure terms, while Equiformer/EquiformerV2 [60] implement an equivariant graph attention
that aggregates messages over neighbors j ∈N (i) rather than unconstrained all-pairs attention.

2.2.5. Equivariant neural networks (E3NN)
A fundamental requirement for molecular property prediction is appropriate transformation under spa-
tial symmetries [61]. Molecular energies must be invariant (unchanged) under rotations and translations,
while forces and dipole moments must be equivariant (transform predictably). Formally, for any rotation
R ∈ SO(3) and translation t, a function f is equivariant if f(Rr+ t) = Rf(r).

E3NN (Euclidean neural networks) [62] achieve equivariance by construction through operating on
irreducible representations (irreps) of the rotation group SO(3). Rather than representing atom features
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as simple vectors in Rd, features are decomposed into spherical harmonic components with well-defined
transformation properties.

A feature of type l (where l= 0,1,2, . . . corresponds to scalar, vector, tensor, . . . representations)
transforms as a spherical harmonic Ym

l with multiplicity (degeneracy) 2l+ 1 (for m=−l, . . . ,+l). The
feature representation for atom i becomes:

hi =
Lmax⊕
l=0

h(l)i (13)

where h(l)i ∈ Rml×(2l+1) contains ml channels of type-l features (ml is the multiplicity or number of l-

type features), and
⊕

denotes direct sum (concatenation of different irrep types). For example, h(0)i

contains scalar features (invariants like atomic number, partial charge), h(1)i contains vector features

(equivariants like displacement vectors, forces), and h(2)i contains second-order tensor features.
The key operation in E3NN is the tensor product between irreps, which combines features while pre-

serving equivariance:

h(l1) ⊗h(l2) =
l1+l2⊕

l3=|l1−l2|

Cl3
l1,l2
h(l3) (14)

where Cl3
l1,l2

are Clebsch–Gordan coefficients that define how spherical harmonics couple under rotation
group representation theory. This ensures the output transforms correctly—for instance, combining two
vectors (l= 1) produces a scalar (l= 0), a vector (l= 1), and a second-rank tensor (l= 2).

In practice, E3NN message passing operates as:

1. Edge features: compute the relative position vector rij = rj − ri and its spherical harmonic expansion
Ym
l (r̂ij), where r̂ij = rij/‖rij‖ is the unit direction vector.

2. Tensor product: Combine node features with edge spherical harmonics via the tensor product,
weighted by learnable radial functions that depend on distance rij.

3. Message aggregation: sum messages from all neighbors, where the spherical harmonic representation
ensures rotational equivariance is maintained.

Architectures like NequIP [63] explicitly construct features as irreps and use tensor products for all
operations. multi-atomic cluster expansion [64] extends this by incorporating higher-order body inter-
actions through products of pairwise features, achieving many-body equivariance. These architectures
achieve state-of-the-art accuracy on molecular force fields and properties requiring geometric precision
(forces, stress tensors, polarizabilities), though the spherical harmonic transformations and Clebsch–
Gordan coupling incur ∼2–5× computational cost compared to simpler GNNs like SchNet.

The fundamental advantage of E3NN is thus guaranteed equivariance by mathematical construction
rather than approximate equivariance learned through data augmentation, leading to better generaliza-
tion with less training data and more physically meaningful learned representations.

Nevertheless there is a computational trade-off : the Clebsch–Gordan tensor products and higher-
order spherical harmonic operations incur overhead compared to invariant GNNs such as SchNet.
Whether this cost is justified depends on the application: for scalar energy prediction with abundant
training data, simpler invariant models may suffice, but for tensorial properties (polarizability, stress,
NMR shielding) or data-scarce settings, the inductive bias of exact equivariance is often decisive.

3. Learning wavefunctions

In this section, we will review the development of ML techniques for the unsupervised learning of the
wavefunction, dubbed NQSs.

3.1. Introduction and early models
Essential to the appearance and function all NQSs is the VMC method [65]. As the name suggests, this
method utilizes the variational principle (3) to approximate the ground state energy by minimizing the
expectation value over a trial wavefunction.

8
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However, this involves evaluating a 3N-dimensional integral over all electronic coordinates, which is
infeasible deterministically. VMC, instead, uses the Monte Carlo (MC) algorithm to sample electronic
configurations from the probability density π(R):

π (R) =
|Ψθ (R)|2´
dR |Ψθ (R)|2

(15)

(3) thus becomes:

〈E〉θ =
〈Ψθ|Ĥ|Ψθ〉
〈Ψθ|Ψθ〉

=

ˆ
dR πθ (R) EL (R) (16)

where EL is the local energy and is defined as:

EL (R)≡
ĤΨθ (R)

Ψθ (R)
. (17)

Therefore, using walkers to stochastically estimate 〈E〉θ, then taking enough samples M of the elec-
tronic structure R, we get:

〈E〉θ =
1

M

M∑
k=1

EL
(
R(k)

)
. (18)

A common trial wavefunction has a part represented by product of separate ↑ and ↓ Slater determi-
nants (since Ĥ is spin independent) with single particle orbitals to ensure antisymmetry under exchange
of same-spin orbitals. This product is multiplied by a symmetric Jastrow factor [66, 67] that accounts for
the Kato cusp conditions by enforcing the correct short-range behavior of the wavefunction as electrons
approach each other or a nucleus. This combination captures both exchange and correlation effects and
gives rise to a trial wavefunction of the form:

ΨT (R) = eJ(R) det
[
ϕ↑i

(
r↑j

)]
det
[
ϕ↓k

(
r↓l

)]
, (19)

Nevertheless, traditional VMC and other quantum Monte Carlo (QMC) methods are not as widely
used as those mentioned in the introduction largely because of the complexity of the trial wave-
function required to reach accurate energies, leading to a compromise between compute needed and
accuracy [68].

However, with the advances in NN performance, and the natural link between stochastic sampling
of wavefunctions and the stochastic estimate of gradients popularized in ML, an NQS was presented by
Carleo and Troyer [69]. They exploit the capacity of NNs to flexibly represent high-dimensional prob-
ability distributions, enabling more accurate wavefunction ansätze at reduced computational cost com-
pared to traditional VMC. Carleo and Troyer showed that a restricted Boltzmann machine (RBM) [70]
can learn the ground state of lattice quantum spin models to high accuracy.

Their RBM takes a configuration as input and returns a phase and amplitude of the wavefunction.
This is achieved through visible nodes for the physical spin variables and hidden nodes to learn corre-
lations. Learning is achieved through the same VMC workflow where ΨT in (19) becomes Ψθ and NN
parameters are updated to minimize 〈E〉θ. This optimization is done through stochastic reconfiguration
(SR) which ensures that the parameters are updated whilst taking the deformation caused to Ψθ into
account to ensure stable training.

This led to high accuracy when compared with 1D, 2D Ising and Heisenberg models, and they even
show promise in short time evolution simulations by projecting the time dependent S.E. on the RBM.
As such, the concept of an NQS that can capture correlation and entanglement was established, which
motivated further research in the field. This motivation, coupled with increasingly expressive ML archi-
tectures, led to rapid development. Particularly impactful work was the use of backflow orbitals that take
electron position and correlation into account instead of using mean field Slater determinants [71, 72].
These were applied to NQSs as neural network backflow (NNB) wavefunctions that showed improved
accuracy in Hubbard models [73].

Landmark models FermiNet [68] and PauliNet [74] were also released. These established NQS as
viable ansatze for continuous electronic systems such as molecules.

Firstly PauliNet, inspired by traditional VMC, takes Slater determinants of precomputed single elec-
tron orbitals (HF), and trains a NN to parametrize the ground state wavefunction through VMC. This
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is done through a combination of SchNet-inspired [55] continuous-filter convolutions of electron coor-
dinates and deep NNs that learn the Jastrow term and incorporate backflow considerations. These NNs
use the weighted adaptive moment estimation (Adam) [75] optimizer and stochastic gradient descent
(since SR is very expensive for continuous systems). The continuity of the electronic structure of the sys-
tem also requires that the cusp conditions be taken into account in the ansatz, which is done with fixed
explicit terms. The fixed nature of these physical conditions helps to accelerate convergence, and the gen-
eral architecture leads to impressive accuracy. Indeed, when summing multiple learned determinants to
better account for electron correlation, PauliNet achieved ‘chemical accuracy’ (< 1 kcal mol−1) across
small molecules and atoms up to Ne. It also outperformed CCSD(T) on cyclobutadiene, a molecule with
multi-reference (MR) character, showing its ability to learn electron correlation whilst scaling only as
O(N4

e) with the number of electrons.
By contrast, FermiNet (figure 2) does not explicitly enforce cusp conditions and, instead, lets the

NN learn these. In order to achieve this, the network additionally takes features of electron pairs as
input, including the distances between these |ri− rj| and relative displacements (ri− rj), allowing the
permutation equivariant NN to learn the cusp conditions and removing the need for the Jastrow fac-
tor. Moreover, in the final layer, an exponentially decaying envelope function ensures the wavefunction
decays to 0 as electrons get further from nuclei. Their anstatz is:

Ψθ (R) =
K∑

k=1

det
[
ϕ
(k)
i↑

(
r↑j ,R

)]
det
[
ϕ
(k)
i↓

(
r↓j ,R

)]
,

R= (r1, . . . ,rN) .

(20)

ϕ
(k)
iσ

(
rjσ,R

)
= f (k)iσ

(
rjσ,
{
rℓσ − rjσ

}
ℓ̸=j
,{

rℓσ̄ − rjσ
}
ℓ
,
{
RI − rjσ

}
I

)
,

σ ∈ {↑,↓}

(21)

where f (k)iσ denotes the NN that maps the input features. The inputs to f (k)iσ include: rjσ (electron posi-
tion), {rℓσ − rjσ}ℓ ̸=j (relative same-spin displacements), {rℓσ̄ − rjσ}ℓ (opposite-spin displacements), and
{RI − rjσ}I (electron-nucleus vectors).

This ansatz has ≈ 700 000 parameters on average, which are optimized using a modified version
of Kronecker-factored approximate curvature [76]. Although this led to better accuracy than PauliNet
(and pretraining against HF orbitals is possible), a 30 electron system takes 1 month on 16 GPUs. This
was later improved with an optimization of the wavefunction form and better GPU utilization [77]. The
ansatze mentioned above have also been used in diffusion Monte Carlo (DMC), which shows their trans-
ferability to other MC methods [78].

These developments and further considerations have also been comprehensively reviewed by
Hermann et al [37]. As such, the present review will focus on more recent advances that have sought to
broaden the applicability of NQSs. In particular, we highlight progress in refining foundational archi-
tectures such as FermiNet and PauliNet, extending their scalability to larger systems, incorporating
transformer-based representations inspired by general ML research, expanding their scope beyond the
electronic ground state, and making NQSs generalizable.

3.2. Architectural refinements and expansions to larger systems
With the aim to render FermiNet accessible to larger atoms and systems, Li et al [79] implemented an
effective core potential (ECP), where core electrons are accounted for using ccECP, allowing FermiNet
to optimize the wavefunction depending only on valence electrons. This allowed ground state energies
of 3d transition state metals to be simulated 10–40 mHa from CCSD(T)/CBS. Similarly, to increase the
size of systems that can be simulated by FermiNet, Gérard et al [80] implemented a SchNet-like convo-
lutional layer embedding (as in PauliNet), which sped up calculations and increased accuracy along with
their other modifications to FermiNet. Indeed, after pretraining to initialize the model with HF orbitals,
glycine was able to be simulated at a higher accuracy than multireference configuration interation-
F12(Q) using the new NQS ansatz.

Another expansion is the extension of neural-network wavefunction methods to periodic systems.
Yoshioka et al [81] formulate the many-electron problem in periodic solids via a second-quantized
fermionic Hamiltonian expressed in an orthonormal crystalline-orbital basis (from HF). This allows
them to compute potential energy curves of graphene and rocksalt-structured LiH with CCSD(T) and
FCI-like accuracy.
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Nevertheless, an alternative approach to treating periodicity arises in real-space neural wavefunc-
tions, where periodic boundary conditions must be imposed explicitly rather than being embedded in
the basis. Pescia et al [82] establish PBCs for bosonic systems by mapping the position of a particle to a
periodic Fourier basis:

xi 7→
(
sin

(
2π k

L
xi

)
,cos

(
2π k

L
xi

))K

k=1

= x(K)i (22)

where L is the representative length of the periodic lattice.
As such, Cassella et al [83] expand on this and establish PBCs for fermionic systems, which require

the inclusion of long-range Coulomb interactions, using Ewald summation [84]. These adaptations are
designed such that periodicity is also respected for non-cubic boundaries, and are applied to FermiNet
to simulate homogeneous electron gas (HEG). Likewise, Wilson et al [85] dedicate a specific ansatz to
enforce periodicity named Wavefunction Ansatze but Periodic (WAP)-Net to accurately simulate the
HEG. An interesting approach that enforces PBCs, but differs from previous examples, is Pescia et al’s
[86] use of an equivariant message passing neural network (MPNN) and a particle attention mecha-
nism to generate backflow orbitals. This increases the expressivity of the backflow transformations and
reduces the number of optimizable parameters in the wavefunction, allowing more electrons in a HEG to
be simulated.

However, within the scope of real solids, Li et al [87] embed translational symmetry directly within
the orbital construction itself. Indeed, they include a Bloch-phase factor in the Slater determinants of
their ansatz such that:

Ψ(r) = det↑
[
e ik·r↑ u↑mol (d)

]
det↓

[
e ik·r↓ u↓mol (d)

]
, (23)

where uσmol(d) are neural orbitals that depend on a periodic distance feature d(r) defined by the crystal
lattice, which encodes the necessary correlation and physical conditions. The inclusion of Bloch-phase
factors eik·r in (23) ensures that Ψ(r+ L) = eik·LΨ(r), thereby satisfying the Born-von Kármán boundary
condition analytically, allowing it to describe real crystalline solids in continuous space. This is exempli-
fied by its accurate results when applied to hydrogen chains, graphene, and LiH crystals (1, 2, and 3D
systems, respectively). Impressively, with HF calculated finite-cell corrections, the cohesive energy of a
108 electron supercell of LiH is only 0.011 eV from the experimental value, showing the ability of NQS
to be used to simulate real periodic systems at high accuracy.

Therefore, with the growth in use cases and the gained interest in the method, algorithmic refine-
ments emerged in order to aid the continuing development. To facilitate broader adoption, open-source
suites were created that unify NQSs in modular and extensible code frameworks, such as NetKet [88],
DeepQMC [89], and QMCTorch [90].

Although all the methods so far have relied on expensive MCMC sampling, Sharir et al [91] imple-
mented autoregressive sampling for NQSs coined neural autoregressive quantum states, constituting an
algorithmic change. These are defined by a product of conditional wavefunctions:

Ψ(s) =
N∏

i=1

ψθ(si | s1, s2, . . . , si−1) , (24)

where normalization is enforced for Ψθ, and si are degrees of freedom the model can have. Thus, Ψθ are
the outputs of NNs that give the probability of si to take a specific value, conditional on s1, s2, . . . , si−1

(input to NN). This approach allows them to train a 20 layer convolutional neural network (CNN) with
≈1 million parameters with this independent sampling, showing great applicability for discretized sys-
tems, particularly in 2D. However, Barrett et al [92] then managed to apply it to molecules through
second-quantized discretization of spin orbitals, where they obtained similar results to FCI on real
molecules with up to 20 electrons, showing the potential of this sampling method for second quantized
systems. Nevertheless, this sampling is reliant on discretization and is thus restricted to these second-
quantized systems.

More recent architectural modifications include Li et al’s LapNet [93], in which the bottleneck of cal-
culating the NN’s Laplacian is greatly sped up. Indeed, a large portion of the computational expense for
optimizing the NQS is in calculating the Laplacian by first determining the Hessian matrix. In this novel
method, the Laplacian is able to be exactly calculated without building the Hessian, dubbing the process
‘Forward Laplacian’, which was subsequently made applicable to other NQSs. Moreover, they make use
of the sparcity in block diagonal matrices that LapNet and other NNs compute, to speed up calculations
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further by dropping the zeroes. As such, they achieve orders of magnitude more efficient calculations
than FermiNet whilst being more accurate (due to the inclusion of transformer heads discussed in later
parts). This enables LapNet to achieve near chemical accuracy relative to CCSD(T)/CBS accuracy for the
uracil dimer, a 116 electron system.

Lastly, a key development in a similar regard is Scherbela et al’s finite range embeddings (FiRE) [94].
As the name suggests, the electron embeddings from previous NQSs (like FermiNet) are modified such
that, instead of depending on all electron positions, the electron-electron field of vision is truncated:

hi (r) = h
(
ri,
{
rj
∣∣ j 6= i ∧‖ri − rj‖⩽ c

})
. (25)

Thus, hi only ‘sees’ neighbors within radius c. This sparcifies the Jacobians obtained, further speed-
ing up Laplacian calculation, and also allows for low-rank updates to be performed to the wavefunc-
tion. In addition, to ensure the long-range correlation is maintained even with the cutoff, a global
attention Jastrow is included in the model’s Jastrow factor. The combination of these properties and
improved MCMC sampling through global single-electron jumps allows the FiRE model to outperform
CCSD(T)/CBS on a 180 electron molecule.

As such, this subsection has summarized the numerous recent developments that optimize and build
on previous ansatze. This thus illustrates the potential NQSs to become viable for large(r) systems with
more electrons, via ECP, PBCs, or architectural refinements as seen in recent trends.

3.3. Transformers and attentionmechanisms
As alluded to in certain examples of the previous section, the emergence of transformer and attention-
based architectures in NLP [58] to determine the relation between words has had a significant effect
on NQSs. Indeed, von Glehn et al [95] applied this concept to represent the correlation between elec-
trons, creating Psiformer (figure 2). They employ self-attention layers which are permutation invariant
by default, allowing the embeddings of electrons to be updated as:

Ai =
∑
j

softmaxj

(
(qi)

⊤ kj√
dk

)
vj, (26)

Where Ai is the updated embedding for electron i after attending to all other electrons and the vec-
tors seen in (12) correspond to electrons i and j, accordingly.

These do not take pairwise electron features as inputs and thus a Jastrow factor is included to
account for the electron-electron cusps. Another deviation from FermiNet is the logarithmic rescaling
of electron-nuclei distances for more stable training, and mapping spin ↑ to 1 and ↓ to −1. This type of
architecture allows the ansatz to be minimized with fewer parameters than FermiNet whilst maintaining
high accuracy predictions for small molecules. However, impressively, due to the learned correlations and
lesser number of parameters, Psiformer performs better on larger molecules than FermiNet (figure 3),
and was able to surpass classical DMC for the benzene dimer. Similarly, Viteritti et al [96] use a vision
transformer-like ansatz to find accurate ground state energies for frustrated 1D Heisenberg spin systems.

These concretized the concept of using transformer-based architectures in NQS development.
Therefore, Gu et al [97], using previous work on PBCs and an attention mechanism, learn an NQS for
the 2D doped Hubbard model:

Ĥ=−t
∑
⟨i,j⟩,σ

(
ĉ†iσ ĉjσ + ĉ†jσ ĉiσ

)
− t ′

∑
⟨⟨i,j⟩⟩,σ

(
ĉ†iσ ĉjσ + ĉ†jσ ĉiσ

)
+U

∑
i

n̂i↑n̂i↓ −µ
∑
i,σ

n̂iσ.
(27)

Here, t and t ′ are the nearest- and next-nearest-neighbor hopping amplitudes, U is the on-site
Coulomb repulsion, and µ is the chemical potential controlling the doping level. The operators ĉ†iσ and

ĉiσ create and annihilate an electron with spin σ on site i, and n̂iσ = ĉ†iσ ĉiσ is the corresponding number
operator. The sums 〈i, j〉 and 〈〈i, j〉〉 run over nearest- and next-nearest-neighbor pairs on the 2D lattice.

Since it is a lattice model, they introduce positional encoding that differentiates between sites and
revert to a sum of spin up and spin down determinants (without a Jastrow factor since it is a lattice).
The attention mechanism is used to generate the backflow orbitals which are pretrained by minimiz-
ing the difference between their orbitals and NNB orbitals. Furthermore, due to the distretization of
the system, the focus of each attention head’s learned correlations can be clearly deduced by visualizing
the normalized attention scores. Indeed, figure 4 illustrates the specialization learned by each attention
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Figure 2. Left: Architecture of FermiNet and a SchNet-FermiNet hybrid. The latter’s nuclear embedding stream and separate
spin-dependant electron-electron streams are not pictured here. Right: Architecture of Psiformer. Illustrating the inclusion of the
self-attention mechanism and different treatment of electron-electron features with the inclusion of a Jastrow factor. Reproduced
from [95]. CC BY 4.0.

Figure 3. Results from FermiNet and Psiformer on a set of molecules compared to a computed CCSD(T)/CBS reference, where
the gray region is ‘chemical accuracy’ compared to the baseline. The ‘(small)’ is the original size of the FermiNet architecture and
‘(large)’ corresponds to a model with double the number determinants and wider layers. We can see how, for the larger systems,
the attention mechanism and updated architecture leads to more accurate results. Reproduced from [95]. CC BY 4.0.

head in the trained transformer. Analysis of the attention weights reveals that individual heads focus on
distinct physical features of the system—such as electron hopping or local correlation environments—
rather than distributing attention uniformly. This emergent specialization suggests that the model cap-
tures physically meaningful structure, and is not simply exploiting spurious correlations in the training
data.

This further exemplifies a benefit over property learning as the model learns the physics through
training, allowing it to achieve state of the art accuracy (99.98%) for a 12 x 12 lattice and correctly pre-
dict experimentally observed stripes in cuprates.

Attention mechanisms are also central to Geier et al’s [98] N2
e scaling with the number of electrons

for simulating Fermi Liquid to Wigner Crystal phase transitions, and Teng et al’s [99] accurate ground
state fractional quantum Hall wavefunctions.

Recently, with a focus on molecular systems and bond dissociation behavior, Forster et al [100] intro-
duced another transformer-based architecture, Orbformer. In this approach, nuclear coordinates are
first processed by an MPNN to produce nucleus embeddings, which are then used to generate filtered
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Figure 4. Cartoon representation of the focus of each attention ‘head’ in [97]. Each head learns fundamental physical correlations
that are important to the representation of the total wavefunction. The first head learns local correlations, the second head learns
information relevant to electron hopping (nearest neighbors), the third head pays attention electrons important to the antiferro-
magnetic character of the system, and the fourth learns more delocalized and complex interactions. Reproduced with permission
from [97].

electron-nucleus features. These features encode short-range electron-nuclear correlations and help the
network learn the correct cusp behavior of the wavefunction near nuclei. Unlike PsiFormer, Orbformer
incorporates an explicit electron-electron distance-dependent bias term into the self-attention mecha-
nism, which smoothly attenuates information exchange between electrons that are spatially distant. This
localization bias allows each attention head to adapt its effective ‘field of view’. These refinements lead to
state of the art accuracy, as Orbformer converges to chemical accuracy for multiple bond dissociations
and predicts the correct Diels–Alder reaction mechanism. Moreover, key elements of this model’s archi-
tecture and results will be expanded upon in the ‘transferability’ section of the review since this model
was also designed to be fine-tuned after a large pretraining.

In summary, this section has highlighted the effectiveness of transformer-based NQSs in modeling
a wide range of physical systems, illustrating how advances in general ML research continue to inspire
progress in quantum many-body modeling.

3.4. Beyond the ground state
As highlighted by Carleo and Troyer in their initial paper, NQSs are not limited to ground state prop-
erties. Indeed, their model can describe the time evolution of certain Heisenberg models. This led to a
branch of NQSs aiming beyond the ground state. Many have incorporated time dependence into NQSs
for simulating real-time quantum dynamics, including studies of spin models such as the transverse-field
Ising model [101–103], bosonic systems such as the one-dimensional Bose gas [104], and continuous-
variable rotor models [105]. Nys et al [106] extend these methods to the scope of our review by creat-
ing time dependent parameters for Jastrow and particle-attention backflow transformations inspired by
PauliNet [74] and Pescia et al’s [86] MPNN for HEGs. This allows for the application of time depen-
dence to continuous systems in first quantization. Furthermore, when operating in second quantization,
they take inspiration from Carleo and Troyer to create a TD RBM. Furthermore, they employ TD varia-
tional principles and an expansion upon time dependent VMC [107]. As a result, the ansatz gives accu-
rate predictions of TD properties for a Harmonic Interaction model, diatomics in an intense laser field,
and a quenched quantum dot.

Moreover, another axis of research has instead focused on modeling excited states [81]. Indeed, Choo
et al [108] have shown that it is possible to characterize excited states of the one-dimensional spin- 12
Heisenberg and Bose–Hubbard models. This was achieved either by exploiting Abelian spatial sym-
metries to target specific excited eigenstates, or by minimizing the energy expectation values of multi-
ple neural wavefunctions simultaneously, with orthogonality between states enforced through a Gram–
Schmidt procedure. Similarly, Entwistle et al [109] use a PauliNet architecture, but modify the loss terms
such that they can minimize the energy expectation value for a set of orthogonal states by also minimiz-
ing the overlap between the ground state and the excited state(s) [110]. Their loss term is thus:

L(θ) =
∑
i

Ei [Eloc[ψθ,i] (r)]+α
∑
i>j

(
1

1− |Sij|
− 1

)
. (28)

The second term introduces a differentiable penalty based on the pairwise overlaps Sij = 〈ψθ,i|ψθ,j〉
between states, scaled by a hyperparameter α.
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Figure 5. Prediction of excited state energies of benzene from multiple non-ML, penalty-based, and NES-VMC methods. Clearly,
NES-VMC (especially when applied to the Psiformer model) is the most accurate model, as it nears theoretical best estimates.
From [112]. Reprinted with permission from AAAS.

This method gives accurate excitation energies for small molecules, matching, and sometimes out-
performing, results obtained through MR-CC and TD-DFT for small molecules and benzene. An exten-
sion of Entwistle et al’s work is Lu and Fu’s [111] auxillary wavefunction (AW) method. Here, they also
minimize overlap and converge to orthogonal states, but use an AW instead of a penalty term. This was
found to be favorable for low-lying excited states, and was applied to small atoms and molecules.

However, these approaches introduce hyperparameters and weight choices that can make convergence
sensitive to MC noise [112, 113]. To address this, Pfau et al developed the natural excited state (NES)-
VMC method [112]. For the K lowest-energy states, they define a composite wavefunction ansatz as:

Ψ
(
x1, . . . ,xK

)
≜ det

ψ1

(
x1
)

· · · ψK

(
x1
)

...
. . .

...
ψ1

(
xK
)

· · · ψK

(
xK
)
 , (29)

where each ψi represents an independent NN wavefunction corresponding to one of the K excited states,
and xi is a particle state. MC sampling is then taken from the distribution of all states and they can
be optimized through VMC. Moreover, there is no need to enforce orthogonality here, since if two ψi

become identical, the determinant (and thus the wavefunction) goes to 0. This method can be applied to
different ansatze: FermiNet and Psiformer both give chemically accurate results on excited state energies
and oscillator strengths for first row atoms. Furthermore, on larger systems such as benzene, NES-VMC
(particularly the Psiformer version) outperforms competing methods and approaches theoretical best
estimates as seen in figure 5).

However, essentially restructuring the excited state as an expanded system leads to higher computa-
tional costs. Thus, Szabó et al [113] further extended penalty-based methods by switching to a Psiformer
architecture and autotuning the penalty scaling to cut gradient noise. A spin penalty term was also
added to allow better convergence to a specific spin excited state, and a loss term with provable con-
vergence without biasing was developed. Together, this enables chemically accurate prediction of many
excited states and the generation of accurate potential energy surfaces (PESs) of certain excited states,
which NES-VMC was unable to attain, by targeting a specific spin state. Li et al [114] introduce a low-
scaling penalty based on the spin raising operator, allowing them to enforce spin symmetry. When using
a LapNet architecture and enforcing an overlap penalty, this method can even obtain chemically accurate
singlet-triplet energy gaps for biradicals. Lastly, Shätzle et al [115] simulate excited state PES using simi-
lar overlap and spin penalties. However, a significant part of their innovation is the transferability of the
method, which will be expanded upon after contextualization in the final axis this review will cover on
NQS; transferability.

3.5. Transferability
As mentioned above, the development of algorithmic refinements has greatly helped scale calculations.
However, another approach taken to improve the efficiency (and thus usability) of NQSs has been to
make their training transferable to other molecules and their models generalizable. In this context, trans-
ferability broadly refers to the ability of a pretrained or partially optimized NQS to be reused, without
training from scratch, across different systems. This encompasses a spectrum of approaches: from shar-
ing weights across geometries of a single molecule, to generalizing across molecules as this section will
detail.
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Figure 6. Illustration of the parameter/weight sharing mechanisms which speed-up the generation of PES and transferable
orbital creation which allow few-shot or zero-shot learning of the wavefunction for a chemically similar molecule (bottom).

An early development in this regard was Scherbela et al’s DeepErwin [116]. They were motivated by
the presence of fundamental/core orbitals in molecules and engineered a system in which certain weights
/parameters in a PauliNet-like ansatz could be shared across similar geometries (figure 6). Indeed, the
embedding of electron coordinates and parts of the backflow factor were found to be most apt for the
sharing of parameters across the VMC optimization. As a result, PES of H chains with up to 112 con-
figurations could be calculated simultaneously to chemical accuracy 6–13 times faster than previously
possible. Furthermore, pretraining a model and sharing weights with ansatze of unseen configurations
also converged, showing promise for generalizable NQSs. Gao and Günnemann [117] also performed
work towards this goal by using a GNN to optimize an NQS that solves the S.E. for multiple geome-
tries across the PES. This GNN uses message passing and an equivariant coordinate system to convey
the information for each geometry to a FermiNet model with nuclei reindexing invariance built into it,
allowing the GNN to reparametrize the latter part of the model. These advancements, coined PESnet, led
to an accuracy comparable to FermiNet (thus slightly better than PauliNet and DeepErwin), whilst being
up to 47 times faster.

In fact, it is the parameter sharing first demonstrated by DeepErwin, where specific network
parameters (namely the weights of the electron embedding and backflow networks) are reused across
geometries, that enabled Schätzle et al to generalize their excited PES model [115]. Indeed, modifying
Psiformer’s architecture to be causal, inhibiting information flow between electrons and nuclei, their
model can accurately and efficiently generate the excited PES across 23 geometries of ethylene, which
is known to have MR characteristics that make it difficult to model properly.

However, previous approaches were restricted to exploring different geometries of a single molecule
to generate PESs. To enable generalization across molecules, Gao and Günnemann [118] introduced
the Molecular Orbital Network (MOON), an MPNN-based Slater–Jastrow ansatz that learns localized
molecular-orbital embeddings and satisfies the size-consistency condition. Building on this, they devel-
oped graph-learned orbital embeddings (GLOBE), which learns transferable orbital embeddings through
atom-atom message passing and nucleus-to-orbital unidirectional message passing. These embeddings
encode spatial information (e.g. core or bonding character) and are used to condition the downstream
wavefunction parameters of the size-consistent ansatz. Using gradient rescaling to prevent larger sys-
tems from dominating the optimization and pretraining to HF orbitals before variational fine-tuning,
this method achieves accurate energies for small molecules, which are all optimized at once (instead of
independently with weight-sharing like in DeepErwin).
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Another sub-direction is inspired by foundation style models in language and vision [77, 119, 120].
Indeed, Zhang et al [121] generated transformer quantum states that could fine tune a pretrained model
to unseen and larger examples of the 1D transverse field Ising model. Scherbela et al [22] expand this
concept to first quantized continuous space, where they define Slater-type multi-compound ansatze.
These are innovatively based on a new type of single electron orbital: transferable atomic orbitals (TAOs)
as seen in figure 6. TAOs are constructed via per-orbital descriptors extracted from HF orbitals using a
graph convolutional network (GCN). These descriptors are then passed through trainable envelope and
backflow MLPs, which are then combined with learned electron embeddings from an MPNN to com-
plete the expression for a TAO. The per-atom sum of orbitals and inclusion of an envelope function
ensure size consistency, which is shown by its ability to outperform HF on H20 as a zero-shot model
trained on H6 and H10. This performance also gets better with few-shot finetuning, and with 1000 steps
of finetuning, CCSD(T)/ccpVTZ accuracy is achieved, 20 times quicker than training from scratch. Zero-
shot performance was further improved by incorporating a PhisNet style SE(3) equivariant orbital model
to obtain better orbital and nuclear embeddings [122].

Although previously mentioned in the context of transformer architectures, Orbformer is particu-
larly state of the art due to its transferability [100]. Indeed, it also contains generalized orbitals learned
by a sub-network. This sub-network learns the coefficients to construct the electron envelopes, whose
exponents are learned per atom type. Moreover, the electron embeddings generated by the transformer
are projected into Slater columns using weights generated by the sub-network too. Thus, with a cusp
enforcing Jastrow factor, it can be pretrained on multiple molecules and later finetuned. This trans-
ferability is also attributed to receiver gates in the attention heads, and architectural advancements of
Forward Laplacian and Flash Attention which make large pretraining possible. Moreover, inspired by dif-
fusion models, unadjusted Langevin algorithm [123] is used for initial equilibration, which also speeds
up pretraining. Here, Forster et al pretrain Orbformer on 22 000 light atom molecules. This led to lead-
ing performance on the TinyMol dataset. Moreover, when optimizing an ansatze jointly, this also allowed
up to a 20 times speedup over single-point calculations when predicting a 20 point dissociation curve,
illustrating the importance of transferring. Furthermore, an important sign of progress towards a gen-
eral model is the fact that the NN was shown to learn correct physics. For instance, Orbformer learns to
localize two ‘core’ orbitals for carbon atoms through its training, which represent physically accurate 1 s,
2 s core C orbitals.

However, in cases where researchers want to generalize their models with Slater-determinant ansatze
as those mentioned above, the number of ↑ and ↓ orbitals must be discretized, which can limit the scope
of generalizability. As such, adapted from Kimet al’s work on ultra cold Fermi Gas, Gao and Günnemann
presented a fully learnable Jastrow-Pfaffian ansatz: NeurPf. Their expression is

Ψθ (r) = exp[Jθ (r)] Pf
(
Φ̂θ (r) Aθ Φ̂θ (r)

T
)
. (30)

The symmetric Jastrow factor Jθ(r) captures smooth electron–electron and electron–nucleus correla-

tions, while the Pfaffian Pf
(
Φ̂θ(r)AθΦ̂θ(r)T

)
encodes antisymmetric pairing between electrons through

a learnable skew-symmetric matrix Aθ . The orbital feature map Φ̂θ(r) is implemented as a permutation-
equivariant NN and is a function of MOON-style embeddings. These conditions allow the model to be
overparameterized, with No ⩾ {N↑,N↓} learnable orbital functions, which enables it to generalize to
multiple molecules with previously unattainable charge and/or spin configurations. To generalize, they
used an architecture similar to PESnet, but using their Pfaffian instead of a Slater determinant. Once
initialized with HF pretraining, wavefunctions for second row elements were simultaneously optimized
and chemically accurate electron affinities and ionization potentials were obtained, which was not pre-
viously generalizable. It also managed to outperform GLOBE and TAO’s for small and large molecules
in the TinyMol dataset, even outperforming CCSD(T)/CBS for alkanes up to 106 electrons after 180 000
fine-tuning steps.

Just beyond the scope of this review, Rende et al [124] introduced the foundation neural quantum
states (FNQS) framework for J1–J2 Heisenberg models. Unlike previous approaches, FNQS expands the
network inputs to include the Hamiltonian coupling parameters, allowing sampling over a distribution
of (J1, J2) values. This induces a multimodal representation that enables the simultaneous optimization of
multiple ground states within a single ansatz across different Hamiltonians. Such foundation-style learn-
ing represents a promising direction for extending NQSs to more general many-body lattice systems.
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3.6. Summary
Therefore, with continuous advances in accuracy, generalizability to excited and TD states, transferabil-
ity, and computational scaling, the interest in NQSs is unlikely to diminish. The field is poised to fur-
ther broaden the applicability of these ansätze by integrating recent methodological innovations, leverag-
ing advances in ML across other domains, and developing deeper connections between QC and neural-
network representations.

4. ML the XC functional

4.1. Introduction
DFT remains the most widely used method in material science. The performance of DFT (cost and
accuracy) is determined by the choice of XC functional. While a vast number of traditional XC func-
tionals are designed across the Jacob ladder as seen in figure 1, they mostly rely on analytical constraints
and manual design of parameters.

In recent years, ML has been introduced to design XC functional in a data-driven way. Typically a
high-level electronic structure dataset (like coupled-cluster results) will be used as label. The functional
will be trained to achieve a higher accuracy within the dataset domain.

In this section, we examine how the machine-learning community has made use of this framework
(or generalizations thereof) to develop XC functionals: what descriptor sets are used, how physical con-
straints are enforced, how training data are selected, and what performance has been achieved. We cat-
egorize the literature into three classes: Local ‘enhancement-factor’ ML functionals, Non-local / neural-
operator functionals, and Residual or hybrid ML functionals.

4.2. Semi-local ‘enhancement-factor’ ML XC functionals
Inspired by classical local density approximation (LDA) and generalized gradient approximation (GGA)
functionals, many modern ML-XC approaches adopt a transparent semi-local parameterization of the
exchange–correlation energy: Exc[ρ] is written through the electron density ρ and local density invariants
x[ρ](r) at each point r (e.g. |∇ρ|, ∇2ρ, kinetic-energy density τ ), i.e. the usual DFT ‘ingredients’ on a
real-space grid—not a learned molecular fingerprint or SOAP-style descriptor of atomic environments
built on the Dirac exchange form,

Eθxc [ρ] =−3

4

(
6

π

)1/3ˆ (
ρ↑ (r)4/3 + ρ↓ (r)4/3

)
× fθ [x [ρ] (r)] dr, (31)

where ρ↑ and ρ↓ denote spin densities, fθ is a learnable enhancement factor with parameters θ, and
x[ρ](r) denotes local density descriptors (e.g. ρ, |∇ρ|, ∇2ρ, τ ). When fθ is replaced by a hand-crafted
analytic form, this reduces to traditional LDA, GGA, or meta-GGA functionals. Early machine-learning
(XC) functionals primarily focused on learning such local enhancement factors fθ within the semi-local
framework. Aldegunde et al [125] introduced a Bayesian meta-GGA that parametrized an enhancement
factor Fθ using basis functions of local descriptors, fitted to atomization and bulk property data with
built-in uncertainty quantification. Their relevance vector machine approach achieved a mean abso-
lute error of 0.116 eV on atomization energies for test molecules in the G2/97 set, though with larger
errors of 0.314 eV for test solids. Ryabov et al [126] implemented a neural-network interpolation of
LDA/GGA functionals, learning a direct mapping from local density features to the XC energy den-
sity εxc(r). Lei and Medford [127] developed rotationally invariant convolutional descriptors, applying
NNs to locally convolved densities to predict εxc(r), effectively learning a localized enhancement factor.
Nagai et al [128] extended this idea by embedding physical asymptotic constraints into a meta-GGA-style
Fθ(rs, s,α, . . .) that multiplies a standard reference energy density. These methods retain the favorable
cost and interpretability of meta-GGA-level functionals while improving flexibility through data-driven
fitting. However, their local character limits their ability to capture genuinely non-local exchange and
correlation effects, long-range dispersion, or static correlation in strongly correlated systems.

4.3. Non-local and operator-like ML XC functionals
Beyond semi-local density invariants (features of ρ and its derivatives at r), several recent approaches
explicitly endow the enhancement factor with non-local dependence on the electronic density (or
orbitals), thereby capturing long-range exchange, dispersion-like correlation, and multi-center effects that
local maps cannot. Here we highlight five representative lines of work—CIDER [129], NeuralXC [130],
DM21 [131], Skala [132], and EG-XC [133] . These methods pursue distinct routes to non-locality:
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CIDER employs feature-space convolutions with atom-centered kernels; NeuralXC uses angular projec-
tions onto localized basis sets; DM21 incorporates orbital-dependent exact exchange via learned mixing;
Skala implements neural operators coupling multi-resolution grids; and EG-XC leverages equivariant
message passing on atomic graphs. Together, these strategies span from convolutions and basis projec-
tions to explicit orbital dependence and graph aggregation, each balancing expressiveness, cost, and exact
constraints.

CIDER realizes non-locality through a feature-space convolution framework that constructs non-local
descriptors by convolving semi-local features (density, gradient, kinetic energy density) with parame-
terized atom-centered kernel functions. This convolution integrates density information over finite spa-
tial regions, capturing multi-center correlations through spatially extended descriptors built from radial
basis functions and spherical harmonics. Rather than employing a NN, CIDER leverages Gaussian pro-
cess regression (GPR) to map these non-local descriptors to the enhancement factor, enabling rigorous
uncertainty quantification, data-efficient learning, and natural enforcement of smoothness. Exact con-
straints such as uniform-density limits, slowly varying behavior, size consistency, and uniform coordi-
nate scaling are satisfied through careful kernel design and feature normalization. The resulting func-
tional retains near meta-GGA computational cost (via finite-range atomic neighborhoods) while access-
ing genuinely non-local information. The CIDER exchange functional trained on molecular data achieves
mean absolute errors well below those of semilocal functionals on validation sets. When incorporated
as PBE0/NL-MGGA-DTR (a surrogate hybrid combining CIDER with PBE correlation), the functional
demonstrates excellent performance on the GMTKN55 benchmark, with mean deviations from PBE0 ref-
erence values of only a few kcal mol−1 across diverse reaction types. For solid-state calculations in plane-
wave (PW) codes, CIDER exhibits computational scaling comparable to meta-GGAs while approaching
hybrid-functional accuracy. On silicon defect calculations, CIDER correctly predicts transition levels for
vacancy, boron substitutional, and phosphorus substitutional defects, demonstrating its applicability to
materials with strong correlation effects. The method shows significant improvements over semi-local
functionals for reaction barriers, non-covalent interactions, and MR systems [129, 134].

NeuralXC constructs atom-centered, rotationally invariant density descriptors by projecting ρ(r)
onto localized, smooth basis functions around each nucleus and pooling over angular channels. A NN
predicts an additive correction ∆εxc(r) which is integrated and used self-consistently. Although the
descriptors are assembled locally, their finite spatial support (with multiple radial shells and angular
moments) yields an effective non-local receptive field extending over each atomic environment; further,
self-consistency propagates these corrections non-locally through the KS response. In practice, this deliv-
ers mid-range non-locality while preserving rotational invariance and near meta-GGA cost. A NeuralXC
functional trained on ethane and propane achieves MAE of 6.6 meV and 6.1 meV for n-butane and
isobutane test structures, respectively, demonstrating strong transferability across alkane chain lengths. In
BO molecular dynamics of liquid water at 300 K, NXC-W01 reproduces radial distribution functions in
close agreement with MB-pol classical molecular dynamics (MD) and experimental measurements, sig-
nificantly outperforming SCAN and ωB97M-V functionals which produce overstructured liquids [130].

DM21 is a data-driven local-hybrid meta-GGA in which a neural map modulates, pointwise, the
mixing between semi-local exchange and exact (Fock) exchange (figure 7). The explicit inclusion of HF
exchange renders the energy functional orbital dependent and therefore non-local by construction (since
Fock exchange is a non-local operator). The learned, position-dependent mixing function is trained
under fractional-charge/spin constraints to mitigate delocalization error; as a result, non-local effects are
introduced via the exchange operator while the neural component remains tied to semi-local density
invariants (the same local meta-GGA ingredients as above, not molecular environment vectors). On the
GMTKN55 benchmark, DM21 achieves state-of-the-art performance with mean-of-means (MoM) errors
competitive superior to the best hybrid and double functionals. On the bond-breaking benchmark mea-
suring mean absolute errors for first- and second-row diatomics, DM21 demonstrates sub-5 kcal mol−1

accuracy. The functional correctly captures piecewise linear energies for fractionally charged atoms and
maintains energy constancy for spin-interpolated states, addressing fundamental delocalization and spin-
symmetry-breaking errors that plague conventional functionals. On the QM9 dataset of 134k organic
molecules, DM21 achieves errors of 1.66 kcal mol−1, demonstrating impressive MoM performance across
GMTKN55 and QM9 datasets [131].

EG-XC formulates non-locality through an SE(3)-equivariant graph NN built on a nuclei-centered
representation of the density. Nodes carry density-derived features; edges encode interatomic geometry;
message passing aggregates information over multiple hops, thereby realizing a controllable non-local
receptive field while rigorously preserving rotational equivariance. The network outputs a pointwise (or
atom-resolved) contribution to εxc, which is integrated self-consistently. Equivariance ensures correct
tensorial transformation properties and sample efficiency, and message passing supplies the non-local
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Figure 7. (A) Architecture of DM21. (B) Results of the DM21 functional compared to other popular functionals, illustrating its
ability to outperform other hybrid methods and even surpass double-hybrid methods in some cases. From [131]. Reprinted with
permission from AAAS.

coupling absent in purely local DFAs. On the MD17 molecular dynamics benchmark, EG-XC accurately
reconstructs CCSD(T) energies with high fidelity. For out-of-distribution conformations of the 3BPA
(bisphenol A) molecule, EG-XC reduces relative mean absolute error by 35%–50% compared to baseline
methods. Remarkably, on the QM9 dataset, EG-XC demonstrates exceptional data efficiency and size
extrapolation: when trained on identical datasets, it achieves 51% lower MAE on average compared to
the SchNet force field [55], and matches the performance of force fields trained on 5 times more data
and on larger molecules, demonstrating superior transferability and sample efficiency [133].

Most recently, Skala implements a genuinely non-local neural operator over the standard DFT
quadrature grid. Meta-GGA features (spin densities, gradients, kinetic energy densities) are computed
on a fine grid, while a coarse auxiliary grid communicates global information via spherical-harmonic
and radial-basis expansions. A learned coupling between coarse and fine representations produces
an enhancement factor fθ[x[ρ]](r) that depends on the density field beyond the local neighborhood.
Architectural constraints (e.g. bounded fθ) enforce exact conditions such as uniform scaling, size consis-
tency, and Lieb–Oxford bounds, enabling long-range non-local interactions at roughly meta-GGA com-
putational cost. The Skala functional achieves state-of-the-art performance on the W4-17 benchmark
for atomization energies, outperforming popular hybrid functionals and achieving near-chemical accu-
racy. The multi-resolution grid approach enables the functional to capture both local and global density
features efficiently, with computational costs scaling favorably compared to hybrid DFT while maintain-
ing accuracy competitive with more expensive double-hybrid methods. The architectural design ensures
physical constraints are satisfied automatically through the network structure rather than explicit post-
processing [132].

This line of work targets an explicitly kernel-type non-local exchange functional, in which the
exchange energy is expressed through finite-range pair integrals of density-derived descriptors. A train-
able kernel (parametrized by an ML model) mediates interactions between spatially separated points,

EML
x [ρ] =

1

2

ˆ ˆ
ρ(r) Kθ(r,r

′;Φ[ρ]) ρ(r ′) drdr ′, (32)

with Φ[ρ] denoting auxiliary local features (e.g. reduced gradients or kinetic-energy proxies). By con-
struction, the energy depends on pairs of points, furnishing true non-local behavior appropriate for
both molecular and periodic systems. Practical implementations restrict the kernel to a finite range and
impose symmetry/decay constraints to ensure accuracy, transferability, and tractable scaling.

4.4. Learning of kinetic energy
A parallel line of research to ML-based XC functionals focuses on learning the non-interacting kinetic
energy functional Ts[ρ], the central quantity in orbital-free density functional theory (OF-DFT). In OF-
DFT, the total electronic energy is expressed entirely as a functional of the density,

E [ρ] = Ts [ρ] + EH [ρ] + Exc [ρ] +

ˆ
vext (r)ρ(r) dr, (33)
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thus bypassing KS orbitals and potentially reducing computational scaling from O(N3) to nearly linear in
system size. The main difficulty lies in constructing an accurate and transferable approximation for Ts[ρ],
which must recover both the local Thomas-Fermi limit and the non-local Pauli contributions governing
shell structure and chemical bonding.

Early orbital-free formulations relied on analytic gradient expansions or density-dependent kernels
such as the Wang–Teter and Wang-Govind-Carter functionals, which introduce non-local convolution
integrals between densities and their gradients. The first machine-learning approach to the kinetic func-
tional was introduced by Snyder et al [135], who used kernel-ridge regression to learn the functional
derivative δTs[ρ]/δρ(r) directly from reference KS data. Working in one dimension, they demonstrated
that a kernel model can accurately capture shell and bonding effects absent in conventional gradient
expansions, thereby establishing ML as a viable path toward non-local kinetic functionals. On their
one-dimensional model problem of noninteracting Fermions in a box, Snyder et al achieved mean abso-
lute errors below 1 kcal mol−1 on test densities using fewer than 100 training densities, demonstrating
remarkable data efficiency [135]. Via principal component analysis, their projected functional deriva-
tive method produced highly accurate self-consistent densities, addressing the challenge of iterative den-
sity optimization without requiring explicit calculation of poorly-behaved functional derivatives in data-
sparse regions. In follow-up work [136], they extended this approach to one-dimensional diatomic bond
breaking, showing that the machine-learned functional could (i) accurately dissociate diatomics, (ii) be
systematically improved with increased reference data, and (iii) generate accurate self-consistent den-
sities via the projection method. With relatively few training densities (on the order of 20 data points
for bond-breaking problems), the error due to machine-learning interpolation was demonstrated to be
smaller than typical errors in standard XC functionals, establishing that ML-based kinetic functionals
could surpass conventional analytical approximations in accuracy [136].

Symbolic regression has also been explored as a route to analytic (semi-local) kinetic-energy density
functionals with tractable functional derivatives. Mitchell et al [137] used symbolic regression in a one-
dimensional KEDF setting to obtain expressions that track the transition from the von Weizsäcker limit
(exact for one-electron cases) toward the Thomas-Fermi limit (exact for the HEG). Complementarily,
Manzhos et al constructed explicit analytic kinetic-energy functionals guided by interpretative ML [138].

Beyond model accuracy, the quality of the functional derivative matters for orbital-free density opti-
mization. Meyer, Weichselbaum, and Hauser showed that simultaneously training on the kinetic energy
density functional and its functional derivative improves the derivative accuracy compared to training on
the functional alone [139].

Kernel methods, in particular GPR, have been used to obtain robust kinetic-energy density mod-
els from highly uneven descriptor sets. Manzhos et al [140] introduced target and feature averaging
for GPR-based kinetic energy density learning, achieving accurate and stable models from as few as
∼2000 training samples across multiple light materials.

Small NNs can be effective when trained on physically motivated inputs. Golub and Manzhos
demonstrated that small (single-hidden-layer) NNs trained using fourth-order gradient expansion terms
can achieve ultra-low kinetic-energy density fitting errors without overfitting [141].

More recently, physically constrained nonlocal KEDFs have been built with machine-learning archi-
tectures designed for stability and exact constraint satisfaction in self-consistent OF-DFT. Sun and Chen
introduced a physical-constrained nonlocal kinetic energy density functional for simple metals (imple-
mented using the ABACUS package) [142], and extended it to a multi-channel formulation for semicon-
ductors using multiple length scales [143].

Subsequent developments extended these ideas to three-dimensional densities using more expres-
sive neural architectures. Remme et al [144] further incorporated rotational and translational equiv-
ariance into neural architectures, ensuring that the learned Ts[ρ] satisfies basic symmetry requirements
while remaining transferable across atomic numbers and chemical compositions. These neural mod-
els can produce accurate kinetic potentials for self-consistent OF-DFT, reproducing both shell structure
and bonding without the need for explicit orbitals. The KineticNet architecture introduced by Remme
et al represents a major advancement: it employs an equivariant deep NN based on point convolutions
adapted to molecular quadrature grids, with convolution filters providing sufficient spatial resolution
near nuclear cusps and an atom-centric sparse architecture that relays information across multiple bond
lengths. Crucially, they developed a novel training strategy that generates diverse training data by finding
ground-state densities perturbed by random external potentials, enabling the functional to handle iter-
ative density optimization even from poor initial guesses. KineticNet achieved, for the first time, chem-
ical accuracy of the learned functionals across input densities and geometries of small molecules (MAE
<1 kcal/mol), representing a qualitative leap beyond earlier 1D demonstrations [144]. For two-electron
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systems, they additionally demonstrated OF-DFT density optimization with chemical accuracy, show-
ing that the learned kinetic energy functional produces converged self-consistent densities that closely
match KS reference densities [144]. The ability of KineticNet to maintain accuracy across diverse molec-
ular geometries and chemical compositions, combined with its equivariance properties, demonstrates
that neural functionals can generalize substantially beyond their training distributions.

These advances demonstrate that ML-based OF-DFT can achieve near-KS accuracy for small
molecules and light metals while retaining linear scaling and smooth density dependence. The pro-
gression from Snyder et al’s pioneering 1D work (MAE <1 kcal mol−1 with <100 training points) to
Remme et al’s 3D chemical accuracy on diverse molecules illustrates the rapid maturation of machine-
learned kinetic functionals. The ability to represent long-range coupling through learned non-local ker-
nels or neural operators makes these methods promising for large-scale materials simulations involv-
ing thousands to millions of atoms, where conventional orbital-based approaches become prohibitively
expensive. Recent work has extended these methods to periodic systems and demonstrated stable self-
consistent optimization on increasingly complex chemical systems, bringing the original HK vision of a
purely density-based electronic structure theory closer to practical realization.

4.5. Back propogation of self-consistensy
A fundamental technical challenge in training machine-learned density functionals lies in the non-trivial
dependence of the total energy on the model parameters through the self-consistent KS (SCF) equations.
Because the electronic density ρ∗[θ] is obtained implicitly from the stationary condition

δEθ [ρ]

δρ(r)

∣∣∣
ρ=ρ∗

= 0, (34)

the gradient ∂Eθ[ρ∗]/∂θ involves implicit derivatives of the converged density with respect to the func-
tional parameters θ. Traditional back-propagation cannot be applied directly, as the SCF iteration consti-
tutes a fixed-point solver rather than an explicit computational graph.

Early studies circumvented this issue by optimizing functional parameters using gradient-free or
stochastic schemes. In particular, several early neural exchange–correlation functionals employed simu-
lated annealing or evolutionary algorithms to minimize energy errors across a training set, treating the
SCF solver as a black box. While conceptually simple, such methods scale poorly and provide limited
insight into the sensitivity of the self-consistent density to functional parameters.

More recent work has introduced explicit differentiation through the SCF cycle using techniques
from implicit differentiation and differentiable programming. Kasim and Vinko [145] demonstrated a
fully differentiable DFT implementation in which both the SCF iterations and the underlying Poisson
and KS solvers are embedded within an automatic-differentiation framework, allowing end-to-end back-
propagation of energy gradients with respect to the neural functional parameters. Related approaches
employ implicit-function theorem differentiation, expressing the SCF solution as a fixed point of a dif-
ferentiable mapping and solving the associated linear system for ∂ρ∗/∂θ. These developments enable
efficient and numerically stable gradient-based optimization of ML functionals, dramatically improving
convergence and scalability compared to stochastic search methods.

The emergence of differentiable DFT frameworks thus marks a crucial advance for functional learn-
ing: it allows model parameters to be optimized directly with respect to total energy and density errors,
enforces self-consistency during training, and provides a unified route to differentiate through other
electronic-structure components such as response functions, band gaps, or atomic forces. Combined
with modern automatic-differentiation libraries, these methods open the door to fully differentiable QC
pipelines capable of learning physically constrained, self-consistent density functionals end to end.

4.6. Summary
DFT has a long and successful history, with the KS theorem guaranteeing the existence of an exact func-
tional but not its explicit form. Traditional XC and kinetic energy functionals rely on analytic construc-
tions, yet ML now allows these functionals to be learned directly from high-level electronic structure
data. Semi-local ML functionals improve accuracy while retaining efficiency, whereas non-local and
operator-based approaches capture long-range correlations and multi-center effects. Advances in differ-
entiable, self-consistent frameworks further enable end-to-end training of neural functionals. Together,
these developments push DFT forward, bridging decades of empirical design with modern neural-
network-based, physically informed functional approximations.

22



Modelling Simul. Mater. Sci. Eng. 34 (2026) 053001 T S Hindges et al

5. MLHamiltonians

Beyond accuracy improvements, the computational cost of SCF loops in DFT fundamentally limits its
scalability. Indeed, SCF iterations hinder simulations of large systems, and they incentivize the use of
inexpensive semi-local exchange–correlation functionals (LDA/GGA/meta-GGA rungs of Jacob’s lad-
der) over more accurate but costly hybrid functionals. To address these bottlenecks, machine-learning
Hamiltonians have been introduced as a promising alternative. Recent approaches focus on directly pre-
dicting the Hamiltonian matrix without performing SCF iterations, enabling DFT-level accuracy for sys-
tem sizes that were previously inaccessible.

5.1. Core architectures
5.1.1. Message-passing GNNs
As mentioned in the technical background, MPNNs constitute one of the earliest and most widely
adopted architectures for predicting quantum-mechanical operators from atomic configurations.

For Hamiltonian learning, MPNNs are commonly trained to predict matrix elements such as Hij

or Fock matrix entries directly from local coordination environments. DeepH [146] and related mod-
els apply localized message-passing and basis-aware embeddings to map atomic neighborhoods onto
Hamiltonian blocks expressed in atom-centered Gaussian or NAO basis sets. These MPNN-based
Hamiltonians have demonstrated strong performance and favorable scaling for molecules ranging from
hundreds to thousands of atoms, making them a practical data-driven alternative to traditional SCF-
based DFT in large-scale molecular modeling.

Despite these successes, conventional message-passing models remain limited by their reliance on
primarily scalar features and locality assumptions. As a result, they do not fully capture the tensorial
structure of Hamiltonians—particularly the rotational covariance of off-diagonal p–p, d–d, or multipole-
coupled elements—which motivates the use of symmetry-preserving neural architectures. Recent work
has also identified limitations in standard MPNN aggregation schemes for Hamiltonian learning, propos-
ing refined strategies that better preserve local electronic structure information during message accumu-
lation [147].

5.1.2. E3NNs
Similarly, as mentioned in the background, E3NNs enforce the symmetries of the Euclidean group
E(3)—translations, rotations, and reflections—directly in the architecture.

Applied to Hamiltonian prediction, equivariant models naturally encode the rotational transfor-
mation laws of orbital overlaps and Hamiltonian matrix elements. Since p-, d-, and higher angular-
momentum channels transform as vector and rank-2 tensors under SO(3), equivariant architectures
ensure that predicted Hij elements rotate covariantly with the molecular geometry, an essential require-
ment for physical consistency. This leads to improved generalization across orientations, conformers, and
chemical environments compared to purely scalar models. Moreover, because the basis functions used in
Gaussian, NAO, or PAW frameworks have known symmetry properties, equivariant Hamiltonian learn-
ers achieve higher accuracy for angular-dependent couplings and multipole interactions. Recently Gong
et al combined equivariant message passing with localized basis-projection schemes in DeepH-E3 [148]
(figure 8), which can reproduce DFT-quality Hamiltonians across wide chemical spaces and can scale to
supercells with thousands of atoms. In particular, for twisted bilayer graphene, DeepH-E3 achieves MAEs
of 0.4–0.5 meV for such supercells when trained on small, non-twisted, and randomly perturbed struc-
tures of this material (figure 8).

While these architectural advances establish the foundation for accurate Hamiltonian prediction,
recent work has demonstrated that learned Hamiltonians enable calculations far beyond ground-state
energy predictions, opening new avenues for materials simulation and dynamic phenomena.

5.2. Beyond ground-state properties
Once Hamiltonians are learned, they serve as differentiable, queryable surrogates for full DFT calcula-
tions. This capability extends far beyond predicting ground-state energies and atomic forces—learned
Hamiltonians can be perturbed, differentiated, or propagated in time to access response properties,
excited states, and dynamic processes that traditionally require expensive recalculations of the electronic
structure at each configuration.

5.2.1. Response properties and phonons
Response properties such as phonon spectra, dielectric constants, and Born effective charges are criti-
cal for understanding lattice dynamics, optical properties, and thermal transport. These quantities are
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Figure 8. Top: Construction of an equivariant architecture from input features: atomic numbers, interatomic distances, and the
unit vectors of relative positions. Bottom: training on twisted bilayer graphene and generalization to larger supercells for a chosen
twist angle. Comparison with DeepH [146], shows importance of including equivariance. Reproduced from [148]. CC BY 4.0.

typically computed using density functional perturbation theory (DFPT), which requires calculating the
derivative of the Hamiltonian with respect to atomic displacements or external fields—a process that
scales poorly for large systems. Li et al [149] demonstrated that learned Hamiltonians can be incor-
porated directly into DFPT workflows through automatic differentiation, enabling efficient calcula-
tion of phonon spectra and dielectric responses without repeating costly SCF iterations for each per-
turbation. By training NNs to predict the KS potential matrix and applying automatic differentiation
to obtain electron–phonon coupling matrices, their deep-learning DFPT framework achieves computa-
tional speedups of several orders of magnitude while maintaining near-perfect accuracy. The framework
reproduces ab initio electron–phonon coupling properties with high fidelity, achieving low mean abso-
lute errors (approximately 0.2–0.5 meV for Hamiltonian elements and 0.3–0.5 meV/Å−1 for Pulay terms)
and quantitatively matching phonon linewidths, Eliashberg spectral functions, electron–phonon coupling
(EPC) strength λ (e.g. 0.085 vs 0.089 for a carbon nanotube), and superconducting transition tempera-
tures across graphene, MoS2, and carbon nanotube benchmarks.

Extending this capability further, EPC—which governs phenomena such as superconductivity, charge
transport, and polaron formation—requires computing matrix elements of the electron–phonon inter-
action across the Brillouin zone. This calculation is notoriously expensive, often requiring millions of
matrix element evaluations. Zhong et al [150] showed that Hamiltonian learning accelerates EPC cal-
culations by orders of magnitude while maintaining first-principles accuracy. Their approach com-
bines learned Hamiltonians with Wannier interpolation schemes, enabling high-resolution sampling of
electron–phonon coupling constants for materials ranging from conventional metals to complex topo-
logical semimetals. For GaAs, their ML framework using the Heyd–Scuseria–Ernzerhof hybrid func-
tional predicted room-temperature electron mobilities of 8500 cm2/(V·s), within 15% of experimen-
tal values, while calculations using the standard PBE functional severely underestimated mobility by
a factor of three. For the Kagome superconductor CsV3Sb5, the method successfully reproduced the
experimentally observed double-dome structure in the pressure-induced superconducting phase dia-
gram with transition temperatures agreeing to within 1 K, revealing that phonon softening drives the
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pressure-dependent superconductivity. This breakthrough opens pathways to predict mobility, supercon-
ducting transition temperatures, and thermal conductivities for materials where such calculations were
previously intractable.

5.2.2. Excited-state dynamics and magnetic effects
Nonadiabatic molecular dynamics (NAMD)—where electronic excitations couple to nuclear motion—
is essential for understanding photochemistry, charge transfer, and energy relaxation in molecules and
materials. However, NAMD requires computing the electronic structure at every nuclear time step
(typically femtosecond resolution), making it prohibitively expensive for systems larger than a few
dozen atoms or for trajectories longer than picoseconds. Zhang et al [151] demonstrated that learned
Hamiltonians can be propagated on-the-fly to enable NAMD simulations at ab initio quality but with
computational costs approaching classical force fields. Their N2AMD (neural-network non-adiabatic
molecular dynamics) framework employs an E(3)-equivariant GNN to predict Hamiltonians from which
nonadiabatic couplings and orbital energies are computed directly, achieving mean absolute errors below
2.5 meV for band energies and 0.017–0.038 meV for nonadiabatic couplings while accelerating calcula-
tions by four orders of magnitude compared to hybrid-functional DFT. By training models to predict
TD Hamiltonians under external perturbations (such as laser fields or ionic motion), they achieved
femtosecond-scale excited-state dynamics for systems previously inaccessible to traditional methods.
Their approach successfully reproduced ultrafast charge separation in organic photovoltaic interfaces
and coherent phonon generation in two-dimensional materials, showcasing the potential of learned
Hamiltonians to bridge the gap between ab initio accuracy and the spatiotemporal scales required for
realistic simulations.

Beyond the learned-Hamiltonian perspective, classic NAMD development by Barbatti, Westermayr,
Dral, and others established coupled-trajectory formalisms (e.g. Ehrenfest dynamics and surface hop-
ping) [152–155] as the baseline for defining nonadiabatic couplings and electronic-state branching
around avoided crossings and conical intersections [154–163]. From the ML point of view, the key
practical step is to match this workflow with data-efficient on-the-fly refinement: uncertainty-driven
active-learning loops decide when additional ab initio evaluations are needed to keep the learned sur-
rogate accurate throughout a trajectory. Bayesian active-learning protocols of this general form have
been demonstrated to reduce labeled data requirements in electronic-structure learning [164]; an anal-
ogous strategy is therefore natural for NAMD. Spin-polarized systems, where magnetism plays a cen-
tral role in determining electronic structure, present unique challenges for Hamiltonian learning. In
magnetic materials, separate spin-up and spin-down Hamiltonian channels must be predicted, and the
model must respect magnetic symmetries such as time-reversal breaking and spin rotation. Li et al [165]
developed xDeepH, which is an extension of the deepH framework to spin-polarized DFT, enabling
prediction of magnetic ground states, spin textures, and magnon spectra without SCF iterations. Their
model incorporates spin-dependent embeddings and enforces proper transformation laws under spin
rotations, achieving accurate predictions for ferromagnets, antiferromagnets, and systems with complex
noncollinear magnetic order. The spin-polarized xDeepH model achieves sub-meV accuracy for mag-
netic Hamiltonian matrix elements, with mean absolute errors of 0.56 meV for spin-spiral monolayer
NiBr2 and 0.36 meV for monolayer CrI3, while accurately reproducing band structures for curved CrI3
nanotubes and moiré-twisted bilayer CrI3 hosting magnetic skyrmions. The model generalizes reliably
to unseen magnetic textures, lattice curvatures, and twist angles, matching DFT band structures and
response properties at a fraction of the computational cost and enabling high-throughput studies of
magnetic quantum materials.

These applications demonstrate that learned Hamiltonians function as versatile computational
engines for multi-scale simulations, enabling coupling of electronic structure to nuclear motion, electro-
magnetic fields, and thermal fluctuations—domains that have traditionally required prohibitively expen-
sive ab initio methods or uncontrolled approximations.

5.3. Extending chemical and basis coverage
Early Hamiltonian learners were trained on narrow chemical domains, such as organic molecules or spe-
cific crystalline systems, limiting their applicability to broader materials discovery efforts. Recent work
has pursued two complementary strategies to expand coverage: developing universal models that span
diverse chemical spaces, and generalizing Hamiltonian representations beyond localized atomic orbital
bases.
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5.3.1. Toward universal models
The promise of a single, universal Hamiltonian predictor, analogous to a universal force field, has moti-
vated efforts to train models across the periodic table [166–168]. However, this ambition faces significant
challenges: different elements exhibit vastly different electronic structures (s/p-block main-group chem-
istry versus d/f-block transition metals and lanthanides), coordination environments vary widely (from
molecular clusters to extended solids), and charge-transfer effects complicate orbital interactions in het-
erogeneous systems.

Several recent efforts have made progress toward this goal. Wang et al [166] trained a universal
deepH model spanning first 4 rows of elements, from hydrogen to bismuth, using a diverse training
set of over 10 000 solid materials. The model achieved competitive accuracy across main-group com-
pounds, transition metal oxides, and intermetallic alloys, demonstrating that sufficiently large and diverse
datasets enable transferable Hamiltonian prediction. Key to their success was careful dataset balancing—
oversampling underrepresented chemical environments (e.g. f-block elements, high-pressure phases) and
augmenting training with configurations generated from molecular dynamics trajectories to capture ther-
mal disorder.

Zhong et al [167] demonstrated that a single equivariant GNN trained on Hamiltonians spanning
most of the periodic table can achieve strong transferability across elements, including those with rel-
atively sparse training data. This generalization arises from large-scale diverse training and a two-stage
loss incorporating both Hamiltonian matrix elements and band eigenvalues, rather than from explicit
alchemical interpolation between atomic species. More recently, Kaniselvan et al [168] investigated scal-
ing laws for foundation models of electronic Hamiltonians, training large models on heterogeneous
datasets spanning molecules, bulk crystals, and surfaces. They showed that pretraining on abundant
small-molecule data systematically improves transfer to chemically and structurally distinct, data-scarce
systems-including large inorganic-organic frameworks-highlighting the importance of scale and dataset
diversity for transferable Hamiltonian learning.

Despite these advances, challenges remain. Charge-transfer systems—where electrons redistribute sub-
stantially between atoms—remain difficult to predict accurately, as standard NAO basis sets struggle to
represent delocalized charge distributions. Additionally, heavy elements with relativistic effects (e.g. gold,
mercury, actinides) require specialized treatment, and current universal models have not yet incorpo-
rated spin–orbit coupling or scalar-relativistic corrections systematically. Future work will likely require
multi-fidelity training strategies, where inexpensive semi-local DFT data provides broad coverage while
targeted hybrid-functional or many-body perturbation theory calculations refine predictions for challeng-
ing cases.

5.3.2. PW basis set
Most Hamiltonian learners operate in atom-centered Gaussian or numerical atomic orbital (NAO) bases,
which are chemically intuitive and sparse but limit applicability to extended solids where PW repre-
sentations dominate. PW DFT—used ubiquitously in solid-state physics for its compatibility with peri-
odic boundary conditions, pseudopotentials, and fast Fourier transforms—represents electronic states in
momentum space as ψ(k), with Hamiltonians expressed as H(k) matrices at each crystal momentum k.

Gong et al [169] developed a method to generalize deep-learning models of DFT Hamiltonians to
results from PW DFT. They do this by reconstructing atomic-orbital Hamiltonians in real space from
PW DFT output, allowing NNs trained on these matrices to reproduce electronic structure properties
efficiently and with accuracy comparable to standard DFT. Their reconstruction method is orders of
magnitude faster than traditional projection approaches and scales linearly with system size, enabling
generalization from small to large systems.

5.4. Improving accuracy and efficiency
Beyond foundational architectures and expanded coverage, recent research has focused on improving
both the accuracy ceiling of learned Hamiltonians and the efficiency with which they can be trained
and deployed. These efforts span novel neural architectures, training strategies that go beyond standard
supervised learning, and methods for learning electronic structure at levels of theory more accurate than
standard DFT.

While MPNNs and equivariant NNs have proven effective for Hamiltonian learning, alternative archi-
tectures continue to emerge. Transformer-based models, which replace local message-passing with global
self-attention mechanisms, have shown promise in capturing long-range electronic correlations that
decay slowly with distance. Wang et al [170] introduced DeepH-2, with a local coordinate transformer
backbone for Hamiltonian prediction where atomic and orbital embeddings are updated through multi-
head attention layers rather than iterative neighborhood aggregation. This design allows the model to
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directly capture interactions between distant atoms—critical for metallic systems, charge-transfer com-
plexes, and conjugated molecules where electronic delocalization spans many atoms.

Their results demonstrate that transformers achieve about two times of better accuracy than DeepH-
E3. While computational cost is reduced from O(L6) to O(L3) where L denotes the highest angular
momentum quantum number.

Rather than relying solely on supervised learning from pre-computed DFT data, Li et al [171] devel-
oped a physics-informed approach that integrates NN optimization with variational DFT. The method
uses a generalized energy functional as the loss function: Ẽ[Hθ] = E[Hθ] +λ(Hθ − H̃), where Hθ is the
NN-predicted Hamiltonian, E[Hθ] is the DFT total energy, and H̃ is a reconstructed Hamiltonian from
the density matrix. This hybrid loss combines physics-based energy minimization (unsupervised) with
structural guidance from Hamiltonian reconstruction (supervised).

The approach requires differentiable DFT implementation to compute gradients ∇HE via automatic
differentiation. The authors developed AI2DFT, a Julia-based code enabling backpropagation through
the entire DFT workflow: H→ ρ→ n→ E. While models are initialized from supervised pre-training on
DeepH-E3, the variational fine-tuning provides substantial improvements in predicting derived quan-
tities. For H2O molecules, energy predictions achieve 0.013 µeV accuracy compared to 0.83 µeV for
pure supervised learning—a 60-fold improvement. Similar gains are observed for graphene and other
test systems.

The key advantage is that the energy gradient term ∇HE acts as a physical regularizer, filter-
ing unphysical high-energy configurations that arise from fitting noise in training data. This yields
Hamiltonians that, despite similar matrix element errors, produce significantly more accurate total
energies, density matrices, and charge densities. The method remains within the standard KS DFT
framework using conventional functionals (PBE), achieving sub-meV Hamiltonian accuracy and µeV-
level total energy accuracy across molecular and periodic systems (H2O, graphene, MoS2, bcc Na).
While computationally expensive during training due to SCF iterations within the optimization loop,
this physics-informed strategy demonstrates that incorporating variational principles can substantially
enhance the quality of learned electronic structure beyond conventional data-driven approaches.

Most ML models for molecular electronic structures use DFT databases as ground truth in training,
and their prediction accuracy cannot surpass that of DFT [32]. To overcome this fundamental limita-
tion, Tang et al developed a unified multi-task ML method (MEHnet) for molecular electronic structures
using the gold-standard CCSD(T) calculations as training data.

Rather than directly fitting the single-configurational representation of DFT calculations, MEHnet
uses a NN to simulate the non-local XC interactions of a many-body system. The method constructs an
effective single-body Hamiltonian by adding a machine-learning correction term Vθ to a fast-to-evaluate
mean-field Hamiltonian F ′ obtained from local DFT. The correction term accounts for non-local XC
effects captured in CCSD(T) calculations, but with computational cost that scales linearly with system
size.

MEHnet employs E3-equivariant NNs and multi-task learning to predict multiple quantum chemi-
cal properties including energy, electric multipole moments, atomic charges, bond orders, energy gaps,
and polarizabilities from a shared electronic structure representation (figure 9). Critically, custom back-
propagation schemes based on quantum perturbation theory enable numerically stable gradient compu-
tation through the Hamiltonian diagonalization step.

Benchmarked on hydrocarbon molecules, MEHnet predicts molecular energies within approximately
0.1 kcal mol−1 per atom and consistently exhibits smaller errors than widely used hybrid and double-
hybrid functionals across various properties. Remarkably, the model demonstrates robust generalization
from small training molecules to larger systems including aromatic compounds and semiconducting
polymers with hundreds of atoms—systems for which CCSD(T) calculations are computationally pro-
hibitive (figure 9). By learning directly from coupled-cluster data, this approach demonstrates that ML
can transcend the accuracy limitations of conventional density functionals while maintaining computa-
tional efficiency comparable to semi-local DFT.

5.5. Summary
ML Hamiltonians have matured from proof-of-concept demonstrations to practical tools enabling simu-
lations previously inaccessible to ab initio methods. The field has progressed along multiple fronts: archi-
tectures now span from message-passing graphs to equivariant networks and transformers; applications
extend from ground-state energies to phonons, excited-state dynamics, and magnetic properties; chemical
coverage approaches universality across the periodic table; and representations generalize from localized
orbitals to plane waves and reduced dimensions. Meanwhile, learning strategies increasingly target levels

27



Modelling Simul. Mater. Sci. Eng. 34 (2026) 053001 T S Hindges et al

Figure 9.Workflow of MEHnet. (a) and (b) Architecture of the multi-task model, combining property prediction and learning
corrections to the Fock matrix. c: Training workflow and ability of MEHnet to generalize predictions to molecules far outside its
training distribution. Reproduced from [32], with permission from Springer Nature.

Figure 10. Diagram of commonly calculated (exactly or approximately) properties from the electronic density.

of theory beyond standard DFT, whether through transfer learning to hybrid functionals or variational
training that transcends fixed reference data.

Critical challenges remain. Systematic errors persist for strongly correlated materials, charge-transfer
complexes, and systems with significant relativistic effects. Dataset curation—particularly balancing
chemical diversity against computational cost—continues to limit transferability. And fundamental ques-
tions about the optimal inductive biases for electronic structure prediction remain open: when should
we enforce physical constraints explicitly versus learning them from data? How can we efficiently incor-
porate multi-fidelity information spanning semi-local DFT to CCSD(T)?

6. Learning electronic density

6.1. Introduction
This section reviews how ML can be used to predict electron density directly, bypassing SCF calculations.
Beyond its intrinsic importance, electron density enables the calculation of many molecular properties
(figure 10).

Here, the methods outlined mainly employ supervised learning, aiming to reduce the difference
between a true density (usually obtained by DFT) and their predicted density. As such, the error
reported is comparing predictions to DFT-level accuracy unless specified otherwise. Moreover, while this
review focuses on methods that explicitly learn spatially resolved electronic densities, several studies have
extended machine-learning approaches to the prediction of energy-resolved electronic quantities such as
the density of states (DOS) and the local density of states (LDOS). These works aim to reconstruct the
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electronic spectrum rather than the ground-state charge distribution, effectively learning how states are
distributed across energy levels [172–174]. As these studies focus on learning the energy spectra rather
than the spatial charge distribution, they fall outside the present scope but remain closely related to
the broader goal of data-driven electronic-structure learning, especially since the density can be recov-
ered accurately from these LDOS predictions [175–177]. As such, we do include approaches that predict
the LDOS at each grid point as an intermediate representation from which the charge density and total
energy are recovered via integration and post-processing, since these are functionally electron density
prediction methods and the density remains a central output.

6.2. Learning the HKMap
Brockherde and Bogojeski et al [178, 179] proposed to learn the HK map between the external poten-
tial v(r) and the ground-state electron density ρ(r), thereby bypassing the explicit solution of the KS
equations. Drawing on semiclassical theory, which demonstrates that this map can frequently be approx-
imated smoothly without computing explicit kinetic-energy gradients [180], they employ KRR to directly
approximate it:

ρML [v] (x) =
M∑
i=1

βi (x) k(v,vi) , (35)

where k(v,vi) is a Gaussian kernel measuring the similarity between external potentials, and the coef-
ficients βi(x) weight the contribution of each training potential at spatial grid point x. This non-
parametric form works efficiently for one-dimensional systems, but cannot be used in three dimen-
sions because the number of coefficients scales cubically with grid size. To extend the approach to three-
dimensional molecules, the authors introduced a basis-set representation of the density:

ρML [v] (x) =
L∑

l=1

u(l) [v] ϕl (x) , (36)

where the machine-learning model is tasked with predicting the coefficients u(l)[v] corresponding to a
chosen set of orthogonal basis functions ϕl(x). Each coefficient is learned via an independent KRR over
the training potentials, made possible by the orthogonality of the basis, which decouples the regres-
sion problem. For molecular systems, the authors employ an artificial Gaussian-type external potential
and use a Fourier (plane-wave) basis representation. Trained on densities and energies obtained with
the Perdew–Burke–Ernzerhof (PBE) functional, they reproduce PBE-level results for test systems such
as benzene, where a second KRR mapping ρ 7→E yields energies. The learned functional can also drive
structural relaxations of a water molecule and generate a stable molecular-dynamics trajectory for mal-
onaldehyde, correctly describing its intramolecular proton transfer. Although the approach remains
dependent on the XC functional used for training, it established that machine-learned mappings can
reconstruct physically accurate densities and energies without cubic-scaling SCF iterations, validating
the concept of direct ML surrogates for the HK map. Since this work demonstrated the potential, but
also the limitation of supervised learning of the HK map, this inspired a ∆–learning approach from
Bogojeski et al [181]. Here, the authors obtain a ∆ECC−DFT

ML energy which is the difference between the
predicted DFT energy and CC energy for a specific system. This is learned via KRR as a function of
a PBE-DFT density and is thus added to the PBE-DFT energy to obtain a CC-level energy prediction,
demonstrating the ability of ML to learn maps between density and CC energy, enabling CC-level MD
simulations at cheap DFT cost.

Moreover, the above method was used by Bai et al [182] to learn the HK map to excited state den-
sities, and then a further map to energies. They use linear-response-TDDFT (PBE0) to train the model,
enabling good agreement between predicted and ab-initio excited state energies along MD trajectories
for malonaldehyde, as well as a convergence to an error <0.2 kcal mol−1 for unseen configurations of
the molecule (after 5000 training samples). Relatedly, an earlier method, Tsubaki and Mizoguchi’s quan-
tum deep field (QDF) [183], uses the HK map but instead of learning v(r)→ρ(r) as above, it learns
an approximate ρ(r)→v(r) map to enforce HK consistency while treating ρ as an unsupervised latent.
Given only structure and atomization energy, QDF trains a learned linear combination of atomic orbital
density generator together with an energy functional, penalizing mismatch between the predicted and
true external potentials and energies. On QM9, it extrapolates to larger, out-of-distribution molecules
with ∼3 kcalmol−1 MAE, showing that energy-only supervision plus HK consistency can regularize den-
sity learning without explicit ρ labels using the HK map.
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6.3. Atom-centered basis expansions
However, to efficiently and reliably capture tensorial targets such as dipoles and polarizabilities, Grisafi
et al [184, 185] developed the Symmetry-adapted gaussian process regression (SA-GPR) framework,
which introduces a tensorial kernel between local atomic environments: the λ-SOAP [50]. This tensorial
kernel enforces rotational covariance of the expansion coefficients and measures local geometric simi-
larity. Using this framework, the group represents the electron density through an atom-centered basis
expansion, whose additivity and spatial locality allow the model to be transferable and capable of extrap-
olating to larger systems:

ρ(r) =
∑
i

∑
k

cikϕk (r−Ri)

=
∑
i

∑
nlm

cinlmRnl (|r−Ri|) Ylm

(
r̂−Ri

)
,

(37)

where the coefficients cik are optimized by the model using SA-GPR so that they transform covariantly
under rotations of the underlying atomic environments. Each basis function ϕk is constructed from
contracted Gaussian-type orbitals (GTOs), decomposed into radial Rnl and spherical-harmonic Ylm

components.
Since these basis functions are not orthogonal, all coefficients become coupled through their over-

lap matrix, thus the model must simultaneously learn the optimal basis decomposition along with the
regression for the coefficients. As a result, when trained on DFT-level densities for butadiene and butane,
the model successfully extrapolated to octane with a mean absolute density error of only ≈ 1.4%.
However, the basis-set representation error remains a limiting factor: when the predicted densities were
used for to calculate energies via XC functional evaluation, the results deviated by several kcal mol−1

from DFT. To improve on these results, Fabrizio et al [186] ensured that the model only has to opti-
mize the expansion coefficients by making the method compatible with density-fitting or resolution of
the identity (RI) auxiliary basis sets. Therefore, its accuracy and its ability to generalize improved, allow-
ing the model to accurately predict the density and electrostatic potential of dimers in the BioFragment
database [23]. However, capturing long-distance interactions remained a challenge. Therefore, Lewis et al
expanded this method to periodic systems using symmetry-adapted learning of three-dimensional elec-
tron densities (SALTED) [187]. With a linear approximation of the density expansion coefficients and
the inclusion of cell translation vectors, Al, Si and ice density predictions were obtained with a root
mean squared error (RMSE) less than 2% with fewer than 100 DFT training densities. Another notable
result was the model’s extrapolation from 4 molecule ice to a 512 supercell within 5 meV per atom of
the reference DFT XC and electrostatic energies. In fact, predicting the density and determining these
energy values was shown to be more accurate than just predicting the energy, highlighting the ability
of density to represent underlying information for ML models to learn. Nevertheless, SALTED becomes
inefficient for large or many-atom systems because its use of a non-orthogonal atom-centered basis
causes strong coupling between all atomic density components, making the kernel regression scale unfa-
vorably. As such, Grisafi et al [188] discretize the density and update the minimization procedure of the
loss function to obtain a much more efficient model, capable of simulating bulk liquid water and achiev-
ing chemical accuracy in 65% of the test cases from the QM9 dataset. Although the previous SA-GPR
models included a cutoff term in their λ-SOAP kernel expression, long-range interactions play a large
role in accurately modeling metal surfaces. Therefore, incorporating these into the atomic representation
along with explicit equivariance for a finite-field model allowed Grisafi et al [189] to accurately simulate
electronic responses of metal electrodes up to 60 times faster than DFT.

An alternative methodology also using expansions of atom-centered functions is the Anisotropic
Analytical Model of Density (A2MD) [190]. As the name suggests, Cuevas-Zuviría and Pacios use a sum
of anisotropic and isotropic functions to analytically calculate each atom’s contribution to the total den-
sity. Although the fixed analytical form constrains the range of atomic species that can be described, the
accompanying NN (A2MDnet) efficiently predicts the coefficients of this expansion, achieving approx-
imately linear scaling of computational cost with system size, albeit with lower accuracy. The approach
was later extended in A3MD [191], which incorporates MPNNs. This enabled density predictions for
small proteins when restricting the message-passing to intra-monomer interactions, leading to a good fit
between the predictions and the DFT calculated density shape/grid. However, the authors emphasize a
key problem that plagues density learning in general: molecular properties are very sensitive to errors in
densities since they lie ‘downstream’. Thus, even a 1% error in density can lead to much larger errors in
energy and other properties. Moreover, atom-centered models struggle to expand to more training exam-
ples, particularly if they have many elements.
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6.4. Grid based approaches
As such, since electronic density can also be seen as the sum of the density at many grid points in 3D,
Schmidt et al [192] used a grid-based representation of the density. They predicted DFT electron densi-
ties on voxelized spatial grids using Bayesian linear regression for crystalline structures such as the Al-Ni
alloy. Likewise, Alred et al [193] take each atom’s charge, their distance to a grid point, and the external
potential at the grid point to train a random forest [194] model to predict energy and charge density
for sulfur cross-linked nanotubes. Although highly specific, good accuracy is achieved: 0.25% error from
DFT.

In parallel, Chandrasekaran et al [195] then define and combine rotationally invariant scalar, vec-
tor, and tensor fingerprints for grid points. These Gaussian fingerprints serve as the inputs for a 3 layer
NN (each with 300 neurons) that learn the corresponding charge density, but also the LDOS spectrum
for each grid point with an extra bidirectional recurrent NN layer. A key benefit of this representation
is that not many MD snapshots are needed to provide enough training data since the properties are
predicted for each grid point, and each snapshot contains many grid points. This method focused on
Al and polyethylene (PE) and showed ability to generalize to unseen configurations of both systems
with a density RMSE of below 10−3 e Å−3. Furthermore, by summing the per-grid-point LDOS pre-
diction, an accurate DOS was obtained. This representation and method was then extended to predict
the charge densities of hydrocarbons with an 8 layer model [196]. Charge densities with a 0.91%–1.58%
error and energies with a 0.026–1.52 eV RMSE were obtained, but the model struggled with generalizing
to unseen structures. By combining this grid point representation of systems and the SOAP represen-
tation, Achar et al [197] developed DeepCDP. This model takes in atomic positions and uses the SOAP
fingerprints to construct power spectrum vectors which are then passed through a model similar to that
in Chandrasekaran et al [195]. Innovatively, they also enforce a constant number of electrons, which
allows them to predict these properties for charged molecules since the model can thus infer the pres-
ence of excess charge. Pushing the grid-point paradigm further, Fiedler and Cangi et al [176, 177] devel-
oped the materials learning algorithms (MALA) framework, which uses spectral neighbor analysis poten-
tial bispectrum descriptors computed on a real-space grid as inputs to a feed-forward NN that predicts
the LDOS at each grid point. From the predicted LDOS, the electron density and total free energy are
recovered via numerical integration and post-processing, effectively making MALA a density prediction
method whose intermediate representation is energy-resolved rather than spatial. Trained on simulation
cells containing only 256 beryllium atoms, the model maintained constant accuracy across increasing
system sizes (256 to 2048 atoms), with energy errors well within chemical accuracy and even below the
10 meV atom−1 threshold considered the gold standard for MLIPs. The framework was even accurate
when applied to a 131 072-atom beryllium slab containing a stacking fault, achieving up to three orders
of magnitude speedup over conventional DFT.

Building on the same grid-point philosophy, Pathrudkar et al [198] extended the grid-point frame-
work to multi-million atom metallic and alloy systems (Al, Si, SiGe) using Bayesian NNs. Beyond the
scale, their work introduced two capabilities absent from other density learning approaches: calibrated
uncertainty quantification, decomposed into epistemic and aleatoric contributions, and transfer learning
across system sizes, which drastically reduces the DFT training data required. The model’s uncertainty
estimates remained stable from small training cells to a 4 million atom density prediction of Al, provid-
ing a route to assessing reliability at scales where DFT verification is infeasible.

More recently, this framework was extended to predict electron densities across the composition
space of concentrated alloys [164], tackling a combinatorial challenge since the number of required
training compositions grows rapidly with the number of alloying species. To combat this, the authors
employ Bayesian active learning, in which the model’s own uncertainty estimates are used to select the
most informative compositions for the next round of training, which reduced the required training data
by a factor of 2.5 for ternary (SiGeSn) and 1.7 for quaternary (CrFeCoNi) systems compared to system-
atic sampling. The resulting models generalized accurately across the full composition space, even includ-
ing systems with vacancy defects and species segregation not seen during training.

A more physically grounded approach to grid-based density prediction was introduced by Zepeda-
Núñez et al [199], who proposed deep density, a symmetry-preserving NN. In contrast to models relying
on their descriptors for symmetry requirements, deep density analytically embeds permutation, transla-
tion, and rotation invariance into the functional form of the network itself. This explicit encoding can
often allow for relatively higher efficiency and accuracy of the model. Here, the symmetry-preserving
construction allows the model to recover near-DFT accuracy (≈ 1% error) for H2O and Al densities and
to generalize efficiently from 32 atoms to larger configurations, albeit with error ≈ 5% for Al with 256
atoms.
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While deep density demonstrated that invariance can be embedded directly within the network’s
functional form, later work sought to reintroduce symmetry preservation at the level of the input rep-
resentation itself. Indeed, Lv et al [200] introduced Deep Charge, a deep-learning model that predicts
the electron density ρ(r) from features of a single ‘one-shot’ DFT calculation for crystalline solids. This
is enabled by deep potential-type local atomic embeddings [201] that preserve permutation, transla-
tion, and rotation invariance, coupled with a feed-forward network that outputs the real-space density
on a grid while enforcing charge conservation and spatial smoothness in the loss function. Trained on
diverse datasets including bulk Al and Si, Al–Mg alloys, amorphous Si, and liquid water, Deep Charge
achieves mean absolute errors of 5× 10−4–8× 10−4 e Å−3 (corresponding to relative errors of approxi-
mately 0.05%–0.4%) compared to self-consistent DFT densities.

Although these grid-based approaches demonstrate that spatially resolved learning of the charge den-
sity is possible, they often rely on large neural architectures or millions of grid-point evaluations, which
make both training and deployment computationally demanding. To overcome this, Focassio et al [202]
proposed a compact, physics-informed alternative: a linear model based on a Jacobi–Legendre many-
body polynomial expansion of local atomic environments (JLCDM) [203]. In this framework, the elec-

tron density at each grid point rg is expressed as a sum of explicitly defined one-, ρ(1)i , two-, ρ(2)ij , and

three-body, ρ(3)ijk , contributions:

ρ
(
rg
)
=
∑
i

ρ
(1)
i

(
rg
)
+
∑
i̸=j

ρ
(2)
ij

(
rg
)
+

∑
i̸=j, i̸=k, j ̸=k

ρ
(3)
ijk

(
rg
)
+ . . . . (38)

Each term is expanded in a set of Jacobi–Legendre polynomials of interatomic distances and angles.
Thus, because the model is linear in its parameters, it can be trained by simple linear regression, which
offers a speedup compared to large feed-forward, or convolutional NNs (which are the focus of the next
section). When evaluated across the full grid, similar accuracy to that obtained with DNNs is yielded for
diverse systems such as Al, Mo, and 2D MoS2, while remaining orders of magnitude cheaper than deep
neural grid surrogates or SCF cycles.

Finally, del Rio et al [204] extend grid-based density learning into a full deep-learning framework
that emulates DFT itself. Their model first predicts the electronic charge density directly from the atomic
configuration using GTO descriptors, for which the optimal basis is learned from data. The resulting
density descriptors, combined with atomic fingerprints, then serve as inputs to predict key observables,
including the total energy, forces, stress, and DOS (figure 11). This architecture closely mirrors the logic
of DFT, where the charge density determines all properties, and demonstrates improved accuracy and
transferability across molecular and polymeric systems compared to single-step property predictors. This
exemplifies the motivation behind learning the underlying electronic structure rather than target prop-
erties alone. For materials containing C, H, O, and N, the model achieves a valence charge-density error
below 2% even for out-of-distribution cases, an impressive result that surpasses many atom-centered
methods, and would correspond to an even smaller percentage error when compared to the total charge
density. Furthermore, like many of the other methods, it offers linear scaling as shown in figure 12,
which exemplifies the practicality of such methods.

6.5. Use of CNNs, MPNNs, and equivariance
The advent and development of CNNs [205, 206] enabled the potential for more efficient learning
of x × y × z 3D voxelized grids by exploiting spatial locality through shared convolutional filters.
Indeed, in an early work, Sinitskiy and Pande [207] employ a U-net [208] architecture to simultane-
ously predict DFT-level density and energy corrections to HF/cc-VDZ calculations for the QM9 dataset.
This leads to a MAE compared to DFT of 1.07 kcal mol−1. Lee and Kim [209] outline a more recent
approach targeting residual density using a U-Net-type CNN. Their DeepSCF model not only takes a
base density as input, but it is also provided with atomistic fingerprints. These modifications, along
with data enhancements to account for the lack of rotational equivariance in CNNs, led to an MAE of
0.01 ev/atom for the total energy and a 1.67% deviation from the reference density for molecules in the
TABS dataset [210]. Moreover, with this representation, the model could generalize to periodic systems,
and a 1644 atom system, for which the density error was 2.10%. This highlighted the power of CNNs
when coupled with grid representations, albeit, as mentioned, that these ML architectures do not include
the equivariance that is characteristic of chemical systems.

Another ML model apt for the representations of molecular systems are Graph based NNs [54, 55]
such as A3MD mentioned above. This was first shown by Gong et al [211] using a crystal graph con-
volution neural network [212] at each grid point to predict the DFT density for that particular point.
Although this also scales linearly once trained, it is inefficient as it generates a graph representation
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Figure 11. Architecture of the NN, and the workflow used to predict key observables using the density descriptors, analogous to
DFT. Reproduced from [204]. CC BY 4.0.

Figure 12. CPU time in seconds for DFT, which scales cubically, and the ML-DFT, which scales linearly with size, like most other
methods in this section. Reproduced from [204]. CC BY 4.0.

and a local model for each grid point. Nonetheless, the model is trained on zeolites and polymers and
achieves an average RMSE of 1 e Å−3, showing that graphical representations of matter are viable for
density prediction.

In order to allow a single graph to learn a representation of the molecule, Jørgensen and Bhowmik
[213] employ an invariant MPNN (DeepDFT), trained on QM9 molecules, oxide Li-ion cathodes, and
liquid ethylene (PBE) data. By constructing per-atom features from local environments, the model
attains an average density MAE < 0.55% across all systems, which is found to be smaller than the
variation introduced by changing the XC functional, illustrating the robustness of message passing.
However, these invariant descriptors limit the efficiency and accuracy of the models [57, 214] as they
ignore how tensorial quantities should transform. As such, Jørgensen and Bhowmik [215] upgrade
DeepDFT to an equivariant MPNN, which markedly reduces errors on the same molecular/solid/liq-
uid benchmarks; using the predicted densities in single-point non-SCF energy evaluations yields MAEs
below 5× 10−4 eV atom−1. Together, these results show that enforcing the correct transformation laws
improves accuracy and transfer for learned electron densities. This framework was later extended to
charged systems [216] by incorporating the total system charge as an input parameter, enabling accu-
rate density predictions for charged defective perovskites, LiCoO2 with lithium vacancies, and charged
diamond-based structures.

Similarly, building on recent advances in equivariant learning, Qiao et al [217] (OrbNet-Equi) replace
point-cloud features with AO-space inputs from a cheap mean-field calculation (GFN-xTB) and design
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a unitary-equivariant network in the AO basis. Rather than predicting voxel values, OrbNet-Equi out-
puts coefficients of an atom-centered RI (density-fitting) basis for ρ(r) (similarly to (37)), achieving
≈0.191 % mean density error on BFDb-SSI [23]) dimers and ≈0.206% on QM9, improving over SA-
GPR/DeepDFT baselines. Likewise, Lee et al [218] use a Euclidean Graph CNN [62] and an RI basis (37)
to predict densities for DNA structures. Indeed, being trained on base-pair steps, its atom-centered
decomposition of density and repeating motifs in DNA allowed the model to generalize to 5 base-pairs
with an average error of 1.06%, from which key electrostatic potentials can be derived. Moreover, due to
the almost linear scaling of the method, a prediction for a 108 654 electron DNA structure was possible.
This exemplifies the advantageous inclusion of equivariance and scalability of these models. Furthermore,
using this RI basis and a E3NN-inspired GNN, Rackers et al [214], achieved low (0.4%) density error for
30-molecule water clusters and accurately modeled long-range forces between molecules. Furthermore,
they trained the model on CCSD densities and observed the expected jump in accuracy, showing that
these density models can (only) learn up to the theory which they are trained on, which offers a path to
higher accuracy, but is also a limitation of supervised ML as we stated above. This also allowed them to
model the density for 6400 water atoms at near CCSD level (which, if using classic CCSD, would take
longer than the age of the Universe).

Pushing equivariant density prediction to much larger and more chemically diverse datasets, Koker
et al [219] introduced ChargE3Net, an E(3)-equivariant GNN that incorporates higher-order tensor rep-
resentations beyond the vector features used in PaiNN-based models. Trained on over 100 000 materi-
als from the Materials Project database, ChargE3Net exceeds the performance of prior methods on both
QM9 molecules and crystalline materials. Crucially, the authors demonstrated a practical application as
a DFT accelerator: using ChargE3Net’s predicted densities to initialize SCF calculations on unseen mate-
rials reduced the number of self-consistent iterations by 26.7%, and non-self-consistent DFT calculations
from these densities yielded near-DFT accuracy for electronic and thermodynamic properties at a frac-
tion of the cost. Analysis attributed the accuracy gains specifically to the higher-order equivariant fea-
tures, which better capture systems with large angular variations in their charge density.

While probe-based methods like ChargE3Net achieve high accuracy, they require neural message
passing over millions of grid points, limiting scalability. Fu et al [220] addressed this accuracy–efficiency
dilemma from the orbital-based side, identifying three key ingredients for scalable density prediction.
First, they augmented atom-centered orbital basis functions with virtual orbitals placed at bond mid-
points, directly tackling the above–mentioned limitation that atom-centered bases struggle to capture
interatomic density features. Second, they constructed an even-tempered Gaussian basis with learn-
able exponents, allowing the basis set expressivity to be tuned during training rather than fixed a priori.
Third, they employed a high-capacity equivariant backbone (eSCN) to predict the orbital coefficients.
On the QM9 benchmark, this approach achieved state-of-the-art accuracy while being approximately
30× faster than prior probe-based methods such as ChargE3Net and InfGCN. Moreover, by adjusting
the model and basis set sizes, accuracy–efficiency trade-offs of up to 171× speedup with only slight
degradation in accuracy were demonstrated. This result illustrates that the atom-centered basis set rep-
resentation error limitation discussed earlier can be substantially mitigated through learnable bases and
virtual orbital augmentation, challenging the need for more expensive grid-based representations.

Interestingly, while the progression from invariant to equivariant architectures described above has
been a major driver of accuracy improvements, Li et al [221] recently demonstrated that the choice of
input representation can be equally important. Drawing on the image super-resolution literature from
computer vision, they treat the electron density as a 3D grayscale image and use a convolutional resid-
ual network to refine a crude superposition of atomic densities into an accurate ground-state density.
Because the input is itself a real-space density field, the predictions are implicitly equivariant to rotations
and translations without requiring explicit equivariant construction. On QM9, this approach outper-
forms prior density prediction methods, including equivariant models. The model also generalizes to
unseen molecular conformations and, through fine-tuning on limited data (≈8% of the target dataset),
achieves 0.33% density error for systems containing chemical elements and charge states absent from
training. Together with the training-level dependence observed by Rackers et al, this result underscores
that accuracy in density learning is governed not only by architectural sophistication but also by the
quality of the training theory and the choice of how the problem is represented.

6.6. Neural operators
Neural operators [222] extend regression from finite-dimensional vectors to mappings between function
spaces. Instead of learning a conventional parametric model fθ : Rn→Rm which maps fixed-length input
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Figure 13. Normalized mean absolute error (NMAE) of the density for various methods mentioned in this section. Illustrates
the efficiency of this method (GPWNO); it achieves the most accurate performance with the lowest amount of parameters.
Reproduced from [227]. CC BY 4.0.

vectors to output vectors, one learns an operator

Gθ :A→U , u= Gθ (a) ,

where a(x) and u(x) are continuous fields defined over a spatial domain Ω⊂ Rd. In the context of
electronic-structure learning, such models directly approximate the functional mapping v(r) 7→ρ(r),
rather than predicting scalar properties derived from it.

Cheng and Peng [223] first applied this concept to electron densities, framing the problem as SE(3)-
equivariant operator learning on R3. They represent the density via a multicentric expansion in atom-
centered spherical harmonics with Gaussian radial functions (much like SA-GPR approaches),

ρ̂(r) =
∑

a∈atoms

∑
nℓm

ca,nℓmϕnℓm(r−Ra) ,

where the coefficients ca,nℓm are generated by an SE(3)-equivariant message-passing network. Moreover,
to correct residual basis-set errors, a coordinate-dependent residual operator r(x) refines the prediction
pointwise,

ρ(x) = ρ̂(x)+ r(x) .

However, unlike SA-GPR, which learns the expansion coefficients via GPR with a fixed kernel between
atomic environments, Cheng and Peng’s model learns a parametric, system-independent transforma-
tion rule that generalizes across geometries and discretizations. The resulting architecture, interpreted
as a graphon convolutional operator (InfGCN), provides a continuous analog of graph convolution over
infinitely many nodes. This model’s combination of function mapping, atom-centered expansions, and
equivariant MPNNs that have made up the earlier parts of this section, leads to higher accuracy than
many of the previous methods cited on QM9, cubic inorganic materials, and small molecules across
MD trajectories. It also outperforms many of the previous neural operators that the authors specifically
adapted for this mapping [224–226].

Expanding this framework to periodic systems, a PW contribution is added to the GTO decompo-
sition. Indeed, Kim and Ahn [227] propose a neural-operator architecture that represents the electron
density by decomposing it into complementary basis channels: a PW component that captures low-
frequency, long-range structure under periodic boundary conditions, and a GTO component that cap-
tures high-frequency, near-nuclear features:

ρ(r) = ρPW (r) + ρGTO (r)

where ρGTO(r) is calculated like in Cheng and Peng’s method with PBCs and ρPW(r) is based on Li
et al’s Fourier neural operator (FNO) [225], but uses a PW basis. From this, equivariance is maintained
and periodicity is achieved. This approach leads to state-of-the-art accuracy and a minimal number of
parameters for the QM9 dataset (figure 13) as well as for small molecules across MD trajectories and, as
expected, for periodic materials too.

Lastly, these neural operators have also been shown to be able to propagate the density in time.
Indeed, Shah and Cangi [228] develop a model based on the FNO that learns the time-propagation
operator in TDDFT for 1D diatomics. Once trained on reference TDDFT trajectories, the learned
propagator reproduces the evolution of TD density and thus dipole moment after processing for a 1D
diatomic under the influence of an oscillating laser pulse with orders-of-magnitude lower cost than
explicit numerical integration.
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6.7. Use of NQS
Finally, for completeness, we also note that there is literature on the overlap between ML the wavefunc-
tion and the electronic density. Indeed, Cheng et al [229] combine the Psiformer ansatz with a neural
electron real-space density (NERD) head. This allows it to generate a very accurate wavefunction for
the system (as shown in the part on NQSs), and use this wavefunction to generate training data for the
NERD head for Ne electrons according to:

ρ(x) =
N

〈Ψ |Ψ〉

ˆ
dx2 . . .dxNe |Ψ(x,x2, . . . ,xNe) |2. (39)

NERD is an energy based model that then learns to predict this quantity. Due to the extreme
accuracy of the wavefunction, the training data provided (by the model itself) allows it to outper-
form FCI/aug-cc-pVQZ for Be and Li atoms, and capture MR character of H4 that CCSD could not.
Moreover, with such accurate densities, calculated properties such as effective potentials and Hellmann-
Feynman forces for small diatomic dissociation curves are also accurate. Nevertheless, this method is
subject to the same limitations as those in the NQS section, thus its applicability to larger systems is
constrained by the efficacity of the NQS approaches.

6.8. Summary
In summary, learning the electron density ρ(r) provides a principled route to many observables-total
energies via explicit functionals, electrostatic potentials and multipole moments, Hellmann–Feynman
forces and stress, dipoles and polarizabilities (10). However, the fidelity of these properties is ultimately
limited by the accuracy of the density itself, or the functionals used to map to certain properties (i.e. XC
functional). Small systematic errors such as near-nuclear cusps, long-range decay, or symmetry violations
can be amplified when evaluating derived quantities, so physically consistent constraints (normalization
to Ne, positivity, SE(3) symmetry or periodicity, and smoothness) to maximize accuracy are important.
The field has progressed from kernel methods and atom-centered expansions to grid models, equivariant
GNNs, neural operators, and NQS-based formulations each trading off expressivity, cost, and built-in
physics.

We anticipate further development of the neural operator approach, perhaps toward hybrid
approaches that couple neural operators with explicit physics priors (charge conservation, asymptotics,
response constraints). Furthermore, training on more accurate QC methods, as illustrated by Cheng et al
[229] and Rackers et al [214], has a big impact on predictive accuracy, and thus future models might
need to incorporate this to achieve better accuracy. Extensions to real-time electron dynamics via learned
propagators, and to finite-temperature and excited-state densities, suggest a broader role for density
learning as a fast, transferable interface between electronic structure and data-driven simulation.

7. Conclusion

Through the exploration of the recent advances in multiple areas of ML for electronic structure predic-
tion, we have shown the rapid growth in popularity and the ensuing rise in accuracy across all areas.
Indeed, having defined our ‘ML Jacob’s ladder’, we have presented methods which learn the entire wave-
function down to those that predict the charge density, with tradeoffs in accuracy and scaling being
prevalent as we compare methods. However, it is important to note that for supervised learning the data
the models are trained on limits in potential accuracy. Therefore, generating more high accuracy datasets
(such as CCSD(T)-level) with increasing diversity remains an essential part to obtaining chemically accu-
rate models. The unsupervised NQSs have shown excellent accuracy, and the ability to be directly used
as chemically accurate training data for sub-models exemplifies an interesting approach to this issue.
Nevertheless, NQSs, even with the recent architectural upgrades, are limited to smaller systems. Despite
this, the emergence of generalizable models across rungs in the ladder promises to make these models
more applicable in the ab initio simulation community. We believe a key factor in this progress has been
the inspiration from the ever-accelerating field of ML, and we envision further development in ML for
QC to come from similar sources.

As such, we expect the field of ML for electronic structure to keep growing quickly, as it has been
doing over the past years. The influence of these models will continue to grow as they aim to make a
generalizable and accurate model that can allow researchers to limit their dependency and resources allo-
cated to the original QC methods.
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