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Crystal structure prediction (CSP) is crucial for identifying stable crystal structures in given systems and is
a prerequisite for computational atomistic simulations. Recent advances in neural network potentials (NNPs)
have reduced the computational cost of CSP. However, searching for stable crystal structures across the
entire composition space in multicomponent systems remains a significant challenge. Here, we propose an
improvement of a genetic algorithm (GA)-based CSP method using a universal NNP designed to efficiently
expand convex hull volumes while preserving the diversity of crystal structures. Our hull-informed filtering and
elitist-selection procedures incorporate an aging mechanism that prioritizes recently improved compositions.
We also employ niching to prevent convergence to a small set of stoichiometries, thereby preserving a diverse,
high-quality population. Our evaluation shows that the present method outperforms the symmetry-aware random
structure generation and existing CSP methods, achieving a larger convex hull with fewer trials. We demonstrated
that our approach, combined with the developed universal NNP (PFP), can accurately reproduce and explore
phase diagrams obtained through DFT calculations; this indicates the validity of PFP across a wide range of
crystal structures and element combinations. This study, which integrates a universal NNP with a GA-based
CSP method, highlights the promise of these methods in materials discovery.
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I. INTRODUCTION

Computational atomistic simulations based on a quantum-
mechanical description enhance our understanding of materi-
als and even contribute to modern materials design [1]. Crystal
structure prediction (CSP), a process to predict stable crystal
structures in given systems, is a crucial prerequisite to harness
the computational atomic simulations [2–5]. Despite the well-
established methodology for analyzing crystal structures from
experimental data, CSP is essential for accelerating materials
discovery through the ab initio approach.

While CSP plays an integral role in predicting stable crys-
tal structures, it represents a daunting global optimization
task owing to the vast energy landscape. Substituting ele-
ments from known crystal structure prototypes is a prevailing
method for generating candidate structures [6]. Although the
prototype substitution method often gives reasonable results,
its coverage falls short, especially in multicomponent systems.
Metaheuristic algorithms offer another approach to creat-
ing novel crystal structures. These include methods such as

*Contact author: kshinohara@preferred.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

random structure search [7], basin hopping [8], minima
hopping [9,10], genetic algorithm (GA) [11–17], particle
swarm optimization [18], and Bayesian optimization [19,20].
Typically, these CSP methods are combined with density
functional theory (DFT) calculations to evaluate the for-
mation energy of the candidate structures. However, the
time-consuming DFT calculations, which limit the explo-
ration of structures, significantly hinder the efficiency of CSP.

Recent advancements in machine learning potential, inter-
atomic potential fitted by DFT calculations, enable an efficient
approach to CSP thanks to their fast and accurate energy
evaluation [21–25]. Because we are often interested in multi-
component systems like ternary or quaternary systems in CSP,
it is preferable for the machine learning potential to exhibit
scalability with the number of elements and transferability
across various systems. Also, high accuracy is required to
capture subtle energy differences among distinct structures in
CSP. A universal neural network potential (NNP) trained with
extensive datasets has been gaining significant attention owing
to its scalability and transferability, which includes M3GNet
[26,27], ALIGNN-FF [28], CHGNet [29], MACE-MP-0
[30,31], GNoME [32], Orb [33], EquiformerV2-OMat24
[34,35], MatterSim [36], and PFP [37–39].

Applying a machine learning potential to CSP is relatively
straightforward, and it still achieves a significant improvement
in efficiency [25,32,40–47]. Nevertheless, further develop-
ment of CSP algorithms employing universal NNPs has room
for enhancement. While the existing ab initio CSP methods

2475-9953/2026/10(6)/063401(16) 063401-1 Published by the American Physical Society

https://orcid.org/0000-0002-3385-1704
https://orcid.org/0009-0005-1962-9604
https://orcid.org/0000-0001-5969-8050
https://orcid.org/0000-0002-5907-2549
https://orcid.org/0000-0002-7607-2655
https://orcid.org/0000-0001-5739-6497
https://orcid.org/0000-0002-7841-8058
https://ror.org/05xeefy56
https://ror.org/042nb2s44
https://crossmark.crossref.org/dialog/?doi=10.1103/4knt-ccqg&domain=pdf&date_stamp=2026-06-02
https://doi.org/10.1103/4knt-ccqg
https://creativecommons.org/licenses/by/4.0/


TAKUYA SHIBAYAMA et al. PHYSICAL REVIEW MATERIALS 10, 063401 (2026)

0 0.2 0.4 0.6 0.8 1
−4

−3

−2

−1

0

1

2

3
Stable Structures All Structures

x in Ti xO 1−x

Fo
rm

at
io

n 
en

er
gy

 (
eV

/a
to

m
)

TiO 59

TiO 2

Ti 2O 3

Ti 5O 6 Ti 2O

Ti 3O

Ti 4O

Ti 6O

FIG. 1. Biased sampling of the convex hull in the Ti–O system
by a standard GA-based CSP method.

often implicitly assume the number of energy evaluations to
be limited due to the computational cost of DFT, the universal
NNPs can allow us a vast number of energy evaluations and
consider an entire convex hull concurrently, thereby appreci-
ating the diversity of crystal structures all at once.

GA-based CSP methods exemplified by USPEX provide
variable-composition searches and have enabled numerous
discoveries [2,12,13,15]. However, they are not explicitly de-
signed to optimize the entire convex hull. As a consequence,
selection pressure and operator design tend to bias the search
toward a few low-energy stoichiometries. Figure 1 illustrates
this effect in the Ti–O system: when the composition is al-
lowed to vary, a traditional GA-based CSP concentrates trials
near TiO2, leaving large regions of the hull insufficiently ex-
plored.

Recently, the convex hull genetic algorithm (CHGA)
reframes variable-composition CSP as convex hull optimiza-
tion, leveraging an analogy to Pareto-front optimization to
act on the hull as a whole [48]. While promising, pub-
lished validations have focused on two-element systems with
on the order of 104 trials. In practice, exploring the entire
convex hull requires much more massive simulations than
composition-fixed searches. This becomes especially pro-
nounced for ternary and higher-order systems, where 104

trials are insufficient to cover the hull. Moreover, as shown in
Sec. IV, existing approaches often saturate early, slipping into
local optima and thus failing to benefit from prolonged runs.

In this work, we propose a GA-based method that remains
effective over long optimization by dynamically shifting the
search region through controlled forgetting (aging) of out-
dated structures, while preserving diversity across populations
(niching). Conceptually, our method stands on both traditional
GA-based CSP and CHGA: (i) we adopt the GA pipeline
with standard variation operators and the use of energy/hull
information for ranking, and (ii) we explicitly shape the se-
lection pressure at the level of the elitist selection so that the
search does not collapse to a few stoichiometries during long

optimization. Concretely, we (a) filter out unpromising trials
using an age-weighted and hull-aware score, and (b) form
the elite population by a hull-informed nondominated sorting
coupled with niching tie-breakers.

The remainder of this paper is organized as follows.
Section II describes PFP and a procedure for calculating for-
mation energy with PFP in this study. Section III provides
the problem setting and basic terminology, the background
of GA-based CSP and CHGA, and the proposed method.
Section IV shows the application of the present GA to a
chemically diverse range of elements, from binary to octonary
systems.

II. FORMATION ENERGY CALCULATION WITH PFP

A. PFP

In this study, we used our developed universal NNP called
the PFP version 6.0.0 [38], which was trained on around
42 million structures. The PFP can be applied to arbitrary
combinations of 72 supported elements (all elements from H
to Bi except Tc, Pm, Eu, Tb, Dy, Ho, Er, Tm, Yb, Lu, and
Tl). Its training dataset was collected with DFT calculations
using plane-wave basis sets and the projector augmented wave
(PAW) [49,50] with the Perdew–Burke–Ernzerhof (PBE)
exchange-correlation functional [51] implemented in the Vi-
enna ab initio simulation package (VASP) [52–54]. Details of
the DFT calculations are described in Ref. [38].

For systems containing V, Cr, Mn, Fe, Co, Ni, Cu, Mo,
or W, we prepared the DFT calculations with the generalized
gradient approximation (GGA) with the PBE functional and
GGA with Hubbard U corrections (GGA + U) introduced by
Dudarev et al. [55]. The U -J parameters in GGA + U were
adopted from the Materials Project (MP) [56] except for Cu
and from Wang et al. [57] for Cu. We trained PFP simultane-
ously for the DFT calculations with and without Hubbard U
corrections. The PFP has two modes to predict energies with
and without Hubbard U corrections. We used PFP trained with
Hubbard U corrections for oxides and fluorides containing V,
Cr, Mn, Fe, Co, Ni, Cu, Mo, or W, and otherwise without
Hubbard U corrections. This choice is consistent with MP
except for Cu.

B. Reference simple systems

For formation energy calculations, we selected reference
crystal structures for the 72 supported elements and 2 partially
supported elements (Tc and Tl), as listed in Table I. For each
element, we collected crystal structures from MP and searched
for the lowest-energy structure after structural relaxation with
PFP. The structural relaxation of atomic positions and lattice
constants was performed until residual forces were less
than 5 × 10−3 eV/Å. We matched the reference structures
with the AFLOW standard encyclopedia of crystallographic
prototypes [58] using pymatgen [59]. The third column of
Table I displays the matched prototype structures within
0.1 meV/atom from the lowest-energy structure, which
captures the diversity of stable prototype structures across
various elements. The fourth column shows the PFP energy
differences in meV/atom between two structures: one is
the energy-lowest structure in PFP, and the other is the
energy-lowest structure in DFT calculation in MP. While the
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TABLE I. Reference simple systems for each element in this study. The second column shows initial structures for structural relaxation
taken from MP, recorded with material_id. The third column shows prototype structures within 0.1 meV/atom from the lowest-energy
structure. When a prototype is not found, material_id is denoted instead. The fourth column shows the PFP energy differences (meV/atom)
between the present reference structures and the on-the-hull structures in MP.

A1 (fcc), A3 (hcp), A3’ (α-La),
H mp-973783 β-O, mp-731827 4.3 Sr mp-867202 C19 (α-Sm) 0.0
He mp-614456 A1 (fcc), A3 (hcp) 0.8 Y mp-112 A3 (hcp) 0.0
Li mp-135 A2 (bcc) 0.7 Zr mp-8635 A1 (fcc) 2.2
Be mp-87 A3 (hcp) 0.0 Nb mp-75 A2 (bcc) 0.0
B mp-161 β-B 40.5 Mo mp-129 A2 (bcc) 0.0
C mp-568286 mp-568286, mp-990424 0.6 Tc mp-113 A3 (hcp) 0.0
N mp-570747 γ -N 5.7 Ru mp-33 A3 (hcp) 0.0
O mp-1180036 mp-1180036 41.3 Rh mp-74 A1 (fcc) 0.0
F mp-561203 A14 (molecular iodine) 0.0 Pd mp-2 A1 (fcc) 0.0
Ne mp-111 A1 (fcc) 0.0 Ag mp-10597 A3 (hcp) 0.6
Na mp-974920 A1 (fcc), A3 (hcp), A3’ (α-La),

C19 (α-Sm)
0.0 Cd mp-94 A3 (hcp) 0.0

Mg mp-1056702 A1 (fcc) 1.1 In mp-973111 A3 (hcp) 1.9
Al mp-134 A1 (fcc) 0.0 Sn mp-117 A4 (diamond) 0.0
Si mp-165 Lonsdaleite 5.9 Sb mp-104 A7 (α-As) 0.0
P mp-1198724 mp-1198724 9.6 Te mp-567313 A8 (γ -Se) 0.0
S mp-666931 mp-666931 0.7 I mp-23153 A14 (molecular iodine) 0.0
Cl mp-1008394 A14 (molecular iodine) 0.0 Xe mp-570510 A1 (fcc), A3 (hcp), A3’ (α-La),

C19 (α-Sm)
0.0

Ar mp-568145 A1 (fcc), A3 (hcp) 0.0 Cs mp-639727 A1 (fcc), A3 (hcp), A3’ (α-La) 0.0
K mp-1184764 A1 (fcc), A3 (hcp), A3’ (α-La),

C19 (α-Sm)
0.0 Ba mp-1096840 A2 (bcc) 0.0

Ca mp-1183455 A1 (fcc), A3 (hcp), A3’ (α-La) 0.0 La mp-156 A1 (fcc), A3’ (α-La) 0.0
Sc mp-67 A3 (hcp) 0.0 Ce mp-64 A20 (α-U) 5.4
Ti mp-46 A3 (hcp) 16.5 Pr mp-38 A1 (fcc), A3 (hcp), A3’ (α-La),

C19 (α-Sm)
0.0

V mp-146 A2 (bcc) 0.0 Nd mp-123 A1 (fcc), A3’ (α-La),
C19 (α-Sm)

0.0

Cr mp-90 A2 (bcc) 0.0 Sm mp-21377 A1 (fcc), A3 (hcp), A3’ (α-La),
C19 (α-Sm)

0.0

Mn mp-35 A12 (α-Mn) 0.0 Gd mp-155 A3 (hcp), C19 (α-Sm) 0.0
Fe mp-1271068 A2 (bcc) 0.0 Hf mp-103 A3 (hcp) 0.0
Co mp-54 A3 (hcp) 6.0 Ta mp-50 A2 (bcc) 29.6
Ni mp-23 A1 (fcc) 0.0 W mp-91 A2 (bcc) 0.0
Cu mp-30 A1 (fcc) 0.0 Re mp-8 A3 (hcp) 23.6
Zn mp-1187812 A3 (hcp), C19 (α-Sm) 0.1 Os mp-49 A3 (hcp) 0.0
Ga mp-142 A11 (α-Ga) 0.0 Ir mp-101 A1 (fcc) 0.0
Ge mp-1007760 Lonsdaleite 4.1 Pt mp-126 A1 (fcc) 0.0
As mp-11 A7 (α-As) 23.0 Au mp-1008634 A3 (hcp) 2.0
Se mp-542605 mp-542605 1.1 Hg mp-1184554 A3 (hcp), A3’ (α-La),

C19 (α-Sm)
2.4

Br mp-1120813 mp-1120813 10.3 Tl mp-151 A1 (fcc) 0.3
Kr mp-976347 A1 (fcc), A3 (hcp), A3’ (α-La),

C19 (α-Sm)
0.0 Pb mp-20745 A1 (fcc), A3 (hcp), A3’ (α-La) 0.1

Rb mp-12628 A1 (fcc), A3 (hcp), A3’ (α-La),
C19 (α-Sm)

12.8 Bi mp-23152 A7 (α-As) 0.0

energy differences are particularly noticeable for layered or
molecular crystal structures of B, O, As, and Br, possibly due
to convergence issues in structural relaxations, PFP accurately
evaluates stable crystal structures up to approximately 10
meV/atom.

C. MP compatibility and energy corrections

Because we used almost the same DFT settings as MP,
we applied anion and GGA/GGA + U mixing scheme cor-

rections [60] into PFP total energies for better predictions
across diverse chemical systems. The policy regarding which
modes of PFP to use with and without Hubbard U cor-
rections in Sec. II A is compatible with the GGA/GGA +
U mixing scheme in MP. The exception is an oxide
with Cu, in which case we use a correction for Cu in
Ref. [61]. Consequently, we can directly compare a con-
vex hull with PFP and MP for all systems except oxides
with Cu.
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III. GA-BASED CSP METHOD

A. Problem setting and terminology

We consider CSP under variable compositions for a given
list of elements [2,3]. Let M denote the number of elements,
and let r ∈ [0, 1]M be a reduced composition with

∑M
a=1 ra =

1. For a crystal structure i, let r(i) be its reduced composition
and E (i) be its formation energy per atom after structural
relaxation (Sec. II). Thermodynamic stability at 0 K is eval-
uated by the distance (“energy above hull”) to the lower
convex envelope of the energy–composition space; structures
on the convex hull are thermodynamically stable with respect
to decomposition into competing phases [62,63]. Our goal is
to efficiently discover low-energy structures near or on the
convex hull by exploring the joint space of compositions and
periodic atomic configurations with up to a user-specified
maximum number of atoms per unit cell. Throughout the
paper, we assume that a list of elements (e.g., O–Sr–Ti) is
given in advance, and the search spans all stoichiometries
composed of those elements.

In this work, we adopt a genetic algorithm (GA) ap-
proach, which has achieved substantial success in CSP over
the last two decades [2,3,11–17,48,64,65]. Our implementa-
tion improves the variable-composition convex-hull genetic
algorithm (CHGA) paradigm [48] with convex hull aware
optimization, particularly for improving performance in the
case where M > 2.

We use standard GA terminology [2]. A generation is one
cycle of variation and selection, and a population is the set of
candidates in a generation. Parents are selected structures that
produce offspring via variation operators. The variation opera-
tors that produce offspring from one or more parents are called
mutation and crossover, respectively. Selection determines
which candidates survive to the next generation; we use elitist
selection to guarantee carryover of top performers and niching
to maintain diversity across compositions and structures (e.g.,
fitness sharing [66], crowding-based schemes as in NSGA-II
[67], or hyperplane-based methods in NSGA-III [68]). While
not a term commonly used in genetic algorithm contexts,
the term trial as employed in general iterative black-box op-
timization algorithms [69] refers to a pipeline of variation,
structural relaxation, and formation energy evaluation for a
single structure within a population.

The remainder of this section is organized as follows. In
Sec. III B, we summarize the standard GA-based CSP pipeline
exemplified by USPEX [2] (initialization, crossover/mutation,
and fitness-based selection), and we briefly review a recent
CHGA that explicitly casts variable-composition search as an
optimization of the convex hull itself [48]. In Sec. III C, mo-
tivated by multicomponent systems (M > 2), we describe our
hull-informed filtering and elitist selection procedures that in-
tegrate aging (to prefer recently improved compositions) and
niching (to avoid collapse to a few stoichiometries), thereby
maintaining a high-quality and diverse population across pop-
ulations.

B. Background: Standard GA and convex-hull GA for CSP

1. Standard GA-based CSP

Figure 2 outlines a standard GA-based CSP method. After
an initial population is produced by sampling, the algorithm

Generate initial population

Retrieve structures from current population

Select population to produce next generation

Produce next generation
by variation operators

Calculate formation energy
after structural relaxation

Enough trials?

End

Yes

No

FIG. 2. Schematic diagram of the standard GA-based CSP
method.

iterates until a sufficient number of trials have been com-
pleted: from each population, structures that should survive to
the next generation and those that should serve as parents are
selected; offspring are then created by applying variation op-
erators to the selected parents, locally relaxed, and evaluated
before the next iteration [2,13,15,16,70].

The initial population is commonly generated via random
structure generation, which is also reused as a variation op-
erator to maintain diversity [13,15,70]. Purely unconstrained
random sampling tends to produce chemically similar, as the
number of atoms per cell grows [71]. To mitigate this, exist-
ing methods split the simulation cell into multiple subcells,
perform random sampling in a single subcell, and then copy it
to the remaining subcells [71].

Because thermodynamically stable crystals often exhibit
(partial) symmetry [7], symmetry-constrained generators are
also employed at the subcell stage, in which atoms are as-
signed to compatible Wyckoff positions of a sampled space
group. Popular software that implements these strategies in-
cludes PyXtal [72] and AIRSS [7].

Selection of survivors and parents to produce the next
generation typically relies on a per-structure fitness value
after local relaxation [2,3]. In GA-based CSP, this is com-
monly an energy-based criterion (e.g., formation energy or
enthalpy per atom; lower is better), optionally augmented
with similarity-aware penalties to avoid duplicates at the same
stoichiometry [15,73–75]. To preserve diversity, deterministic
truncation is often combined with stochastic schemes such as
fitness-proportionate (roulette-wheel) selection [2].

Variation operators that produce offspring from one or
more parents are called mutation and crossover, respectively;
standard operators for periodic crystals include heredity
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FIG. 3. The similarity between the convex hull in the energy-
composition space and the Pareto front in the multiobjective
optimization problem.

(cut-and-splice), lattice strain, atomic “rattle,” and species
permutation/transmutation [13–15,76].

2. Convex hull GA (CHGA)

CHGA reformulates variable-composition CSP as a di-
rect convex hull optimization problem: instead of optimizing
individual structures in isolation, the algorithm aims to
optimize the hull itself, leveraging an analogy to Pareto-
front optimization in multiobjective genetic algorithms [48].
Figure 3 illustrates the similarity between the convex hull in
the energy-composition space and the Pareto front in multiob-
jective optimization.

In multiobjective optimization, NSGA-II/III [67,68] are
widely used “gold standards”: they apply nondominated sort-
ing to partition a population into fronts and adopt elitist
survival from lower-rank (better) fronts; niching then main-
tains diversity—via crowding distance in low dimensions
(NSGA-II) or reference points on a hyperplane/simplex in
higher dimensions (NSGA-III).

In CHGA, the dominance relation for nondominated sort-
ing is defined via the convex hull [48]. For a given population,
one first draws the convex hull in the energy-composition
space and assigns rank 0 to structures on the hull. Removing
these and redrawing the hull yields rank 1, and repeating this
“peeling” assigns a rank to every structure. Thus realizing a
hull-based nondominated sort.

Survivor selection follows an elitist strategy analogous to
NSGA families. As for tie-breaking, CHGA explores niching
mechanisms tailored to hull optimization and reports, in two-
element system tests (Li–Si), that niching was not critical;
they instead used the convex hull hypervolume as a conver-
gence indicator and recommended full elitism with a mix of
bred and high-symmetry random generation [48].

C. Proposed method: Aging and niching
for convex hull expansion

We propose a GA-based method that remains effective over
long runs by dynamically shifting the search region through
controlled forgetting (aging) of outdated structures, while
preserving diversity across populations (niching). The differ-
ence from standard GA-based CSP and CHGA (Sec. III B)
lies in the selection step (Fig. 2). Concretely, we (a) fil-
ter out unpromising trials using an age-weighted, hull-aware
score (Sec. III C 1) and (b) form the elite population by a

Population filtering

Elite population 
selection

Crossover & mutation

FIG. 4. The relationship between the parent population, elite
population, filtered population, next elite population, and the next
population.

hull-informed nondominated sorting coupled with niching tie-
breakers (Sec. III C 2). The overall workflow remains that of
Fig. 2 and supports asynchronous trial evaluation.

1. Population filtering with aging and niching

The population filtering is performed to construct a subset
of the parent population and the elite population. This step is
just after retrieving the current population and before selecting
the elite population, as shown in Fig. 2.

In this step, we selected structures close to the convex hull
with the most recently updated composition. Our algorithm
design is based on two intuitions: (1) lower-energy structures
should exist near the structures close to the convex hull,
and (2) there should be some room for improvement in the
neighbors of the compositions that observed recent updates on
their lowest energy. Population filtering is similar to the aging
evolution strategy [77,78] in that it ignores the structures that
have not been updated for a long time.

Let Pn be the parent generation, Qn be the elite population
used to select the parent generation, and Rn = Pn ∪ Qn, as
shown in Fig. 4. Let j∗(i) be the structure with the smallest
energy in the neighborhood of the structure i defined as fol-
lows:

j∗(i) = argmin
j∈⋃n

k=1 Pk

{E ( j) | ‖r(i), r( j)‖1 < δ}, (1)

where ‖x‖1 = ∑d
k=1 |xi| is the 1-norm, and δ > 0 is the

threshold of the 1-norm of the composition. Here, we use all
the structures we have explored so far

⋃n
k=1 Pk as neighbors

instead of Rn to maintain the diversity of the elite population.
We define the distance to the convex hull of the structure i as

E (i) − E ( j∗(i)). (2)

Let n∗(i) be the generation in which the structure j∗(i) was
generated. Let Emax and Emin be the maximum and minimum
energies over all the structures explored so far defined as
follows:

Emax = max

{
E (i) | i ∈

n⋃
k=1

Pk

}
,

Emin = min

{
E (i) | i ∈

n⋃
k=1

Pk

}
. (3)
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We later normalize the distance to the convex hull E (i) −
E ( j∗(i)) to be between 0 and 1 by dividing it by Emax − Emin.

The population filtering is a procedure to construct a subset
R′

n ⊂ Rn. For each element i in Rn, we calculated the fol-
lowing quantity by considering the distance to the convex
hull E (i) − E ( j∗(i)) (niching) and the generation difference
n − n∗(i) (aging):

D(i) = E (i) − E ( j∗(i))

Emax − Emin
× αn−n∗(i), (4)

where α > 1 is a tuning parameter. The parameter α controls
the importance of the generation difference. The smaller D(i)
indicates that the structure is closer to the convex hull, and the
composition has been updated more recently. We adopt only
the structures i that satisfy D(i) < ε, where ε is a tuning pa-
rameter. The parameter ε controls the threshold of the distance
to the convex hull and the generation difference. Finally, we
define the following set R′

n as the output of this step,

R′
n = {i ∈ Rn | D(i) < ε}. (5)

2. Niching to maintain diversity across the population

Niching is performed to construct the elite population Qn+1

from the filtered population R′
n. The elite population is used

to select the parent population Pn+1 for the next genera-
tion, as shown in Fig. 4. We can reduce computational costs
and search for stable structures more efficiently by applying
crossover and mutation only to promising structures.

While CHGA reported from binary-system benchmarks
that explicit niching was unnecessary [48], our experiments
on ternary and higher systems demonstrate that niching mate-
rially improves hull coverage and prevents collapse to a few
stoichiometries (see Sec. IV). Accordingly, we retain convex
hull-based nondominated sorting for elitist selection, but for
tie-breaking within the same hull layer, we adopt niching
mechanisms inspired by NSGA-II/III [48,67,68] and adapt
them to the energy-composition geometry of CSP, thereby
maintaining diversity across the population. We observed
that the NSGA-III-like niching procedure outperformed the
NSGA-II-like one in our preliminary experiments, consistent
with the general trend that NSGA-III is more effective in
higher systems.

First, we define a procedure using the crowding distance
similar to NSGA-II. The definition of crowding distance is
different because we consider a different problem from the
usual multiobjective optimization problem.

Let H (k,a) be the set of Hk , the output of the population
filtering with rank k, sorted by r(i)a. For each a ∈ {1, . . . , M}
and structure i, let r(i)a,left and r(i)a,right be the ratio of the ath
element in the structures on both sides of i in H (k,a), and let
�r (i, a) be the difference between them,

�r (i, a) = r(i)a,right − r(i)a,left. (6)

Similarly, for the energy E (i), let H (k,E ) be the set of Hk sorted
by E (i). For each structure i, let E (i)right and E (i)left be the
energies of the structures on both sides of i in H (k,E ) and �E (i)
be the difference of them as follows:

�E (i) = E (i)right − E (i)left. (7)

ALGORITHM 1. NSGA-II inspired niching.

Require: Population set Hk with rank k, number of selected
structures �

Ensure: Set Ĥ k containing � structures with smallest c(i)
1: for each a ∈ {1, . . . , M} do
2: Sort Hk by r(i)a to create H (k,a)

3: for each structure i ∈ Hk do
4: Identify neighboring structures in H (k,a)

5: Compute r(i)a,left and r(i)a,right

6: Compute �r (i, a) = r(i)a,right − r(i)a,left

7: end for
8: end for
9: Sort Hk by energy E (i) to create H (k,E )

10: for each structure i ∈ Hk do
11: Identify neighboring structures in H (k,E )

12: Compute E (i)left and E (i)right

13: Compute �E (i) = E (i)right − E (i)left

14: end for
15: for each structure i ∈ Hk do
16: Compute crowding distance:

c(i) = �E (i) ×
M∑

a=1

�r (i, a)

17: end for
18: Sort structures in Hk by c(i) in ascending order
19: Select the first � structures with the smallest c(i) to form Ĥ k

20: return Ĥ k

Note that the energy of each structure is min-max normalized
for stability.

Using the �r (i, a) and �E (i) defined above, we define the
crowding distance c(i) for the structures i in Hk as follows:

c(i) = �E (i) ×
M∑

a=1

�r (i, a). (8)

We can order structures with the same rank by selecting
structures with small crowding distance c(i). The algorithm
is summarized in Algorithm 1.

Next, we define the hyperplane-based method similar to
NSGA-III. To clarify the method, we need to define reference
points and how to measure distances. We adopt the following
distance:

d (i, j) = |E (i) − E ( j)| ×
M∑

a=1

|r(i)a − r( j)a|. (9)

We constructed the reference points as follows. For each
composition axis a ∈ {1, . . . , M}, select the structure with the
maximum r(i)a in Hk and call them i1, . . . , iM . Then, consider
an (M − 1)-dimensional simplex with i1, . . . , iM as vertices,
and place points r1, . . . , rK uniformly at regular intervals on
it, and use these as reference points. Here, K is determined
by the number of points to be placed on the edge of the
(M − 1)-dimensional simplex, and if k + 1 points are placed
on the edge, K = (M+k−1

k

)
. The algorithm is summarized in

Algorithm 2.
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ALGORITHM 2. NSGA-III inspired niching.

Require: Population set Hk with rank k, number of selected
structures �

Ensure: Set Ĥ k containing � structures distributed along the
reference lines

1: Normalize each objective variable to be non-negative
2: Construct reference lines:
3: Define K reference points by selecting structures i1, . . . , iM

with maximum r(i)a for each axis a ∈ {1, . . . , M}
4: Place K points r1, . . . , rK uniformly on an

(M − 1)-dimensional simplex
5: for each structure i ∈ Hk do
6: for each reference line j do
7: Project i onto reference line j
8: Compute distance d (i, j) = |E (i) − E ( j)| ×∑M

a=1 |r(i)a − r( j)a|
9: end for

10: Assign i to the reference line j∗ with the smallest d (i, j)
11: Add i to the neighborhood set of j∗

12: end for
13: while size of Ĥ k is less than � do
14: Select reference line j∗ with the smallest neighborhood set
15: Select structure i∗ in the neighborhood set of j∗ closest to

the reference line
16: Add i∗ to Ĥ k and remove it from the neighborhood set of

j∗

17: end while
18: return Ĥ k

3. Other implementation details

Local relaxation. For the next population, the formation
energy is calculated after structural relaxation with PFP
[37–39], as described in Sec. II.

Asynchronous parallelization. Note that we present the
workflow in Fig. 2 with clarity, assuming a synchronous
search per generation. In practice, each trial can be evaluated
asynchronously for high parallelism; once a structure returns,
its parent generation is retrieved (by its generation index),
and selection data structures are updated. Such trial-level
asynchrony is naturally supported by modern optimization
frameworks such as Optuna [69].

PyXtal-based random structure generation. We use
symmetry-aware random structure generation by PyXtal [72]
for the random structure generation in the sub-cells, thereby
improving the search efficiency because stable crystal struc-
tures tend to have high symmetry [7]. The random structure
generation by PyXtal requires a composition and a space-
group type as input. We sampled the number of atoms in the
unit cell uniformly up to the given maximum number of atoms
in the unit cell and selected a composition from a multinomial
distribution where each element has an equal probability. We
sampled a space-group type uniformly from all space-group
types other than P1. As some combinations of a composition
and a space-group type are infeasible to generate a crystal
structure, we retried the entire sampling process until a crystal
structure is successfully generated.

Variation operators. Crossover and mutation are the pro-
cesses of generating new structures Pn+1 from the elite
population Qn+1. Crossover involves combining two parent
structures to generate a child structure, and mutation involves
changing the structure of a parent structure. The crossover and
mutations used in our proposed method are listed in Table II.
Several methods are implemented in ASE [70], and we modify
some of the implementations [79].

The cut-and-splice crossover is a method to generate a
child structure by cutting two parent structures at their unit
cells along a crystal plane and joining them [11,80]. Because
its implementation in ASE only allowed crossover between
parent structures with the same composition, we modify it to
allow crossover between parent structures with different com-
positions, which is already known in the field of CSP [14,76].

The random atom deletion mutation is a method to gen-
erate a child structure by randomly removing one atom from
the parent structure. This mutation is effective to change the
composition of the structure and t explore the composition
space.

USPEX and CHGA can use random structure generation
for a fixed number of trials to maintain the diversity of
the composition in the population [2,48], but our proposed
method incorporates it as a standard mutation operation. The
random structure generation mutation is a method to gener-
ate a child structure by the random structure generation by
PyXtal. This mutation can effectively maintain the diversity
of the composition in the population.

TABLE II. Crossover and mutation methods used in the proposed GA-based CSP method.

Method Description
Selection

probability

Cut-and-splice crossover Generate a child structure by cutting two parent structures at their unit cells along a
crystal plane and joining them [14,76].

1/2

Random composition mutation Generate a child structure by randomly changing its composition [13,15,76]. 1/12
Strain mutation Distort the unit cell by applying a random strain matrix to the basis vectors

[13,15,76].
1/12

Rattle mutation Perturb the atomic positions by a random displacement [13,15,76]. 1/12
Permutation mutation Swap the atomic positions of two selected atoms [13,15,76]. 1/12
Random atom deletion mutation Generate a child structure by randomly removing one atom from the parent

structure.
1/12

Random structure generation
mutation

Generate a structure by the random structure generation [48]. 1/12
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FIG. 5. Compositional dispersion history of the Br–Pb–Rh system. The Average Nearest Neighbor Index (ANNI) is plotted against the
generation number. The blue line indicates the case with population filtering, while the red line indicates the case without population filtering.
The shaded area represents the standard deviation of ANNI values across ten experiments. Lower ANNI values indicate greater compositional
skewness.

IV. RESULTS AND DISCUSSION

In this section, we present the results of our proposed
method for CSP using PFP and GA. First, we conducted
an ablation study of the population filtering in Sec. IV A
to demonstrate the effectiveness of the half of the proposed
method. Secondly, we conducted an ablation study of the
niching methods in Sec. IV B to demonstrate the effectiveness
of the other half of the proposed method. Thirdly, we evalu-
ated the performance of the proposed method by comparing
it with existing methods in Sec. IV C. We then demonstrated
the effectiveness of the proposed method by performing CSP
searches for binary and ternary systems with MP in Sec. IV D.
The results demonstrate that the proposed method can ef-
ficiently explore the search space and discover new crystal
structure candidates that update the convex hull of MP. For the
energy evaluation, we used the energy corrections described in
Sec. II C.

A. Ablation study of population filtering

In this section, we conducted an ablation study of the
population filtering. Population filtering is performed imme-
diately prior to elitist selection in each generation to preserve
the diversity of candidate compositions. The ablation study
compared two cases: one with population filtering and one
without. We demonstrated that implementing population fil-
tering enables exploration of a wider range of structures across
various compositions compared to its absence.

In this experiment, we examined the Br–Pb–Rh system
with the following parameters: maximum number of atoms
in the unit cell was 128, the population size was 250, the

total number of trials was 50 000, α = 2.4, and ε = 0.25. We
repeated the search 10 times for each case to account for the
stochastic nature of the CSP search. The genetic operations
and their selection probabilities are specified in Table II. We
conducted comparisons under two conditions: with and with-
out enabling population filtering as described in Sec. III C 1.

To quantitatively assess how compositional dispersion
evolves across generations, we employed the Average Nearest
Neighbor Index (ANNI) [81] to evaluate the compositional
homogeneity of structures explored in each generation. Lower
ANNI values indicate greater compositional skewness, which
implies that the explored structures are concentrated in a nar-
rower compositional range. On the other hand, higher ANNI
values indicate a more diverse distribution of compositions.
As shown in Fig. 5, when population filtering is enabled, the
ANNI values are significantly higher during early generations
compared to when filtering is disabled, indicating greater
compositional dispersion. However, beginning approximately
from the 40th generation onward, ANNI values become com-
parable regardless of whether population filtering is active
or not, suggesting that compositional distribution becomes
similarly skewed throughout both search phases.

Figure 6 illustrates the distribution of compositions of
structures explored at each generation for one search. At
generations 5 and 25, we observe that enabling popula-
tion filtering results in a more broadly distributed range of
structural compositions. From generation 50 onward, even
when population filtering is active, the distribution of com-
positions becomes narrower, exhibiting patterns similar to
when population filtering is disabled. Conversely, when pop-
ulation filtering is disabled, the explored structures show
concentration within a narrow compositional range, and
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the population is broadly dispersed across compositions in early generations and gradually concentrates on promising stoichiometries in later
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this range remains relatively stable across generations. This
demonstrates that population filtering enables exploration of
structures across a wider portion of the search space.

B. Ablation study of niching methods

In this section, we present the results of an ablation study
conducted to evaluate the impact of different niching methods
on search performance. Here, niching refers to the techniques
employed during elite population selection in each generation,
as described in Sec. III C 2, to maintain diversity across the
population.

We compared the proposed NSGA-II and NSGA-III based
niching methods with a no-niching method and an existing
hypervolume contribution-based niching method [48]. Addi-
tionally, considering that previous studies [48] suggest that
niching has a minor impact on search performance, we also
included an ensembled method that randomly selects one of
the niching methods for each trial to enhance search perfor-
mance. To evaluate the influence of different element systems,
we conducted experiments on three ternary systems: O–Sr–V,
Br–Pb–Rh, and Li–Pr–Te. The search conditions were the
same as those in Sec. IV A.

Figure 7 shows the result of search performance for
each niching method, evaluated by hull volume following
Ref. [48]. For average performance, the best methods were
HV Contribution, No Niching, and NSGA-II for O–Sr–V,
Br–Pb–Rh, and Li–Pr–Te, respectively. However, most meth-
ods fell within ±1 standard deviation, indicating that the
performance differences were not particularly significant. Al-
though performance differences vary by element system, the
ensembled method generally demonstrates the highest search
performance. This suggests that different niching methods
explore varying diversities of structures, and by ensembling
them, a broader range of structures can be explored, leading
to improved search performance.

C. Quantitative comparison with existing methods and MP

We quantitatively evaluated the proposed method com-
pared with the symmetry-aware random search implemented
in PyXtal [72], the traditional GA-based method imple-
mented in ASE [70], and CHGA [48]. In this experiment,
we fixed the following inputs and parameters: the maximum
number of atoms in the unit cell was 128, the population size
was 250, the total number of trials was 50 000, and α = 2.4,
ε = 0.25. The genetic operations and their selection probabili-
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FIG. 7. Comparison of hull volume history for different niching methods in (left) O–Sr–V, (middle) Br–Pb–Rh, and (right) Li–Pr–Te
systems. The no-niching method (red), the proposed NSGA-II based method (blue), the proposed NSGA-III based method (green), the existing
hypervolume contribution-based method (orange), and the ensembled method (purple) are compared. Solid lines indicate the mean hull volume
across repeated searches, and shaded regions indicate the standard deviation.

ties are listed in Table II. We chose four systems ranging from
ternary to octonary systems: O–Sr–Ti and Ba–Ca–Cu–O–Tl
as well known oxide systems [82], and Cu–Ga–Rh–Sc and
Co–Cr–Cu–Fe–Mn–Ni–Ti–V as random alloy systems. The
Hubbard U correction for Cu is applied for our method, while
it is not applied for MP, which may affect the comparison in
the Ba–Ca–Cu–O–Tl system, as mentioned in Sec. II A.

We evaluated each search by the volume of the convex
hull, which can assess both the depth of the convex hull and
the diversity of the included structures [48]. The hull volume
value of the M-element system is normalized by the unit hull
volume Vunit,M = 1 eV/M!, which corresponds to the volume
of the convex hull with only one crystal structure on the hull
with formation energy of −1 eV/atom. We performed the
search by five times for each system because the CSP search
involves randomness. Additionally, we compared the hull vol-
ume with that of MP. We performed structure optimization
by PFP for MP structures within 0.2 eV/atom in MP convex
hull to construct the MP convex hull. The absolute value of
the hull volume depends on the element system and cannot be
compared across different systems.

Figure 8 illustrates how the hull volume changed as the
search progressed for each system, indicating that the pro-
posed method outperformed random search for all the element
systems. The final mean hull volumes for each system are
listed in Table III. Here, we denote the mean hull volume
of the proposed method as Vproposed, and that of the random
search as Vrandom. The improvements of final mean hull vol-
umes of the proposed method compared with random search
are 0.014, 0.014, 0.027, and 0.024 for O–Sr–Ti, Cu–Ga–
Rh–Sc, Ba–Ca–Cu–O–Tl, and Co–Cr–Cu–Fe–Mn–Ni–Ti–V,
respectively. These improvements correspond to updates of
the convex hull by 14 to 27 meV/atom if only one entry exists
on the convex hull. We mention that the conversion of a hull

volume to a formation energy update depends on the shape of
the convex hull.

The proposed method also outperformed the original
CHGA for all the element systems, as shown in Fig. 8.
The difference in performance varies qualitatively depending
on the element system. For the ternary system of O–Sr–Ti,
both methods achieved similar hull volumes, but the pro-
posed method outperformed the original CHGA in the early
generations. For the quaternary system of Cu–Ga–Rh–Sc,
the proposed method consistently outperformed the original
CHGA throughout the search, especially in the early gen-
erations. For the quinary system of Ba–Ca–Cu–O–Tl, both
methods achieved similar hull volumes at the early gener-
ations, but the proposed method outperformed the original
CHGA in the later generations. For the octonary system of
Co–Cr–Cu–Fe–Mn–Ni–Ti–V, the proposed method signifi-
cantly outperformed the original CHGA at early generations,
while both methods achieved similar hull volumes in the later
generations. These results indicate that the proposed method
can efficiently explore the search space faster than CHGA,
especially in multicomponent systems. The final mean hull
volumes for each system are listed in Table III. We denote the
mean hull volume of CHGA as Vchga. The improvements of
final mean hull volumes of the proposed method compared
with CHGA are 0.002, 0.005, 0.014, and 0.0 for O–Sr–Ti,
Cu–Ga–Rh–Sc, Ba–Ca–Cu–O–Tl, and Co–Cr–Cu–Fe–Mn–
Ni–Ti–V, respectively.

The updated hull volume by the proposed method com-
pared with that of MP is 0.023, 0.049, –0.016, and 0.031 for
O–Sr–Ti, Cu–Ga–Rh–Sc, Ba–Ca–Cu–O–Tl, and Co–Cr–Cu–
Fe–Mn–Ni–Ti–V, respectively; this corresponds to 0.5, 2.4,
–0.3, and 2.0% of MP hull volume, respectively. The proposed
method achieved larger convex hull volumes than MP for
systems except for the Ba–Ca–Cu–O–Tl.
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Figure 8 also depicts the efficiency of the CSP search with
the proposed method. The number of generations required to
reach 99% of each final hull volume for O–Sr–Ti, Cu–Ga–Rh–
Sc, Ba–Ca–Cu–O–Tl, and Co–Cr–Cu–Fe–Mn–Ni–Ti–V were
4, 34, 26, and 641, respectively, for the proposed method, 5,
28, 33, and 72, respectively, for a random search, and 11,
41, 20, 71, respectively, for CHGA; this indicates that the
proposed method can efficiently explore the search space,
especially in multicomponent systems.

We validated the effectiveness of our proposed method for
actual applications by comparing the convex hulls of CSP
and that of MP. Table III shows the average number of MP
structures below, around, and above the convex hull of CSP
searches. The structures around the hull are defined as those
with energy above hull within 0.01 eV/atom. The structures

below and above the hull are those with energy above hull
less than -0.01 eV/atom and greater than 0.01 eV/atom, re-
spectively. The average ratio of the number of MP structures
around and above the convex hull to the total number of
structures is 1.00, 0.88, 0.80, and 0.85 for O–Sr–Ti, Cu–Ga–
Rh–Sc, Ba–Ca–Cu–O–Tl, and Co–Cr–Cu–Fe–Mn–Ni–Ti–V,
respectively. Although the trends vary by element systems,
around 80% of MP structures are reproduced by CSP. In
particular, all MP structures are reproduced in the O–Sr–Ti
system.

D. CSP for binary and ternary systems

We demonstrated the capability of our CSP method using
PFP to discover new crystal structure candidates for binary

TABLE III. Mean normalized hull volume and average number of MP hull structures compared with our CSP hull. The second column
shows the mean normalized hull volume of the proposed method, while the last three columns show that for the random search, CHGA, and the
normalized hull volume of MP, respectively. The third to fifth columns show the average number of MP structures below, around, and above
the CSP hull by the proposed method, respectively (see the main text for the detailed definition). The sixth column shows the average ratio of
the number of MP structures around or above the CSP hull.

System Vproposed Below hull Around hull Above hull Reproducibility Vrandom Vchga VMP

O–Sr–Ti 5.068 0 12.0 6.0 1.00 5.054 5.066 5.045
Cu–Ga–Rh–Sc 2.058 3.0 17.2 4.8 0.88 2.044 2.053 2.009
Ba–Ca–Cu–O–Tl 6.019 10.0 29.8 11.2 0.80 5.992 5.992 6.035
Co–Cr–Cu–Fe–
Mn–Ni–Ti–V 1.601 8.4 38.4 10.2 0.85 1.577 1.601 1.570
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FIG. 9. Binary phase diagrams of (a) In–Li and (b) As–V systems. Red and blue lines show the convex hulls of the formation energy of
our CSP results and MP, respectively. The energy is evaluated by VASP for solid lines, while PFP is used for dashed lines.

and ternary systems. The search conditions were the same as
those in Sec. IV C; however, the structures from MP were
added to the initial population of the search. The crystal
structures obtained from the search were re-evaluated using
DFT calculations to verify their validity. We report the results
for systems In–Li, As–V, Al–Li–Pd, and La–Mo–O shown in
Figs. 9 and 10.

Figure 9 depicts the convex hulls by our CSP methods
and MP, respectively. DFT calculations with VASP were per-
formed for these structures using the same settings as in
Sec. II A. By comparing convex hulls, the structures identified
through our CSP method are confirmed to be also stable
in DFT calculations. These findings suggest that the CSP
approach using PFP is highly effective in discovering new
crystal structure candidates.

Figure 10 shows comparisons of MP and CSP phase dia-
grams for ternary systems. Numerous promising new crystal
candidates have also been discovered in the ternary systems.
Our CSP methodology demonstrates the ability to explore and
update the entire phase diagram comprehensively.

Crystal structures that update the convex hull of MP in
the systems shown in Figs. 9 and 10 are listed in Table IV
[83]. The space-group type was identified using spglib with
symprec = 0.01 and angle_tolerance = 5 [84]. Addi-
tionally, we matched these crystal structures with AFLOW
prototypes [58,85–87] by assigning the AFLOW label using
aviary.wren [88]. Several crystal structures were not found
as prototype structures in the AFLOW database, indicating
that our CSP method can discover novel crystal structures.
Some of the listed crystal structures are visualized in Fig. 11.

FIG. 10. Phase diagrams of ternary systems. Black and blue lines show the convex hulls of MP and our CSP results, respectively. Here,
formation energies were evaluated with DFT calculations. Blue and red hatchings indicate the differences between the MP and our CSP convex
hulls. The blue region shows the CSP results updating the MP convex hull. Markers display the simplices of the CSP convex hull, while orange
squares indicate those with energy updates greater than 10 meV/atom.
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TABLE IV. List of crystal structures that update the convex hull. The fourth column shows the matched AFLOW prototype if it exists.

Formula Space-group type Hull energy update [meV/atom] AFLOW prototype

In2Li2 Pmma −35 AB_oP4_51_e_f-001
In2Li7 P1 −1
In4Li11 P1 −10
In4Li9 C2/m −5
As4V5 I4/m −45 A4B5_tI18_87_h_ah-001
Al2Li2Pd C2/m −42
Al2Li2Pd2 P3m1 −34
Al2Li2Pd6 P21/m −33
Al2Li4Pd2 P42/mmc −14
Al2Li4Pd6 P21/m −25
Al2Li6Pd8 Im3m −19
Al2Li7 P1 −4
Al2LiPd6 P1 −18
Al3Pd7 C2/m −4
Al4Li3Pd2 P3m1 −22
Al4LiPd2 P1 −8
AlLi5Pd2 P4m2 −4
AlLiPd4 Cmmm −33
AlPd11 Cmmm −3
AlPd17 P4/mmm −1
Li33Pd55 P1 −36
LiPd3 Cmmm −33 AB3_oC8_65_a_bf-001
La2O6 C2/m −58
La2Mo2O6 R3c −1
La2Mo4O15 P1 −100
La4Mo6O24 P1 −105
La4MoO9 C2 −12
Mo3O9 Cm −60

V. CONCLUSION

We have presented the efficient GA-based CSP method
using our developed universal NNP, PFP. Our method com-
prehensively explores the entire composition space and
successfully discovers numerous stable crystal structures. The
proposed method even identified unregistered stable crystal
structures in MP, and subsequent DFT calculations validated
their stability. Given that CSP requires precise formation en-
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FIG. 11. Crystal structures that update the convex hull.

ergy accuracy to distinguish various polymorphs, these results
also demonstrate the validity of PFP for a wide range of
crystal structures and element combinations. To efficiently
search the entire composition space, we have proposed the
novel elitist selection method inspired by multiobjective opti-
mization techniques, which considers both formation energies
and compositions. Since the proposed GA-based CSP method
is agnostic to how to generate initial populations, it would
be fruitful in future works to combine it with other structure
generation methods to tackle the vast search spaces in CSP,
such as generative models for crystal structures. Our present
method and results show significant promise for accelerating
materials discovery.
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