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Foreword

This is the write-up of my study on this subject in about a 2-month period, as a term paper
project for 8.512 Theory of Solids. Basically I followed the classic work of L. P. Kadanoff
and P. C. Martin in Annals of Physics 24, 419 (1963) and a monograph Measurements and
Correlation Functions given by P. C. Martin at the Spring School of Ravello (1963). Also J.
P. Hanson and I. R. McDonald’s book Theory of Simple Liquids served as a general reference.
I had planned to include the basic formulation of memory functions in this paper, but now it
seems to be impossible. One thing I’'m always afraid of is that the over-ebullience of formulas
will drown the interest of any possible reader and it would seem that I’'m simply copying
down equations from Kadanoff’s paper. Maybe that’s true. But I’ll strive to explain things
in my own ways and fill in derivations that they (ah! the great minds) had regarded as

straightforward. At least it had been a tremendous learning experience for myself.

e Mathematical Convention

1. We define the spatial and temporal Fourier transform of a field M (rt) by
M(kw) = / dt / dre= Tt T (pp) (1)

when it exists, and the inverse transform

M(rt) = / ;i—j: d7:{)3eik'r_i“’tM(kw) (2)

(2
Whenever [ appears without sub- or superscript it means from —oo to +oco. In order
to ensure convergence, we had implicitly put a convergence factor e=** at ¢ > 0 and
et at t < 0 inside the integral. In the end ¢ is limiting to zero. With such properly

defined Fourier transform, we have

14 218 (w) JA(t —t)B(t")dt' & A(w)B(w) @)
T4 & (—iw)"A(w)  2mA[)B(t) & [ A(w — ') B(w')do!

2. On the other hand, we define complex Laplace transform to be

i(rz) = | T g (rt) dt (4)

0
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where z lies in upper-half complex plane. It follows that

le = JEA(t =) B(t')dt' < A(z)B(2)
zf_:]:LA(t) = (_lz)nA(Z) - (—iz)n_lA(t = 0) — (_Z'Z)n—ZA/(t — 0) _

By M (rw) we mean
M(rw) = lim M(r,w + ic) (6)

e—0t

If M(rt) = 0 for t < 0, then M(rw) = M(rw), and as a convention we’ll always omit
the tilde on M (rz).

. The relationship between M (rz) and M (rw), if M(rw) exists, is
- +oo
M(rz) = / Z“M(rt)dt

— / zzt —zth(rw)

_ d_w'M(rw) 7)

2T W — 2

. The “well-known formula of complex algebra”:

1 1
lim — =P— —ind (x) (8)
e—0t T + 1€ T
where P means principle part integration, which enable it to bypass certain singulari-
ties. We also have
€
lim —— =7 () 9)

e—>0+ 12 + g2

. If a response function x(rt) = x(rt)n(t) (n(t) is the Heaviside step-function), i.e.,
X(r,t < 0) =0, then it’s causal and x(rw) = x(rw) and we always omit the tilde on
X(rz). It then can be shown (8.512 PS #3.1) that Kramers-Kronig relations apply:

dw' Tmy (ro’ dw' Rex(rw'
R e e e )
T Ww—z T oW — 2
and T
Rex(rw) = P [ &/ 10X 1)
w' —w
Imx(rw) ’P/ o Re?c r) (12)
T Ww—w



Chapter 1

Linear Response and Properties of

Dynamic Susceptibility

Suppose under the original time-independent Hamiltonian #, the time-evolution operator
is Uy(t) = exp (—iHot/h), then after we add in time-dependent perturbation V' (¢) it changes
to U(t), which satisfies Schrodinger’s equation

ih%U(t) = (Ho+ V(2)U(?) (1.1)
If we define
U(t) = Uy (t)Ur(2) (1.2)
and
Hi(t) = eMot/hy (1) e~ Hot/h (1.3)

where subscript I denotes “interaction picture”. It’s easy to show that

. 0

and so, by iteration

1 Z ¢ Idl 7/2 ¢ Id/ t’ Ildll
Uit) = —ﬁ/o’}-[[(t)t—i-(—ﬁ) /O’H,I(t)t [ Hr(nyat + .

~ Texp (—% | t Hi(t)it (1.5)
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Notice that the so-called “interaction picture” is relative to the current perturbed Hamilto-
nian, but actually it’s also Heisenberg operator to the original unperturbed Hamiltonian. It

is this aspect that links the behaviour of perturbed system to its equilibrium behaviour.

Suppose at t = 0 the system is at state |«) with no perturbation. After ¢ > 0 the perturbation

is turned on. For any dynamical variable A, its measurement at ¢ > 0 is

Ur(t)|a) (1.6)

To linear order U;(t) could be expanded by virtue of Eqn(1.5) in terms of #,(t), then

A =l (145 [ Hu)ae )i (1- ;[ e i)+ O08)

i

= {a]Ar(t)|a) - 7 /(:(al[Ar(t),%I(t')Ha)dt' +O(H]) (1.7)

From now on I'll omit subscript I and replace («| |a) by ( ), the equilibrium ensemble
average (for finite temperature systems |a)’s will be averaged over with proper weight), and
define

3(A(t)) = (A(t))n... — (A1) (1.8)

the net response of (A(t)) to the perturbation.

At this point we introduce field variables as we want to study both temporal and spatial

correlations. For instance, A(t) can be n(rt), the particle density operator at r
n(rt) =6 (r — (1)) (1.9)

There exist constitutive relations for these QM operators just as in the classical case: for

Heisenberg operators with no explicit time depenedence

dA() — %[HO,A(t)] (1.10)



and we assume H, to be of the form

Ho =3 QP; + V({r:}) (1.11)
then
dn(rt) i
Pra ﬁ[%o,gﬂr—ri(t))]

i P
S 2D S
_ %Zvia(r—ri(t)) P+ i~ Vi (r — 1y(t)

- _v. (5 (r—rt) 2L+ Pisr - (ﬂ))

2m  2m
=  —V.J(rt) (1.12)

where J(rt) is the particle current operator

=>_{pi/2m, 6 (r —ri(t))} (1.13)

Notice the J(rt) is written in anticommutator form to ensure Hermiticity. This is in general
the case when going from classical to QM expressions. Suppose the perturbation Hamiltonian

V(t) can be written in the form

_ / B(r)f(rt)dr (1.14)

where B(r) is an operator and f(rt) is a number with the meaning of force, then

= [ (A, B f e s,

where we allow for perturbation from —oo to +o00. Let’s define

(A, BEE)) =  2hty(er,t — )
d /
= o / i AN (1.16)
and
xap(rr',t —t") = 2in(t — t')xyg(rr', t — 1) (1.17)



such that we can get rid of the upper-integration limit ¢ in Eqn(1.15) and write

d (A(rt)) //drthAB(rr t—t")f(r't) (1.18)

Xap(rr';t —t') is called the dynamic susceptibility or response function. X'yg(rr',t —t') is
its absorptive or dissipation part, the reason of which will be clear very soon. xjgz has the

following properties,

1. Since both A and B are Hermitian
[A(rt), B(r't')]T = —[A(rt), B(r't")] (1.19)

so x'4g(rr’,t —t') must be imaginary

n o x

XZ!B*(ITI)t - tl) = _XZXB (I‘I‘I,t - tl) XAB (rrla _w) = _XZlB (rrla LU) (120)
Also because it’s a commutator

XZXB(ITIvt - tl) = _X%A(rlrv tl - t) (121)

2. Usually A, B are operators with definite “signiture” £+1 under time-reversal operator
K = —io,C
KAK'=¢4A KBK '=¢gB (ea,ep==1) (1.22)

And so is the initial state |«) if the unperturbed Hamiltonian H, commutes with
K, K|a) = g,4|c). Then

(llA@et), Bat)lla) = (la), [Ae), BE't)]a))

- (K[A Bt)|e), K|o))
<K[A 1), BOCE)IK K a), Ko )

= ceacs ([A<r, ~0), B, ~t)]a), la))

= —euep(lo) [, -0, B, ~t))0)) (123
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SO

Xag(rr' t —t') = —esepXip(rr’, ' — 1) (1.24)

Combined with 1, there are two possibilities

(a)

ea=cp: Xap(rr',t —1') = —X4p(rr', 1" —1) = Xpa(r'r,t —1')

_ (1.25)
X4p(rr',w) is real and odd
(b)
a= et il =€) = Xaplert —1) = Xhalne—t)
X'4p(rr’,w) is imaginary and even
Now since x4p(rr’,t — t') is causal, we have the analytic continued Fourier transform
+oo .
xap(er',2) = [ it pa,
—00
too . +oo dw' .
= /0 et 2i /_Oo %e”“’ i (rr, W) dt
+00 dw’ v ror
_ / iXABf” ) (1.27)
-0 T w —Zz
with z in the upper-half complex plane. We then have
Xap(rr',w) = lim xap(rr',z = w + i¢)
e—0t
_ / oo dw’ Xap(rr', o)
B oo T W —w-—1c
+oo dw' i g(rr!, '
- 7/ 77”5,(_;) ) it () (1.28)
It’s convienient now to define
+o0 du’ X” (I‘I‘I w/)
Lerrw :’P/ —cABL 7 1.29
Xaplre,w) =P [ L2 Xan IS (1.29)
and then there is
XAB(ITI’ (,U) = X;&B (rrla w) + ZXZ!B (rrI: w) (130)

We often call x4z and x5 the real and imaginary part of the dynamic susceptibility by

reason of the above equation. But keep in mind that it’s only true when €4 = e€p so
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X'4p(rr',w) and x'4 g(rr', w) are then real, in which case x/; z(rr', w) would be an even function
of w. On the other hand, irrespective of whether this is true, i.e., whether x’jz(rr’,w) is
the real or imaginary part of xap(rr’,w) (must be one), from the Kramers-Kronig relations

Eqn(11),Eqn(12) for causal systems the following identity always hold

d
Xap(rr',w) = —'P/ ol XAB rr w) (1.31)
e Sum rules in terms of equal-time commutators
Since
([A(xt), B't)]) = 2hxyp(rr',t = t)
d ,
= 27’1/ Y giw(t=t) (e, w) (1.32)

d
<[(i%)"A(rt) > —on / B (e, w) (1.33)
by letting t' = t after taking the derivative. Equivalently

LA, Mo/, .. Ho /1], B = [ L (er', ) (134
The LHS of the equation, at least for the first few terms, could be calculated theoreti-
cally once the model is known. Thus we obtains exact sum rules or moment expansions for
X'4p(rr’,w) which, when combined with the hydrodynamic behaviours at low frequencies,
could provide us a fitting scheme for x5 (the memory function is a formalism to provide
physical meaning to this activity). Some famous sum rules will be introduced in later exam-

ples.
e Links of x5 with dissipation

Under the Hamiltonian

H(t) = Ho — / drB(r) f(rt) (1.35)

the expectation of system energy (#(t)) would change with time. By the equation of motion



for observables

HAMW) _ i
dt h

(o t[H(8), A(D)]] 0, 1) + (e, t|%£t)|a, t) (1.36)

Thus d(H(t))/dt only depends on the explicit time derivative

d(H(t df (rt
O~ ot~ [ B T,
= - [drf@nialBE)a)
- / dr f (rt) / Yuu(rr, t — ) f('t)dr'dt’ (1.37)
It’s enough to study monochromatic perturbation
Flrt) = SLF () + f e (1.38)
then
RHS = —i / dr (—iwf(r)ei“’t + iwf*(r)ei“t) xsg(rr',t —t') (f(r')ei‘”t' + f*(r')ei“’tl) dr'dt’
= —i / drdr'dt'xgp(rr',t —t) (—iwf(r)f*(r')(e_i“’(t_t') — et=t))
—iwf(r) f(r)e ™) 4w f*(r) f*(r')ei“’(t+t')) (1.39)

where we had made use of Eqn(1.25) to show that
xsa(rr',t —t') = xpp(r'r,t — ') (1.40)

notice that we do not have to have any spatial symmetry to achieve this reciprocity. We are
only interested in components that make steady contribution, so the last two terms vanishes

in the long run

d(H(t))
dt

= %/drdr'iwf(r)f*(r')(XBB(rr', —w) — xpa(rr,w)) (1.41)

Because x'z5(rr',w) is even while x'55(rr',w) is odd in w

d<?§£t)> = %/drdr'f(r)f*(r’)wx'l';B(rr',w) (1.42)




So long as the system is stable, there can be only net dissipation at all frequencies. If the

system is translational invariant, then x%5(rr',w) = x%5(r — r',w), and Eqn(1.42) become

WD) _ 2 [ 00 Pk, ) (1.43)

so there must be
wxpg(kw) >0 (1.44)

for all (k,w). This will be shown to hold for canonical and grand-canonical ensembles in the
following chapter by using the fluctuation-dissipation theorem and Lehmann representation.
This leads to the conclusion that, from Eqn(1.29), that at small w, x/(kw) must be positive
definite. And at large w

+90 ! ()
Voulles) = P [ SR
+oo (o’ 1 w
Pl o) (= = )
]‘ +oo [Ny !
. dw'w' xppkw') + ...
< 0 (1.45)

that’s going to be negative definite. This corresponds to the statement that a forced os-
cillator will be in the direction of the force at low frequencies, while 180° out of phase at
high frequencies. On both ends dissipation will be small. Large dissipation will happen at
intermediate frequencies, where sometimes local modes — infinitely sharp resonances, occur.
That corresponds to a spike in x55(rr’,w). Keep in mind that in these cases usually some
lower level response functions play the major role, say, if xgp = Xz, Where z is the displace-
ment of some kind of oscillator, then local mode happens when x! (w) goes to zero at places
where X/, (w) is already zero — v is the velocity. A rule of thumb in the mathematical treat-
ment of this problem is to assume that x! (w) is still a small positive number (absorption

peak: w > 0), which plays the role of .
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Chapter 2

Fluctuation-Dissipation Theorem and

Correlation Functions

In canonical ensemble, the initial states of Eqn(1.15) are averaged over with density matrix
exp (—fHy) /Trexp (—FH,). Because

Tre "M A(rt) B(r't') = Tre PHoetMot/h A(r)e~Hol/R B(x't")
_ TreiHo(t+inB)/h 4 (r) e~ Ho(t+infB)/h ,~FHo B (r't')
= TrA(r,t +ihB)e PP B(r't")
=  Tre P B(r't") A(r, t + i) (2.1)
SO
(A(rt)B(r't")) = (B(r't") A(x, t + i) (2.2)

Also notice that (A(rt)) and (B(rt)) are independent of ¢ under H,. If we define

fanterst =) = o (A0 - (46 (B - (BY))

d o
= % Fap(rr, w)e @) (2.3)
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(the constant parts (A(r)), (B(r)) have to be subtracted from A(rt), B(rt) in order for the

following time-shifting operation in the complex plane to be valid. Try constant A, B.) then

fap(rr' | w) = /dtei“’(t_t')fAB(rr', t—1t)
= /dtei“’(t’tl)fBA(r'r, t'—t—ihp)

_ / dteiEHnI—t )00 o (why iR 3)

= P (r'r, —w) (2.4)
On the other hand since
Xinler b =)= L ((AG), BEE)
= (AGt) = A, BE'E) = (B
= st =)~ foaer ¥ — 1) 2:5)
So
Xiprr, o) = T (fan(e,w) — faaler, ~))
- %(1 — M) fup(rr, W) (2.6)

Define symmetrized product (or correlation function)

Cap(rr',t —1) = %(*{A(rt) — (A(r)), B(x't) — (B(r'))}) (2.7)

then following the same procedure

Cap(rr,w) = (1 + ™) fap(rr',w) (2.8)
And so N "
Can(re',0) = I (o) = heoth T2t () 2.9
—e w

This relation between the anticommutator and commutator of A and B is called the fluctuation-
dissipation theorem because C4p describe correlations of spontaneous fluctuations in the

equilibrium system, while x’j 5z describe the non-equilibrium behaviour of that system due

12



to external perturbation and the ensuing energy dissipation. This theorem is the bridge of
going from equilibrium measurables (correlation functions) to its non-equilibrium behaviour.
Notice that Eqn(2.9) also holds true for grand-canonical ensembles in exactly the same form

if A and B commutes with the number operator V.

As the first application the fluctuation-dissipation theorem, we’ll prove the stability of

canonical/grand-canonical systems. Consider Cgp(rr’,w)

/ drdr' f (r) f*(x') Cp(rr', w)
= / drdr’ (1)1 (x') [ dee" ({B(xt), 6B(r'0)})
_ % / dEpc(E)dE' p(E") / drdr' f(r) f*(r') / dteiwt(<E|5B(rt)\E’)(E’\éB(r’0)|E>+
<E|5B<r'0)\E’><E’\6B<rt)\E>)
_ %/dEpC(E)dE'p(E')/dI‘dl‘lf /dte ~E+B(E|§B(x0)|E')(E'|§B(r'0)| E)
+ et F- D BISB(H0)| E')(E'[§B(x0) | E)
(2.10)

where p(E’) is the density of states and pc(FE) is the canonical/ grand-canonical weighted
one. So, by Eqn(1.42), we have

d{H(?))
dt
= E/drdr'f(r)f*( )Xpg(rr,w)
w ﬂhw ’ s/_1 !
= ﬁtanhT/drdr f(l‘)f (I' )CBB(IT aw)
— %tanh— /dEpC (E)dE'p(E")27]6 (hw — E' + E) + 6 (hw + E' — E)]

‘/drf(r)(E\éB(rOﬂE’) ’ (2.11)

We see that it must be a positive definite quantity. Also notice its link to Fermi’s Golden
Rule.

As a second application, we’ll prove an identity that’s instructive when compared with

13



expressions of classical linear response theory

/O ’ (At)B(r',inf))dp' = —%([A(rt), B(x0)]) (2.12)

the () is averaged in constant temperature (.

e Proof: First notice that because (A(t + ') B(t')) is independent ¢ when H, is independent
of time
(A(xt)B(r'0)) + (A(rt) B(r'0)) = 0 (2.13)

Let

— (B(r'0)A(xt))
— (A(ct)B(r', ih3)) (2.14)

~ ~—

)

W= ﬂ—<A(rt)M>dﬂ’

dp
B ﬁ—i . dB(r',ihj") ,
= h<A( RANTET >dﬂ
B .
- /0 in{ A(rt) B(x',in)) (2.15)

proved.

e Classical limit and correlation functions

By going from QM to classical mechanics, all we have to do is to replace [ , |/ih by
[, |p, the Poisson bracket, and C4p in Eqn(2.7) by the classical correlation function
(A(rt)B(r't"))

isn’t apparent though why this is true, and when we can do this. Let’s rethink the problem

«» Where classical dynamical variables A, B can now exchange position. It
in a somehow stupid but rigorous manner: suppose in a lab Li Ju wants to measure the
“correlation function” (A(t)B),,, where m stands for measurement. The initial states, before
any measurement, are energy eigenstates |¢) with probability e=#¢/ 3>, e7%¢. From the basic
assumptions of quantum mechanics, a measurement of operator B yields one of its eigenvalues

b with probability |(b|e}|?, and the state is immediately projected into |b) which continues

14



—iHot/h

on. After time evolution e , a measurement on A is made. Suppose

Hole) =€le)  Ala) =ala)  Blb) = blb) (2.16)
By the process, our “measurement” correlation function is

(AB)B),, = > e -b|(ble)” - al(ale™ ™" |b)*/Z

m
eab

= Yl le)elb)b - (ble™ot|a){ale" Mo bYa/ 2

eab

= Y (ble PHo[b)(b| B Ae Mot Mb) 7 (2.17)
b

Obviously (A(t)B)

has to be time-ordered, i.e., we have to tell explicitly which measurement is made first. In

m

is a different quantity from the usual (A(¢)B),,, = TrpA(t)B, and it

the high temperature limit where (ble #*0|b) doesn’t vary appreciably for those |b)’s that
contribute to (b|BA(t)|b), we can take the factor to be 1

(At)B),, ~ 3 (b|Be™ot/h ge=Hollh ) ) 7
b

= TrBA(t)/Z = TrA({)B/Z (2.18)

Thus (A(t)B),, can be approximated by ({A(t), B} /2),,,- In the other limit where 7' — 0
the “measurement” correlation function would yield (|b){b|BA(t)|b){bleo) where |e) is the

ground state wavefunction, again different from the straightforward (¢| A(t) Bleo).

This discussion might be useless in practice though, because most experiments are not car-
ried out like this. Take what we called density-density “correlation” function — the available
experimental data is the double differential cross-section d?c/dQdw, which can be shown rig-
orously to be proportional to the Fourier transform of (n(rt)n(r't')),,,, where n(rt), n(x't')
are QM particle density operators. We do not actually measure the density at (r't’), wait till
(rt), and correlate measured eigenvalues (if that’s the case the result will be different). Nev-
ertheless as shown by Eqn(2.12) or Eqn(2.9), at small 3 ([A(rt), B(r't)]) — 0, so it doesn’t
make any difference between (A(rt) B(x't)),, and (B(r't')A(rt)),,, at high temperatures.
Since in classical mechanics correlation functions are always commutable, and that’s the
limit QM is going to take, we might as well keep the symmetry all along in making the
identification Eqn(2.7).

15



Thus, in the classical limit § — 0, the dynamical susceptibility is, from Eqn(1.16)

([A(x), BIE)) g = ~20xhs (et — ) (2.19)
with

YA (T, ) = (e ) + i 5 (x,0) (2.20)

and all the symmetry properties and Kramers-Kronig relations still hold. The fluctuation-

dissipation theorem in Eqn(2.9) become

2
CAB(ITva) = ﬂ_wXZlB(rrlvw) (221)

by taking the small 4 limit. So there is

iB(—iw)

Xap(rr',w) = —o—Cap(rr',w) (2.22)
Kiper' 1= 0) = D 1 -1y = D ianBen)) (2.23)

This result, without going through Eqn(2.9) and take the 8 — 0 limit, can be directly

derived from Eqn(2.19) using classical mechanics

(A@). Blyyy = [ dTexp (~6Ho(1) [A(), Bl,/Z
=~ [ dr[A®), exp (~BHo(T))], B/Z
= B[ dU exp (—BHo (D)) [A(1), Hol B/Z
—  8(A®B) (2.24)

Most of the time Eqn(2.23) is the form we prefer to use. It is also interesting to compare it
with the exact QM expression of Eqn(2.12).

e Properties of correlation function Cyp

1. As shown in Eqn(2.13), for H, with no explicit time dependence
(At)B) + (A(t)B) =0
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and this still holds true for correlation functions

%<{A(rt),B(r')}> + %{{A(rt),B(r')D =0 (2.25)

. The operation ({A, B})/2 can be thought of as an inner product (A, B), since it’s
linear and (A, A) > 0. By Schwartz’s inequality

Cap(rr',t — )| = % ({A(xt), B(r')})|
< %w{A(rt),A(rt>}><{B<r'>,B(r'>}>
= (A2 () (B(r)) (2.26)

Furthermore, from Eqn(2.10), we have
/ drdr' f(r) f*(r')Can(rr',w) > 0 (2.27)

so Caa(rr’,w) can be thought of as a positive definite matrix if rr’ are considered to

be matrix indices. If the system is spatially translational invariant
Caa(rr’,w) = Cau(r — ', w) (2.28)
and by taking f(r) to be e=*T we have
Caa(kw) >0 (2.29)
and we can further show that
Caa(kt) < Caa(k,t =0) (2.30)
by using Lehmann representation and define inner product in k subspace, just like in

Eqn(2.26).

. Since

Bhw

Cap(rr’,w) = hcotth'j,B(rr', w)
the symmetry properties of C'4p are divided into two groups

17



(a) Cyp(rr',w) is real and even in w
a) €4 =€B:
Cap(rr',t) is real and even in ¢

Cap(rr’,w) is imaginary and odd in w

(b) €4 = —¢p: . .
Cap(rr',t) is real and odd in ¢

Especially, autocorrelation function C' 44 must be real and even in both ¢ and w.
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Chapter 3

Hydrodynamic Equations and Spin

Diffusion

In principle, the knowledge of correlation functions would enable us to determine every prop-
erty of the system under small perturbation, including the small kw, i.e., the hydrodynamic
behaviour. In practice however, this is the most difficult part if going from first principle,
because hydrodynamic regime is characterized by local thermodynamic equilibrium, which
is achieved through large numbers of collisions over a long period of time. Thus the straight-
forward method of perturbation expansion in terms of interaction strength usually breaks

down here.

We can study the inverse problem , i.e., how does the phenomenological but acknowledged
correct hydrodynamic equations impose constraint on the form of correlation functions in the
small kw region. We shall see that they display complicated singular behaviour as k,w — 0
which, if we take the limit in correct order, would yield two kinds of quantities of essential
interest: one are the thermodynamic derivatives such as static magnetic susceptibility x, heat
capacity C), isothermal compressibility k7 etc. The other kind are transport coefficients such
as diffusion constant D, viscosity n, (, or thermal conductivity k. These quantities served as

empirical parameters in hydrodynamic equations and must be provided as input.

The story does not end here: with the advance of modern computers people can afford to

simulate many-body atomic or molecular systems using Molecular Dynamics (MD) tech-
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niques in a fairly large supercell. Correlation functions, as an equilibrium bulk property,
can be numerically calculated in these simulations to reasonable accuracy. One important
end-product would be these thermodynamic derivatives and transport coefficients. Thus this
theoretical hysteric of going “from correlation functions to hydrodynamic behaviour”, or the
other way around, is indeed of practical importance. The author has carried out one of these

simulations to get the thermal conductivity of irradiated SiC using classical potential.

Let’s consider the simplest example of spin diffusion, which is pretty well realized in lig-
uid He?: suppose we have a fluid of spin 1/2 particles interacting via velocity- and spin-

independent forces, then

2
Ho = Z%+V(r1,...,rN) (3.1)

%

We only consider magnetization in the z-direction
M (rt) = Z ¥Siz(t)0 (r — r;(t)) (3.2)

S;(t) is the spin angular momentum operator, 7 is its ratio to magnetic moment. Since
> Siz(t) commutes with #,

d
= / drM(rt) = 0 (3.3)
This conservation also has a differential form. Following the derivations in Eqn(1.12), we
have J
aM(m&) +V-IM(rt) =0 (3.4)
where

IH(rt) =3 7S () {Pi(t)/2m, 6 (r — r:())} (3.5)

The absorptive part of magnetization-magnetization dynamic susceptibility is just

Xiaag (o' 1 = #) = S (M (et), M2 (3.6

e Longitudinal f-sum rule
There is an exact result on x%,,,(rr’, w) using equal time commutator following the deriva-
tions in Eqn(1.33). Since

d

%M(rt) = —V-JM(rt)
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and

(5 5 ltp o - n) 5 - m))
(=

S (5= ) 00 n)}

([3(r), M(x')]) =

%

252
= < ”zhé (r—r;) V' (¢ —r)>
7

1 2
= DO @)V~ x)
_ vy h4§:(r)>v/5 (I‘I B I') (3 7)
So from Eqn(1.33), we have
[ Euler ) = (1), M)
_ _R0) s (r' — ) (3.8)

4dm

When the system is translational invariant, x4,/ (rr’, w) = x4 (r —r',w) and so (n(r)) = n.

There is
V2 h2nk?

dm

/ d%wXMM(kw) = (3.9)

This result is widely referred in literature as the longitudinal f-sum rule.
When the system varies slowly in space and time, we usually acknowledge the following

hydrodynamic equation
(IM(rt)) = —=DV(M (xt)) (3.10)

where D is the spin diffusion coefficient, a transport coefficient to be determined. Combining

this with Eqn(3.4), we arrive at

%(M(rt)) — DV2(M(xt)) (3.11)

The method of linking hydrodynamic equations with our previous linear response formalism
is to devise an “idea experiment” which could lead to results from the two different ways,

and then equate them. In this case, we imagine preparing the system at ¢ < 0 by adding the
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following magnetic field in the z-direction

H(r)ef! t<0
H(rt) = (3.12)
0 t>0

where ¢ is infinitesimal positive number. The perturbation to the Hamiltonian is of course

Hi(t) = — / dr' M (c't') H (r't)) (3.13)

e Hydrodynamic approach:
At t =0 H(rt) = H(r), and it had almost been so for quite a long time (¢ is very small).

For an observer in the laboratory, he would write down
M(r,t =0) = xH(r) (3.14)

where Y is the static magnetic susceptibility, an empirical parameter to be determined. x is

oM
- = 1
Y 8H>H:0 (3.15)

also a thermodynamic derivative

Taking the Fourier transform we would have

M(k,t = 0) = xH(k) (3.16)

After ¢ = 0 there is no external magnetic field and all finite wave-vector magnetizations will
relax to zero, i.e., spatial inhomogeneity will be erased due to spin diffusion. The system
should be able to be described by Eqn(3.11) if H(r) is of long length-scale. From now on
we’ll omit the bracket around measurables if without special notice. Taking complex Laplace

transform on both sides
—izM (kz) — M(k,t = 0) = —Dk>M (kz) (3.17)

then it predicts
~ M(k,t =0) xH (k)
M(kz) = = 1
k2) == " Pre = Zir 1 DiZ (3.18)
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The pole at —iDE? is characteristic of all pure diffusive processes.

e Linear response approach:

An equilibrium system with no external magnetic field should have no magnetization. If we

use Eqn(1.18), Eqn(3.13), we shall have

St 2ix (et — ) H (x')ef dr'dt! ¢ <0

M(rt) =
IO it (et — Y H (x))eV dr'dt! ¢ >0
Fort >0
0 !
M(rt) = 8 2iX ('t — ) H(x')e dr'dt
0 d N ] /
= / 2i / 2—wx'](/[M(rr', w)H (r")e @t Fet gyl gy
—00 ™
— / dw XI](JM (rrl’ (4)) —zth(rl)drl
m w
and so

(3.19)

(3.20)

(3.21)

For translational invariant systems x’i,,,(rr’,w) = X/, (r — r',w) and the above equations

are all in spatial convolution form, so

M(k,t=0) = /d—wX,&Mi(kw)H(k)

™ w

the last line come from Eqn(10). And

M(kt) = / 4w X (K9) i py

™ w

+oo |
M (kz) = / ¢ M (kt)dt
0

+oo | “ .
— / ezzt / d_w XXMM (kw) e—zth(k)dt
0

™ w

_ dw X (kw)
B / T w(w — 2) H (k)
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By comparing Eqn(3.21) with Eqn(3.14) and Eqn(3.24) with Eqn(3.18) we see that at small

k, w, there must be

dw X7 (k
x = lim Xy (k, 2 = 0) = 1195%/ %XMMT(“)) (3.25)

and by taking the z = w + i¢ limit

M (k,w + i¢) X
f Eqn(3.18) : — = —
rom qn(3.18) : Re HK) Re—z’z DR
xDk?
—_— 3.26
w? + (Dk?)? (3.26)
M (k,w + i€) dw' Xy (kw') 1
f Eqn(3.24) : — = /— I
rom qn(3.24) : Re H(K) - " m
o :
Thus, at small kw, x1,,,(kw) must be of the form
n _ xDk*w

and the magnetization-magnetization correlation function Cyspy, by virtue of the fluctuation-
dissipation theorem, is
xDk? Bhw

5 hWCOthT

Cun (ko) = DRy

(3.29)

e Observation No.1

When k — 0, Eqn(3.28) predicts that x%,,,(kw)/w (and correlation function Cpsps(kw))
has the limiting behaviour of a delta-function 7xd (w) (27kpTxd (w)). This is a general
conclusion for all response/correlation functions of densities of conserved variables. It could

be seen from Eqn(3.20) — since the total magnetization

d " k — .
/ M (rt)dr = / dw Yo (k = 0,0) e ™" H(r')dr' (3.30)
7T w

is a constant of time after ¢ = 0, there can be no non-zero frequency components when
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k — 0.

Eqn(3.29) can be utilized to get the static magnetic susceptibility x

I]ci—I>I(l) Crm(kw) = mx6 (w) hwcothﬁ% = 21kgTxd (w) (3.31)
there must be
v i o
= kBT 11_I>HCMM(1{ t=0)
S
= 2kBT [ (M), M(0)}dr (3.32)

In this case the last k — 0 limit should be taken with ease becase in common materi-
als ({M(r), M(0)}) decays to zero with absolute convergence, as this is the case for most
({A(r) — (A), B(0) — (B)}) functions. However for those systems with long range correla-
tions such as Coloumb systems or superfluids, the k — 0 limit displays pathological behaviour
as the k = 0 value would depend on the exact shape of the boundary. By then the k — 0
limit actually means picking a k such that 2” kK 2;{, where L is size of the system and

A is the length scale of interest (with this constralnt, k — 0as L — +o0).

Lastly , Eqn(3.32) could be expressed in terms of total magnetization M = [drM(r) by

taking into account the translational invariance of the system. Then

(M7
~ kgTQ

(3.33)

where € is the total volume. This is the form of “fluctuation formulas” that we often use to
get thermodynamic derivatives, which can also be arrived at by expanding the equilibrium

density matrix.

e Observation No.2

The spin diffusion coefficient D can be gotten from Eqn(3.28)

Dx = limlim %X'J(/[M(kw)

w—0k—0
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—  lml wtanhGhw /2
T Gh0ks0 hk2

- },LOW(,M [ dude e, M (001 2)

_ ﬁ tk-r+iwt
= Clin llg%ﬁ / dtdre” ({M(rt), M(00)}) (3.34)

C’MM(kw)

But
/dtei“’tw2<{M(rt) M(00)})
= — / dte'({ M (rt), M(00)} )
- / dte!({ M (xt), ¥1(00) })
- / dte({ V-JM(rt),V-JM(OO)}> (3.35)
So

im Jim [ ddee 4 (ke 3% (ef), ke 3¥(00) })

w—0 k—0 k2

= = llm/dtdrezwt<{JM(rt) Iz (OO)}>

4 w—0

— g / dtdr Jf(rt),J;”(oo)}>

D@

(3.36)
as we pick an arbitary direction x to be the direction of k in the isotropic fluid.

Notice that we can only get to final result Eqn(3.36) by taking the correct sequence of limit
lim,, ¢ limy_,o. We would get zero if the other way around, as indicated by the hydrodynamic
prediction Eqn(3.28), because then in Eqn(3.35)

lim w? / dtet ({ M (rt), M(00)}) = 0 (3.37)

w—0

as ({M(rt), M(00)}) must be a finite and decay-to-zero function of ¢. The two-sided Fourier

transform is properly defined through replacing w by w +i¢ at ¢ > 0 and w — ie at t < 0,

thus even for a temporal constant its Fourier transform would give 2¢/(w? 4+ £2). Since
2w?e

26



for any ¢, the expression is bound to go to zero.

e Observation No.3
We see that the hydrodynamic form of x%,,,(kw) in Eqn(3.28) will always satisfy the exact
sum rule dw x(k)DEk? dw Xt (kw)

R e s el e (3.39)
for all k if we revise our empirical law Eqn(3.16) by changing x to x(k), a wave-vector de-
pendent static magnetic susceptibility to include non-local effects. However, another exact
result, sum rule Eqn(3.9), is entirely missed by the hydrodynamic expression. The physical
reason being that we had assumed J(rt) to respond instantly to any gradient of magneti-
zation density in the system, but actually it requires a short time. We could improve it by
making a relazation time approximation, whereas we revise our hydrodynamic law Eqn(3.10)

to be

o 1 . _u D
(a + ;)J (rt) = —?VM(rt) (3.40)
and so 2 18 5
- [ e 2
(a752 + Tat)M(rt) . VM (rt) (3.41)
By using the initial condition
0
(M(r,t=0)) = XH(r) = (M@re)| =0 (3.42)
t=0

which must be satisfied by our “idea experiment” Eqn(3.12). Then there is

Hk)  —jp4+ 2R/ i w(w — 2) '
—iz+1/7
such that if we let D
muox
= —= 3.44
T TL’YQhQ ( )

the exact sum rule Eqn(3.9) would be satisfied. Eqn(3.43) is called a recursion form, which
can be iterated to higher and higher order. To see how it works expand Eqn(3.43) in power

series of 1/2™.

27



Chapter 4

Transport in Normal One-Component
Fluid

The spin diffusion problem is extremely simple because in hydrodynamic regime, the diffusion
of magnetization density is independent of other 1st-order fluctuations, since even in an
otherwise perfectly homogeneous fluid it will still happen due to frequent interdiffusion.
Fluctuations such as particle density only contribute to the second order. Thus it is plausible
to write down Eqn(3.10) with a single empirical constant D. Such is not true if we want to
investigate other degrees of freedom because they are all coupled together in linear order.
It is not possible, say, to set up a heat current by applying a temperature gradient without
perturbing neither of the other two parameters: pressure and density, which will in turn

induce particle flow.

Let’s define particle density to be n(rt), momentum density j(rt) and energy density e(rt).
Then

%n(rt) +Vej(et)/m = 0 (4.1)
3 rt) + Vor(et) =0 (4.2)
%e(rt) V() = 0 (4.3)

where 7(rt) is the local stress tensor and j°(rt) is the energy flux. Notice that although
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these are certainly true as hydrodynamic equations, they’re still most likely to hold if we
take n(rt),j(rt), e(rt) to be QM operators, whereas Eqn(4.2),Eqn(4.3) would become the
definition of 7(rt), j¢(rt) in terms of position and momentum operators. Their specific forms
would depend on the Hamiltonian. The definition of €(rt) might be bit ambigious when the

interactions are not pairwise, but it doesn’t influence anything in the long wavelength.

We thus set out to make several 1st-order approximations. We take our reference system to be
rest and uniform fluid, then the average density n, averge energy density ¢, average pressure
p and the average temperature 7" would be zeroth order quantities. Their variations at (rt)
would be the 1st order, in addition with the fluxes j(rt),j¢(rt), the off-diagonal components
of 7(rt) and velocity field v(rt). If we write one lst order quantity in terms of other 1st

order quantities, then only zeroth order coefficients are needed. So

j(rt) = mnv(rt) (4.4)

The hydrodynamic form of the stress tensor is given by

81)1' (I't) i 8’Uj (I't)
a’l"j 87‘1'

2
7i5(rt) = dijp(rt) — n( ) = 05(C = 3mVv(rt) (4.5)
where 7 is called the wviscosity or shear viscosity and ¢ the bulk viscosity. This form should
work fine for fluids because they are characterized by the loss of shear modulus. And isotropy

would require it to be of this form in terms of v(rt) with only two coupling constants.

It took some thought to justify the hydrodynamic form of the energy current j¢(rt). First
we realize that heat conduction is solely dependent on temperature differences: two objects
would not exchange heat if they are isothermal, although they might be different in pressure
or density (thermodynamically it’s equivalent to saying that S and 7" are conjugate variables).
So let’s only consider the adiabatic situation first: imagine that we trace a fixed number of
atoms which form a cell and occupy volume V. The cell floats in the fluid, and after some
time it has changed from V to V + AV. Since it’s adiabatic

0= AE+pAV = A(eV) + pAV
=  (e+p) AV +VAe (4.6)
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If we move our origin with the cell, we see that AV is caused by the flux of atoms out of the

original cell boundary S and setting on a new boundary &’. AV is just the surface integral
AV = / v(rt)At - ndS (4.7)
s

where v(rt) is the relative velocity with respect to the moving origin. We notice that the
energy density change inside S in Eqn(4.6) is linked with this particle flux out of S. We
then have

€E+p At

7 AV = 7 (e + p)v(rt) - ndS (4.8)

so (€ + p)v(rt) must be the energy current. Due to Galilean invariance this must be true for

Ne = —

the entire system. So
j<(rt) = (e + p)v(rt) (4.9)

Then we add in the heat flux

J(rt) = (e + p)v(rt) — kVT(rt) (4.10)
where k is the thermal conductivity, another empirical parameter to be determined.
With Eqn(4.5) we have

Vo= Vo i¥(Vv(en) - i9(r) - (C— ) V(T (D)

=  Vp—nVv(rt) — (C+ %n)V(V-v(rt)) (4.11)
plug into Eqn(4.2)
%j(rt) +Vp(et) - L r) - g%;/?’wv-j(rt)) 0 (4.12)

At this time we seperate j(rt) into longitudinal and transverse parts

(4.13)

J(rt) = ji(rt) + ji(rt)
Viji(rt) =V x ji(rt) = 0

If we Fourier transform j(rt), we see that j;(kt) is in the direction of k while j;(kt) is perpen-

dicular. So if we Fourier transform Eqn(4.12), the transverse current would be automatically
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seperated out:
0 nk?
—Ji(kt) + —ji(kt) =0 4.14
(i) + L (414)

which by doing the complex Laplace transform, we would have

mnvy(k,t = 0)

Ji(kz) = -1z + ak?

(4.15)

where a = n/mn is the transverse diffusion coefficient. We can see from here that the
transverse momentum current is a pure diffusion process, and is entirely decoupled from

other degrees of freedom.

We can also take Eqn(4.1) into Eqn(4.12), then

0? 5 C+4n/3_, 9]
50 9 C+4n/30
LG S S SRV 2 (et) —
Mo + 8tv n(rt) + Vp(rt) =0 (4.17)

By taking Eqn(4.10) into Eqn(4.3), we also get

ge(rt) + (e +p)V-v(rt) — kV?T(rt) = 0

ot
9 _¢tp 2 _
ey e(rt) - n(rt)] — kV*T(rt) =0 (4.18)
Let’s define
g(rt) = e(xt) — ”Tpn(rt) (4.19)

q(rt) could be identified as the density of heat energy because

e+ p e+p

T
TdS = (e+p)dV +Vde —dS=de+ dV = de — dn (4.20)
%4 |4 n
(the number of particles we're studying is chosen to be fixed) Then
aq(mf) — kV*T(rt) =0 (4.21)

31



With this equation and Eqn(4.17), we see that the problem has two sets of independent
variables {n(rt),q¢(rt)} and {p(rt),T(rt)}. They are linked by thermodynamic relations

because we assume local thermodynamic equilibrium

T(xt) = 95) n(xt) + 55) Fa(xt)
(4.22)

p(xt) = 2) n(xt) + 55) Fa(xt)

n(rt) = Z—Z)Tp(rt) + %)pT(rt)
(4.23)
alet) = § §), 0D + 5 53) T(xt)

where by T'(rt) we really mean 67'(rt) etc. Write the above equations in matrix form and

the following identity must hold

r an an
o, D B ),
@) 6_P) v T 6_5) T 3s
L on)g 0S), T op)r V 0T ),
n o) n 9,
[0 1
= 4.24
10 } (4.24)
We define
op T 0S T 0S
mey = 8_77,)5 mney = 6_T>p mney = 1 (9_T>V (4.25)
where cg is the adiabatic speed of sound, and remember that
oS\ 0S oS oV V on
C,—Cy=-T —| — — | == =] = — — 4.2
oY av)T ap>T ap>T 8T>p n 6T>p (4.26)
Cp oP\ 0S or\ on
=P2_1-"] =] =1- "] — 4.2
LS as)v ), on)goT), (4.27)
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We can show from the matrix identity that

< s o), =17 (4.28)

mcg 8_p)T =7

\

Remember that everything was taken with respect to constant number of particles, so
OlnV = —0lnn.

If we define
_ (+4n/3

mn
to be the longitudinal diffusion coefficient, and Fourier transform Eqn(4.17),Eqn(4.21) to k

space

b (4.29)

m( 2y + bk>2)n(kt) + k*p(kt) = 0

at2
(4.30)
2 q(kt) + kk*T(kt) = 0
From now on we’ll use {n(kt), ¢(kt)} as dynamical variables. So take in Eqn(4.22)
(s + mbk2 4+ 2) K )nkt) + ¥ 22) Ka(kt) = 0
(4.31)

(% + 55 k2>q(kt) + k95 k*n(kt) = 0

Let’s further assume that at ¢t = 0, the longitudinal momentum current j;(kt) are all zero,
so that the first-order time derivative of n(kt) is zero. This will be shown to be fulfilled
in our later “idea experiment” setup. Taking complex Laplace transform on both sides of
Eqn(4.31) and use {p(k,t =0),T(k,t =0)} to be the initial condition (weird, but can’t be

avoided), we have

, ) Op . V oP .
_ _ 2y, 9P\ 2 Vo) .o
[ izm( zz—i—bk)—l—an)Sk]n(kz)—l-T 8S>nk q(kz)
= m(—iz +bk*)n(k,t = 0)
on on

= m(—iz + bk?) [3_;0) pk,t=0)+ 8_T> T(k,t= 0)] (4.32)
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—iz+— —| k| qkz)+r —| k’n(kz)
l T 0S on ) 4
T 0S T 0S
= = — kt=04+—=—=—]| T(k,t=0 4.33
P ) Pk t=0)% 5 ) Tkt =0 (433
We can write Eqn(4.32),Eqn(4.33) in matrix form
. c2k? i ap) k?
—1z + —= mT 95 ~ on on
—iz+bk?2 —zz+blc2 Tl(kZ) _ %)T a_T)p p(k) (4 34)
q(kz) T a)e vo), | LT |
K Z—Z)S k? —iz + W’;’ch T
or
n(k k
A Tf( )| _g| Pk (4.35)
q(kz) T (k)
The solution to the matrix equation is
Gkz) | detd | T(k)
with
. s VOB g2 an on
—io 4 . ELEL We 5,
W — (4.37)
cik? T 3S T 3S
—k ?9_:)5 kz _/LZ + ZZ—H)k:2 V 3_10)T V B_)p
(4.38)
19 as 2 1 9p as 2
: on w98 ) 55 ) , n 7 55 ). 57 ),k
(_ZZ + mncy kZ) 8_p)T B a—iz—|—ik2T (_ZZ + mncv k2) _)p B —iz+b£2
n 2k2 n 2k2
| - (ZZ)S gp) k2 ( iz + zz+bk2)T g_i)T -k gz;)s g_T) k2 ( 2Z+ +bk2)mncp
Define thermal diffusivity
Dp=—" (4.39)
mnc,
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and express everything in terms of v, c%, aT) Then

2 on kl
(—iz + Dryk?) 7 — SR (=iz +Dr7k?) §1) + —)
W =
n c lc2 n k2
T &), Dok + (—iz+ =) B 8) —R(L =)k + (—iz + =) mng,
(4.40)
and
ik’ o) o) K
d tA = — _ S N(—4 D k2 _m n;s n
¢ (=iz + = ) (82 + Dok iz + bk?
2k2(—iz)  Drycs — o gT) gg)
=  —jiz(—iz + Dpvk? 5 me IS Fingt (4.41
i2(=iz + Dryk’) + — “iz 1 bk? (4.41)
but
oT\ oJp or\ on\ Op oT\ on 9
nJs n n/g p 91/ s nJ, »
oT T mc>
- _1 2L 2 — (y—1)= 8 4.42
(1) Gg) me= 0N (1.42)
50 vV or\ 0 2 2
Dyt — B 90} 9P _ RYC  RCs 1y = D2 4.43
T7¢s mT 6n> g oS ) mne,  Mnc, v ) TCs ( )
Then 2]€2 D 2k.4
. . (& TC
det A = —iz(— Dyrvk? &) 5 4.44
¢ iz(=iz + Dryk” + —iz + ka) * —1z + bk? (4.44)

Up to now it is exact, the solution to the coupled equations would be just (det A)"'W. But
it is hard to see the physical picture and retrieve information from it (except later we have
to take the z fixed, k — 0 limit in this form). In order to proceed further, we study the pole
structure of det A. One possibilty would be that —iz goes as k? as in the pure diffusion case.

Then we could ignore all the k* terms in det A and in matrix W

—izc%k? N Drcgk®  (—iz + Drk?®)cgk?

det A = _
¢ iz bk T izt bk? iz + bk?

+ O(k*Y) (4.45)
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and

2
y—1 k2 C?S' B_%)pk2
m  —iz+bk? —iz+bk?
W= (4.46)
T 9
n 6—;‘,)pc§k2 mncpc?ng
—iz+bk? —iz+bk?
So (det A)"'W around that diffusion pole is
7—1 1 an ) 1
W mcg —iz+Drk? T / —iz+Drk?
= 4.47
det A (4.47)
T B_n) 1 mncp
n OT D —iz+D7k?  —iz+Drk?

On the other hand, there might be order-k poles. Look at det A in Eqn(4.44), we still want

to keep to k* accuracy. But in order-k? there’re only two terms

det A = —2° + c2k* + O(k?) (4.48)

we see that the pole is on the real axis, z = +cgk, which represent a sound wave with velocity
cs. It will have a finite lifetime though if we continue to expand to the third order. Use the
same trick as in calculating the quasi-particle lifetime, i.e., plug in the first solution to get

the correction, we have

—izDpcik?

(—i2)?

det A czk? _ cZk? - ka)

—iz (—iz)?
—2% + csk® — izk*[Dyy + b — Dy

—2% — izDpyk? — 22(

= 22+ csk? —iTzk* + O(KY) (4.49)
where A
3
po B (@ gy, A3 (4.50)
mne, - ¢y mn

is the sound-wave damping coefficient. It consists of two parts, one is loss of energy through
thermal conduction, the other is the diffusion of longitudinal momentum current. And
s _ 2
e &), (Dry+b— D)k
+ O(k?)

g, (Dry+b =K [k(y = 1) + (b~ T)mng,
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—z‘z+m§2 i};b)l& g_;i)p Drk?
= + O(k%) (4.51)
T 8 2
r a—;)p Drk 0
Notice that in the above equation k% terms appears with 1st order term —iz, they must
nevertheless be kept because they are real (this is the general rule when dealing with these
pole structures). When combined with the mostly real part of the denominator they will

give the same order contribution to x"(kw).

Combining the two, we have

-1 k 0 T(k
Aks) =1 _p(k) on) _ Tk
mecg —iz + Drpk? 0T , izt Drk?
—iz+ (2T — b)k? k 0 DrE*T (k
Lozt . ) - 1;(2) ___ = () (4.52)
mcg —22 4+ c5k? —il'zk T ), —2* + cgk® — il'zk?
T k T(k T Drk’p(k
n OT , izt Drk?  —iz+ Drk?2  n OT » —22 4 cik? — il'zk?

e Linear response — System preparation:

If we were to face the problem for the first time, we might be at a loss what to do. Clearly
the approach we used in the spin diffusion problem is sound, but the mechanical handle
in that problem — the external magnetic field, does not exist in this problem. How can
we devise to set up an arbitary temperature and pressure field, albeit small, at ¢ = 0 by
applying perturbations in the Hamiltonian before t = 07 What seems worse is that we have
to ensure it to be in local thermodynamic equilibrium all the time to make the comparison

with hydrodynamic results valid.

The last sentence, however, embedded a clue. What Kadanoff and Martin proposed is a
general correspondence principle which transforms (or rather, forms) a thermodynamic field
by adding a fictitious perturbation term in the original Hamiltonian. The link comes from
the equilibrium density matrix: p = exp Z/Trexp Z. For simplicity we assume it’s canonical

ensemble, then basically it states

(5 +66.H0) & (0, (1 + ;—f)ﬂo) (4.54)
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with the density matrix invariant. Because all property averages (A(rt)) would be the same,
the two systems are actually identical. By applying the perturbation 63H,/ 5, for enough

long time, we will eventually achieve what we want: a different thermodynamic field 5y + 9.

In general in a homogeneous system

(1]

_5<Z (pz;imvf +V(ry,...,ry) — ,uN)

i m

1
—ﬂ(’HO — Y v+ mivEN - uN) (4.55)

where 4 is the chemical potential, v is the macroscopic velocity. When v is small, sm|v|>N

can be ignored. Then for slowly varing thermodynamic field 6 3(rt), du(rt), dv(rt)

52 = — / 58(xt) (e(xt) — pn(rt)) dr + 8 / sv(rt) - j(rt)dr + 3 / Su(rt)n(rt)dr  (4.56)

where €(rt), n(rt), j(rt) now are QM operators. If we equivalence transform it to a pertur-

bation in the Hamiltonian, then since 6= = —G6H
T
OH = — / {5 ;rt) (e(rt) — pn(rt)) + ov(rt) - j(rt) + 5M(I't)n(rt)} dr (4.57)

It is more convienient to use dp(rt), the local pressure, instead of 0 pu(rt)

Su(rt) = 51’7(1”) - %5T(rt) A+ i—g = % + % (4.58)
OH = — / {5TT(I.t)q(rt) + dv(rt) - j(rt) + 5p7(1rt) n(rt)} dr (4.59)

where we had referred to Eqn(4.19). Similiar to the spin diffusion problem, the system is

now prepared by perturbation

— [ dr {2 (xt) + T q(rt) + dv(rt) - j(rt) f et £ <0
SH = (4.60)
0 t>0

The physical meaning of this approach is so intuitive that we almost don’t need any further

justifications. It is O.K. as long as measurements (A(r,t = 0)) after the perturbation at
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t < 0, equals to that of generated by uniform equilibrium ensemble with a little changed
thermodynamic parameter dp, §7, v, which in turn can be gotten from expanding the equi-
librium density matrix. This will eventually depend on whether the £k — 0,w — 0 limit of
X" (kw) equals to its value at k = 0,w = 0. As we had said, except for long range correlated

systems such as superfluid or plasmas, they are.

e Sum rules and thermodynamic derivatives
Following the procedure from Eqn(3.20) to Eqn(3.24), we have for arbitary dynamical vari-
able A

6A(kz) = /d_“’xzmi(kz)@ +/d_“) Xag(k2) T(k) +/d_ww.v(k) (4.61)

Tiww—2) n miww-—2) T i w(w — 2)

We are interested in A being n(rt), ¢(rt) or j(rt). Obviously xy,,(rr’,w), x5, (rr', w) , X, (rr', w)
; Xgq(rr',w) are all real and odd functions of w. Because fluids are isotropic, x;,(kw) =

Xﬁq(k, w). It’s easy to show that
Xnq(,w) = Xgn (k, w) (4.62)

Eqn(4.62) is a reciprocity relation first discussed by Onsager. It follows from Eqn(4.61) that
the response of density to a change in temperature (at constant pressure) differs only by a
factor of n/T from the change in density of heat energy induced by change in pressure (at

constant temperature).

The momentum current-current correlation function is of the tensor form

kikj n kzk]

I () + (5 = )X (k) (1463

X (k,w) =

because we can pick our z-axis to be in the direction of k and the left subspace must be
isotropic. [ and t stands for longitudinal and transverse current autocorrelation functions.

From the particle conservation equation

%n(rt) + V-j(rt)/m =0, —iwn(kw) + ik - j(kw)/m =0

We have

1
" = —
XnJ (kw) - mka-J,J(kw) mle (kw)
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1 k?
Xnn (k(U) m2uw? Xﬁ-j,k-j (kw) m2w QXl (k(,(.)) (464)

Furthermore, x (kw) is linked to the quantity dynamical structure factor S(kw) through
the fluctuation-dissipation theorem
1 h ﬂhw

S(kw) can be directly measured by thermal neutron scattering.

Similiarly, we have

mwk
Xq(kw) = Xg5(kw) = —5=Xgu (k, w) (4.66)

At t =0, it follows in the same way from Eqn(3.22) that

dw X4, (kw) p(k) +/d_wxfgq(kw)@ +/d_wxfgj(k_w) v(k)  (4.67)

T w n T w T T w

A(k,tz()):/

In our experimental setup we take v;(k) = 0 to satisfy the initial condition of previous

hydrodynamic solutions. vy(k) can exist but the transverse current only couples to itself.

1. Take A(rt) to be n(rt), and compare Eqn(4.67) with Eqn(4.23)

@> — lim / e o (k) 1 (4.68)

op)p k>0 7 w n

because as k — 0 x/ (kw)/w limits towards a delta function, it follows from Eqn(4.65)
that

a_n) —— lim [ S(kw)dw =

- kBT lim —_S(k=0) (4.69)

N kBT

the well-known result that the peak height of static structure factor is proportional to

the isothermal compressibililty. Also,

on\ _ .. dw Xne(kw) 1
8T>p - llcli%/ T w T (4.70)
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2. Take A(rt) to be g(rt), then

T 9S ) dw X’ (kw)1 T 0On
L9 /_L S 4.1
V 8p)T R0 T w n n dT » ( )
T oS\ . dw Xgq(kw) 1
V 6T>p N l]c1—1>%/ T ow T e (472)

3. Take A(rt) to be j(rt). We know that j(k,¢ = 0) = mnv(k,t = 0), then

"
k
lim/d—th( w) =mn (4.73)
k—0 ™ w
dw X7 (k
lim/—wxl( w) =mn (4.74)
k—0 T w
The second relation is in fact exact for all k, it follows from the exact commuatation
relation
[n(r),j(r")] = —ihV(n(r)d (r — ') (4.75)
X (rT', 1 = 0) = (=ihV (n(r)d (r —1'))) /2R (4.76)
So
nk
_ dw _ kdw
= [ o) = [ 5 (aw) (4.77)
and so

/d_w)d'(k(U) :/d_meWZ X;fm(kw) — mn (4.78)

T w k2 w

This is once again the frequently quoted longitudinal f-sum rule.

e Absorptive susceptibility and transport coefficients
Similiar to the procedure from Eqn(3.34) to Eqn(3.36), we have from Eqn(4.61), Eqn(4.52)

" n(k, w + ie)
Xpn(kw) = nwRe———~—=
(ko) p(k)
_ nw (v —1)Drk? L Lk — Dp(y — 1)(w? — &k?)k? (4.79)
 mciw?+ (Drk?)? " mcl (w? — c2k?)? 4+ (Twk?)? .
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k,w+ic) mnc,TDrk*w

" (kw) = TwR: a = 4.

Xag (k) = TwRe =5 o + (Drk?)? (4.80)
n(k, w + ie) on Drk?w Drk?w(w? — ck?)
" (k) = TwRe B W HE) _p On _ s
an( w) whne T(k) oT ) w? i (DTkz)Q (w2 _ C§k2)2 + (ka2)2
(4.81)
Lastly, from Eqn(4.15),Eqn(4.61)
ji(k ' k?

X; (kw) = wRe']t( wtie) _n w2 5 (4.82)

An important point is in order: remember that in deriving Eqn(4.52),Eqn(4.53) the method
we used is to pick out order-k and order-k? poles in z for each chosen wave-vector k. We then
calculate the residue, i.e., coefficient on these simple poles of z which, at there are functions
of mixed k, z. We then superimpose the two pole structures to get Eqn(4.52), Eqn(4.53).
However, why do we choose that specific form for these residue functions and why, in the
sound propagation case, do we use —il'zk? as the imaginary part in the denominator? Why
can’t we replace the extra —iz’s by its value at the pole in terms of £7 The answer is that
although other forms will still give the correct residue on the pole, they would lead to wrong
k — 0 behaviour when z is fixed. That limit will be used later to derive transport coefficients,
as from the linear response side we must take limy_,, first to get closed expressions. Although
soon we’ll use Eqn(4.79), Eqn(4.80), Eqn(4.81), which are derived from Eqn(4.52),Eqn(4.53),
to show that, keep in mind that the sequence should really be reversed. In practice, we should

use the ezact expression Eqn(4.44),Eqn(4.40) to show the lim,_,q limy_, identity:

w® Ak, w + ic)

some transport coefficient = llir(l) Ilcl_r}(l) ﬁRe b(k)
(from linear response) = /dtdr({A(rt),B(OO)}) (4.83)

and then adjust our residue expression in Eqn(4.52), Eqn(4.53) to match that (they happen
to be correct now, as they are the form from Kadanoff and Martin’s paper). Then the
formulas will be better approzimations for the exact (det A)~™'W, as they have the correct
pole structure and take the correct limits too. Please check that all the following limits
can be in fact directly derived from Eqn(4.44),Eqn(4.40), when doing so please remember
keeping different orders of & for real and imaginary parts. Especially, in the case of Eqn(4.92),
expansion must be kept to k* accuracy. It is always safe to check with Eqn(4.44),Eqn(4.40),
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don’t rely too much on the nice looking Eqn(4.52),Eqn(4.53).

In entirely the same fashion of deriving the spin diffusion coefficient from

Dyxvm = lim (hm ]:;X,]\I/IM(kw)>

w—0

to

Darxara = 4];T [ atar ({32 (x1), 3 (00)})

(Eqn(3.34) to Eqn(3.36)), we have for the same thermal diffusion structure Eqn(4.80)

_ q(k,w + i)
mnc,T Dy = ilg(l) (]1€1_1>n k2T wRe W>

= lim (hm ﬁXZq(kw))

w—0 \k—0

_ 4k - / dtdr({ji(rt),j2(00)})
_ (4.84)

where j? is the heat current operator defined by

§(rt) = 9 elwt) ~ (p+ vlet) = §°(xt) ~ (p + v(rr) (4.85)

However, according to Eqn(4.79) (or rather, Eqn(4.44) and Eqn(4.40))

LWy B w ﬁ(k,w-l—ie))
fry i i) = Jim 5 (o™
n
=  —((y=1)Dr—Dp(y—1
mcg((’y ) T T(’Y ))
- 0 (4.86)
and
lim Jim s, (k) = Jim Tim -5 (TwRe 7(1"‘"”8))
30 k5 2 Xma ) = T e T T
on
= T22) (Dr-D
aT) (Dr = Dr)
= 0 (4.87)
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So there must be

0= / dtdr({v,(rt), v,(00)}) = / dtdr({v,(rt),j2(00)}) (4.88)

so it doesn’t matter whether we use j? or j in Eqn(4.84)

k= Akp T2 /dtdr {3%(rt),j2(00)}) = iky T2 /dtdr {ic(rt),j5(00)}) (4.89)

In practice we always use j°.

From Eqn(4.82) we see that
n = lim lim e Xt '(kw) (4.90)

w—0k—

Take k to be in the z-direction and the tranverse current in z, then similiar to Eqn(3.36)

= 1 —ik-r+iwt
= 4kBT Yim i 72 / dtdre ({k - 73(xt), k- 7,(00)})
B 4.91
4k - / dtdr ({75, (rt), 75,(00)}) (491)

i.e., by integrating the correlation function of instantaneous shear stress we can get the shear

viscosity.

After some (hard) work struggling with Eqn(4.79) (or rather, Eqn(4.44), Eqn(4.40)) to the

k* order, we can show that the bulk viscosity ¢ can be gotten from

4 .

2,.,3
= lim (hmm ~ (kw))

w—0\k—0 k4 Xnn

( . mi? n(k,w + zs))

= lim (hm 12 X;'(kw))

w—0\k—0

- M [ dtdr{{r..(xt)  p,7..(00) ~ p}) (4.92)

...and now that little thing of which Gregor had dreamed during so many sleepless nights had

come to pass. He stood at his gate of his own home, holding his son by the hands. This was
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all life had left to him, all that for a little longer gave him kinship with the earth and with

the spacious world which lay glittering under the chilly sun.

— from The Quiet Don by Mikhail Sholokhov.
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