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Abstract Ideal strength, which can be defined as the stress necessary to induce permanent
deformation in a material without prior imperfections, is one of the important
materials characterizations. In this study we calculate the ideal pure shear and
simple shear strengths of fcc (Al, Cu, Ni, Ag) and bcc (Fe, Mo, W) metals in
their common slip systems using density functional theory. We find the critical
shear strains (CSS) of bcc metals (∼0.18) do not depend sensitively on the ma-
terial, and they are higher than fcc metals except Al. In contrast, the CSS of fcc
metals spread over a wide range (0.13∼0.2), with Al having extremely high CSS
(0.2). As a result, although Al has smaller moduli than Cu in{111}〈112̄〉 shear,
its ideal pure shear and simple shear strengths are higher than Cu. By com-
parative analyses of the generalized stacking fault energy and valence charge
(re)distributions in Al, Ag and Cu, we conclude that the abnormally large CSS,
ideal shear strength and intrinsic stacking fault energy in Al are all related to
directional bonding. Cu and Ag do not have strong directional bonding. Gener-
ally, bcc metals have stronger directional bonding than the fcc metals except Al.
By turning off spin polarization in our calculations, we find magnetization is a
main source of bond directionality in Ni and Fe.
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1. Introduction

The minimum shear stress to destabilize a crystal lattice without imperfec-
tions is fundamental to our concept of materials strength and its theoretical
limits under large strains [Wang95; Morris00]. With the possible exception
of recent nanoindentation measurements [Gouldstone00; Li02; VanVliet03], it
has not been feasible to directly measure the ideal shear strength of materi-
als. The demonstration that this property can be reliably determined by first-
principles calculations[Ogata02] therefore would have significant implications
for the understanding of behavior of solids at the limit of structural stability or
mechanical failure.

Here we report and substantiate our findings by probing in detail the energet-
ics of shear deformation and valence charge redistribution during deformation
for several fcc and bcc metals.

2. Method

We perform density functional theory (DFT) calculations on the following
systems: fcc Ag, Cu, ferromagnetic (FM) Ni, Al and bcc W, Mo, Fe (FM), us-
ing the Vienna Ab-initio Simulation Package (VASP) [VASP]. The exchange-
correlation density functional adopted is Perdew-Wang generalized gradient
approximation (GGA) [Perdew92]; except for Ag, where Ceperley-Alder local
density approximation (LDA) [Ceperley80; Perdew81] is used. Similarly, ul-
trasoft (US) pseudopotential [Vanderbilt90; VASP-US] is used, but we switch
to the projector augmented-wave (PAW) method [VASP-PAW] for the diffi-
cult system of Fe. Brillouin zone (BZ)k-point sampling is performed us-
ing the Monkhorst-Pack algorithm [Monkhorst76]. BZ integration follows the
Methfessel-Paxton scheme [Methfessel89] with the smearing width chosen so
the entropic free energy (“-TS” term) is less than0.5 meV/atom. Incremental
affine shear strains are imposed on each crystal along experimentally deter-
mined common slip systems to obtain the corresponding unrelaxed and relaxed
energies and stresses, defined by the conditions,εij=0 exceptγ ≡ x/d0 (d0 is
the equilibrium separation between two adjacent atomic planes andx is the
shear displacement along the Burgers vector), andσij=0 except the resolved
shear stress, respectively.

In Tables 1.1 and 1.2, the equilibrium lattice constantsa0 obtained from
energy minimization are listed and compare with experimental data. The cal-
culated relaxed and unrelaxed shear moduliGr, Gu for the common slip sys-
tems are compared with analytical values computed based on the experimental
elastic constants. The resolved shear moduli are calculated using fine meshes
∆γ = 0.5%-1% along the shear path, whereas coarser meshes∆γ = 1%-5%
are used to interpolate the resolved shear stress (σ) versus engineering shear
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strain (γ) curves. Affine stress components are relaxed to within a convergence
tolerance of0.05 GPa.

3. Results and Discussions

fcc metals

At equilibrium, Ag has comparable stiffness as Al in{111}〈112̄〉 shear,
and Cu is considerably stiffer, with simple and pure shear moduli greater by
65% and25%, respectively, than Al. However, Al ends up with70% and32%
larger ideal pure shear strengthσr

m than Ag and Cu, respectively, because it
has a longer range of strain before softening (see Fig. 1.1):γm=0.200 in Al,
γm=0.145 in Ag andγm=0.137 in Cu. Theσr

m/Gr
m ratio has similar trend as

γm and the two are in fact almost linearly correlated (see Table 1.3).
Fig. 1.2 shows the iso-surfaces of valence charge density (h ≡ Vcellρv,

Vcell andρv are the supercell volume and valence charge density, respectively).
We select twoh-contour values for each metal, and for Ni (FM) the differ-
ence between spin-up and down densities (hdiff ≡ Vcell(ρv ↑ −ρv ↓)) is also
shown. At the octahedral interstice in Al (Fig.1.2(a)), the pocket of charge
density has cubic symmetry and is very angular in shape, with a volume com-
parable to the pocket centered on every ion. In contrast, Figs. 1.2(c), 1.2(d),
1.2(e), 1.2(f) show that in Cu and Ag there is no such interstitial charge pocket,
the charge density being nearly spherical about each ion. Al has an inho-
mogeneous charge distribution in the interstitial region because of bond co-
valency [Feibelman90] and directional bonding [Grossman99], while Cu and
Ag have relatively homogeneous charge distribution and little bond direction-
ality. For Ni, the total charge density (spin-up plus down) shows spherical
distribution (Fig.1.2(g),1.2(h)). However, the difference between spin-up and
down (1.2(j)), which results in magnetization, shows a cube-shaped distribu-
tion centered on the ion, similar to that in Al (Fig.1.2(b)), even though smaller
in volume. This suggests that magnetization promotes directional bonding and
causes theγm, σr

m/Gr
m values of Ni to deviate from from those of Cu and Ag.

The generalized stacking fault (GSF) energy, the energy increase when two
adjacent atomic planes in the crystal are sheared relative to each other, is known
to play an important role in the structure and energetics of dislocations. While
it is known experimentally that the intrinsic stacking fault energy is much
larger in Al than in Ag and Cu, this fact has not been related to their ideal
shear strengths. For this purpose, we introduce a general function (Fig. 1.3),

γn(x) ≡ En(x)
nS0

, n = 1, 2, ... (1.1)

wherex is the relative displacement in the slip direction between two adjacent
atomic planes (we focus on{111}〈112̄〉 slip here),En(x) is the increase in to-
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tal energy relative to its value atx = 0, with n + 1 being the number of planes
involved in the shearing andS0 being the cross-sectional area atx = 0. The
series of functionsγ1(x), γ2(x), ...,γ∞(x), may be called the multi-plane gen-
eralized stacking fault energy, withγ1(x) being the conventional GSF [Zim-
merman00], andγ∞(x) being the affine strain energy. The intrinsic stacking
fault energyγsf is γ1(bp), where~bp=[112̄]a0/6 is the partial Burgers vector.
The unstable stacking energyγus, an important parameter in determining the
ductility of the material [Rice94], isγ1(x0), wheredγ1/dx(x0 < bp)=0. It is
instructive to compare differentγn(x) of the same slip system asn varies. The
difference should be relatively small from a local “glue” (shaded region in Fig.
1.3) viewpoint where we take the valence electron cloud to be the glue. We
also have the asymptotic behavior at largen,

γn(x) = γ∞(x) +
2γtwin(x)

n
+O

(
n−2

)
, (1.2)

whereγtwin(bp) is the unrelaxed twin boundary energy. The rate of conver-
gence to (1.2) reflects the localization range of metallic bonding in a highly
deformed bulk environment.

Unrelaxeddγ1(x)/dx anddγ∞(x)/dx are compared in Fig. 1.4. First we
note that for Ag and Cu,dγ1(x)/dx anddγ∞(x)/dx are not very different
across the entire range of shear. The fact that the sliding of a layer is effectively
decoupled from that of adjacent layers indicates that bonding in Ag and Cu
has nearly no bond-angle dependence. On the other hand, the same functions
behave much more differently in Al, especially afterx > xm, at which the
stress (generalized force) reaches its maximum. This is because of the coupling
between two or morex’s from directional bonding. Note also thatdγ1(x)/dx
of Al stays positive for an extended range, whereasdγ1(x)/dx of Ag and Cu
“dive” into the negative sooner and deeper. Thus, while Al, Ag and Cu all
have approximately the sameγus, whenx reachesbp and the configuration
becomes an intrinsic stacking fault, Ag and Cu has recovered most of its losses
in the sense of a low value ofγsf , whereas Al has recovered very little as itsγsf

remains close toγus. The implication is that when a directional bond is broken,
it is more difficult for the electrons to re-adapt. In contrast, non-directionally
bonded systems, even if the bond angles are wrong, as long as the volumes
fit as in the intrinsic stacking fault, the electrons can redistribute well and the
system does not incur a large energy penalty.

To isolate the effects of magnetization, we compare the stress-displacement
functions of paramagnetic Ni (Fig. 1.4(d)) with that of ferromagnetic (Fig.
1.4(c)). In paramagnetic Ni,dγ1(x)/dx and dγ∞(x)/dx are more similar,
whereas in ferromagnetic Ni relatively large differences can be seen. In other
words, allowing the spin-polarization degrees of freedom promotes directional
bonding in Ni.
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Table 1.1. Equilibrium lattice constant (a0), relaxed (Gr) and unrelaxed (Gu) {111}〈112̄〉
shear moduli of fcc metals.

a0 Gr Gu

Ȧ GPa GPa
Al(Calc.) 4.04 25.4 25.4
Al(Expt.) 4.03 27.4 27.6
Ni(Calc.) 3.53 60.1 79.6
Ni(Expt.) 3.51 68.8 81.0
Cu(Calc.) 3.64 31.0 40.9
Cu(Expt.) 3.62 33.3 44.4
Ag(Calc.) 4.02 25.0 32.3
Ag(Expt.) 4.07 22.4 28.7

bcc metals

Bcc metals have three common slip systems which are almost equally likely
(“pencil glide”) [Luo02]. We performed the same shearing tests as for fcc met-
als in the three slip systems. The ideal shear strain (∼ 0.18) does not depend
sensitively on the type of material. Moreover, the values ofσr

m/Gr
m for the

three metals are almost equal (∼ 0.11) and are also close to that of Al (see Fig.
1.5, Table. 1.4). This suggests bcc metals has higher bond directionality than
fcc metals except Al. Fig. 1.6 shows iso-surfaces of valence charge density.
In W and Mo, we can clearly see cuboid-shaped distribution which may result
in bond directionality. For Fe the total charge distribution is almost spherical.
However, the difference between spin-up and down shows a cuboidal shape.
So in Fe, like in Ni, magnetization is also essential for directional bonding.
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Table 1.2. Equilibrium lattice constants (a0), relaxed (Gr) and unrelaxed (Gu) shear moduli
of bcc metals.

a0 Gr Gu

Ȧ GPa GPa
W {110}〈1̄1̄1〉 (Calc.) 3.17 153.7 155.3
W {110}〈1̄1̄1〉 (Expt.) 3.02 164.0 164.0
W {211}〈1̄1̄1〉 (Calc.) 154.0 155.8
W {211}〈1̄1̄1〉 (Expt.) 164.0 164.0
W {321}〈1̄11〉 (Calc.) 153.9 155.7
W {321}〈1̄11〉 (Expt.) 164.0 164.0
Mo {110}〈1̄11〉 (Calc.) 3.15 126.5 134.5
Mo {110}〈1̄11〉 (Expt.) 3.14 138.7 142.8
Mo {211}〈1̄1̄1〉 (Calc.) 126.8 134.1
Mo {211}〈1̄1̄1〉 (Expt.) 138.7 142.8
Mo {321}〈1̄1̄1〉 (Calc.) 126.8 134.2
Mo {321}〈1̄1̄1〉 (Expt.) 138.7 142.8
Fe{110}〈1̄1̄1〉 (Calc.) 2.83 76.6 80.6
Fe{110}〈1̄1̄1〉 (Expt.) 2.86 64.8 75.7
Fe{211}〈1̄1̄1〉 (Calc.) 75.6 79.9
Fe{211}〈1̄1̄1〉 (Expt.) 64.8 75.7
Fe{321}〈1̄11〉 (Calc.) 75.7 80.0
Fe{321}〈1̄11〉 (Expt.) 64.8 75.7

Table 1.3. Ideal{111}〈112̄〉 shear strains and stresses of fcc metals.

relaxed unrelaxed
material γr

m σr
m σr

m/Gr γu
m σu

m σu
m/Gu

GPa GPa
Al 0.200 2.84 0.110 0.210 3.73 0.147
Ni 0.168 3.17 0.084 0.162 4.70 0.079
Cu 0.137 2.16 0.070 0.157 3.45 0.084
Ag 0.145 1.65 0.066 0.156 2.57 0.079
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Table 1.4. Ideal shear strains and stresses of bcc metals.

relaxed unrelaxed
material γr

m σr
m σr

m/Gr γu
m σu

m σu
m/Gu

GPa GPa
W {110}〈1̄1̄1〉 0.179 17.52 0.114 0.196 17.63 0.113
W {211}〈1̄1̄1〉 0.176 17.37 0.113 0.175 17.28 0.111
W {321}〈1̄11〉 0.176 17.33 0.113 0.175 17.27 0.111
Mo {110}〈1̄11〉 0.190 15.18 0.120 0.192 16.52 0.123
Mo {211}〈1̄1̄1〉 0.175 14.84 0.117 0.177 15.99 0.119
Mo {321}〈1̄1̄1〉 0.176 14.87 0.117 0.175 15.93 0.119
Fe{110}〈1̄1̄1〉 0.178 8.14 0.106 0.234 11.43 0.142
Fe{211}〈1̄1̄1〉 0.184 7.51 0.099 0.236 9.95 0.124
Fe{321}〈1̄11〉 0.181 7.57 0.100 0.197 9.43 0.118

0

1

2

3

4

5

6

0 0.1 0.2 0.3

S
tr

es
s 

G
P

a

Engineering Strain

Ag

Ni

Al

Cu

Figure 1.1. Resolved{111}〈112̄〉 shear stress vs. strain curves for fcc metals (relaxed).
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(a) Al (h = 2.89) (b) Al (h = 3.36)

(c) Cu(h = 9.00) (d) Cu(h = 20.00)

(e) Ag (h = 5.00) (f) Ag (h = 10.00)

(g) Ni (h = 3.66) (h) Ni (h = 8.99)

(i) Ni (hdiff = 4.0) (j) Ni (hdiff = 6.0)

Figure 1.2. Iso-value-surface of valence charge density for fcc metals.
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Figure 1.3. Multilayer generalized stacking fault energy
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Figure 1.4. Shear stress vs. displacement curves (unrelax).
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Figure 1.5. Shear stress vs. strain curves for bcc metals (relax).
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(a) W (h = 5.64) (b) W (h = 7.63)

(c) Mo (h = 5.80) (d) Mo (h = 8.60)

(e) Fe(h = 5.00) (f) Fe (h = 18.00)

(g) Fe(hdiff = 5.00) (h) Fe(hdiff = 18.00)

Figure 1.6. Iso-value-surface of valence charge density for bcc metals.




