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Silicon (Si) is the most essential material in the semiconductor industry. It is important to manage the thermal
properties of crystalline Si. Elastic strain engineering (ESE) has proven to be an effective tool in controlling the
electrical conductivity of Si in strained-silicon technology; its effects on the thermal conductivity of silicon,
therefore, warrants careful investigation. The ESE effect is much more pronounced for nanostructured materials
due to the ultralarge elastic strains (on the order of 10%) achievable at the nanoscale. In this work, the lattice
thermal conductivity (x;) of Si under hydrostatic, biaxial, and uniaxial strain states is studied with ab-initio
simulations, and the values of strain-dependent «; compare well with experimental results and existing molec-
ular dynamics simulations. To understand the mechanisms of strain-modulated «;,, the phonon bands, scattering
rate, and Griineisen parameters of phonon modes are computed. It is shown that strain can significantly change
the anharmonicity of the crystal system, thus changing phonon scattering rates and «;,. Our results demonstrate
that ESE can reduce silicon «; by up to approximately 90%. Furthermore, uniaxial and biaxial strains can induce

highly anisotropic thermal conductivity in Si, with relative variations up to 58.5% and 14.5%, respectively.

1. Introduction

Thermal conductivity « is critically important across physical sci-
ences and engineering. Fourier’s foundational work established a pre-
cise definition of x and formulated heat transfer in partial differential
equations [1]. It also motivated Fourier analysis or harmonic analysis in
engineering [2]. Research about x has driven major advancements,
including quantum theories of heat capacity and key industrial appli-
cations, particularly in semiconductors [3,4]. While low-x materials are
sought for thermal insulation [5], high-« materials are essential for
efficient heat dissipation in electronics [6].

Various methods exist to modulate «, such as doping [7], introducing
defects [5], or creating nanocomposites [8]. Elastic Strain Engineering
(ESE) has recently been proposed as a powerful, defect-free approach [9,
10]. ESE uses controlled, reversible deformation to precisely tune ma-
terial properties by altering electronic structures and phonon disper-
sions [11-13]. The effects are especially pronounced in nanomaterials,
which can sustain ultra-large elastic strains exceeding 10% [13-15].

ESE’s potential for modulating thermal conductivity has been

demonstrated across multiple materials. Molecular dynamics (MD)
simulations show that mechanical stretching can significantly increase
of polymers [16]. Extreme compressive strain was found to enhance « of
bulk MoS: [17], while biaxial tensile strain anomalously increases « in
hexagonal boron nitride due to modified phonon anharmonicity [18].
Silicon (Si) is a fundamental material in semiconductors, and
strained silicon technology is a key industry milestone [19,20]. Recent
advances enable achieving > 10% elastic strain in nanoscale silicon,
opening new avenues for property tuning [13,15]. While previous
studies focused on electronic properties, this work investigates the Si
lattice thermal conductivity («x;) under hydrostatic, biaxial, and uniaxial
strain states. In addition, the strain-state dependence and anisotropic
behavior under large uniaxial and biaxial strains are explored.

2. Methods
We use the Vienna Ab initio Simulation Package (VASP) for density

functional theory (DFT) calculations. The lattice thermal conductivities
of Si under different elastic strains are computed via the PHONOPY and
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PHONO3PY packages [21]. The strains are applied via the change of
lattice parameters before proceeding to the computation of lattice
thermal conductivity. In this study, the x, y, z directions are aligned with
the [100], [010], and [001] crystallographic axes, respectively. A
structural relaxation is performed so that the cell shape and volume can
be determined. The strains simulated in the present work are chosen to
stay below the known diamond-to-p-tin phase transition threshold
(~11-12% compressive strain).

The full solution of lattice thermal conductivity comes from solving
the Peierls-Boltzmann transport equation, and the expression for «;, is
written as [21],

1

kp = I\Tvijcqﬂq.jvq\i @V, &)
in which V is the volume of the unit cell, and N is the number of unit cells
in the system. The subscript (q,j) stands for the phonon modes with
wave vector q and polarization j, and the summation is performed over
all the phonon modes in the whole first Brillouin zone. C,; stands for the
heat capacity for each phonon mode, v,; = V,0,; stands for the group
velocity of the phonon, and v,; ® v, is the dyad product of the phonon
group velocity. The transport lifetime 7q; = 1/2Iy;(wq ) is obtained
from the solution of the Peierls-Boltzmann equation, with I'g;(wg;)
being the imaginary part of the phonon self-energy or phonon linewidth.
The detailed expression of I'y;(wg;) is explained in detail in [21,22].

From the above equation for «;, the values for Cyj, wg; and vy
require the knowledge of phonon band information, which comes from
solving the dynamical matrix of the system, and such a matrix needs the
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information of second-order force constants FC2. In obtaining the
second-order force constant, the FC2 supercell size is set to be 4 x 4 x 4,
the k-mesh for the supercell self-consistent computation is 6 x 6 x 6, and
the energy cutoff for the computation is 320 eV. To fully capture the
long-range effect of phonon interactions, the cutoff pair distances is not
set in the full computation, although it can lead to much more expensive
computational cost, the accuracy is more guaranteed. The value for the
phonon lifetime 7q; = 1/2I'y;(w,;) needs the information of third-order
force constants FC3 (See equation (11) of [21]). When computing the
third-order force constants using PHONO3PY, the FC3 supercell size is
set to 3 x 3 x 3. This size is chosen after testing the convergence of «;,
toward experimentally measured values; results confirm thata 2 x 2 x 2
FC3 mesh is insufficient to obtain the correct «; (see Supplementary
Materials, Table S1). The k-mesh of the FC3 supercell structure is set to
6 x 6x 6, and the energy cutoff for the computation is 320 eV. In
obtaining x; values for strained Si, the integration mesh for the x
computation is set to 24 x 24 x 24, and it has been tested for conver-
gence for such a setting. The isotope scattering is not included in the x;,
computation. The GW PAW pseudo-potential of Si in VASP is chosen for
the DFT computation, where the “harder” GW pseudo-potential nor-
mally gives better accuracy, due to its improved representation of
short-range interatomic forces, which gives second- and third-order IFC
accuracy.
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Fig. 1. (a) DFT-calculated «y, results of Si under hydrostatic strain (red solid line) and «,, under biaxial strain (blue solid line), xx, (green dotted line) under uniaxial
strain (with Poisson effect neglected) in comparison with previous compression experiments, where the «; values at zero strain are compared with previous DFT
computations. (b-c) ;, values of Si under hydrostatic strain compared with previous MD simulations on the hydrostatic strain dependent «.
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3. Results
3.1. kg of Si compared to previous experimental and simulation results

The comparison of the computed result with existing data is shown in
Fig. 1. In Fig. 1a, the scattered data points are experimental data from
[23]. They show that under compressive strain, the lattice thermal
conductivity of Si decreases as the magnitude of compressive stress or
strain increases. Note that in [23], the measured values are stresses.
Thus, here the stresses are converted into strain values for convenience,
and the Young’s modulus of Si is chosen to be 202 GPa as measured in
[24]. Since the strain condition in the measured data is constrained in
lateral directions, one needs to use the modified modulus M = E(1 — v)
/(14 v)(1 — 2v)], and the value is adjusted to be 247 GPa, which is a
hardened value compared to the unconstrained case. To further verify
the proper application of the constrained conditions, we extract the
stress tensor for two representative cases: &x = 0.04 and &x, = — 0.04,
with all other strain components set to zero. For tensile strain &, = 0.04,
the stress tensor has components oxx = 6.20 GPa, 0y, = 0,; =2.19 GPa,
and oy, = 0y; = 0z = 0; whereas for compressive strain e, = — 0.04,
the stress tensor has component 6, = — 6.65GPa, 0y, = 0,; = —
3.02 GPa, and 6y, = 0y, = 0, = 0. This indicates that the lateral sides
of the structure are not stress-free, which corresponds to the constrained
conditions arising from the Poisson effect under uniaxial strain loading.

Fig. 1a also compares the k; values at zero strain with previous DFT
computations [25-28]. The comparison shows that the result in the
present work at zero strain lies between the values of the two types of Si
samples in [23]. Fig. 1a shows results for hydrostatic and uniaxial strain
states. The uniaxial strains are applied along the x ([100]) direction. As
the experiments in [23] are performed in a way that is neither purely
hydrostatic nor purely uniaxial (as there are constraints on the y and z
directions), the results for hydrostatic and uniaxial loadings are all
shown here. Besides, the k., and k., values of uniaxial strains are all
shown here as the in-plane and out-plane « values are both measured in
[23], but that article did not specify which. It should also be mentioned
that the experimental results for x; of Si under compressive strains in
[23] have much higher strains than the present work’s limit, shown in
Fig. 1a. The reason is that the experiment can extend to the realm, where
the Si structure is already changed from the diamond-cubic phase to
another phase, such as the g-tin phase under high pressure, while the
computation cannot capture this realm since the phonon structures are
unstable.

Note that the experimental data presented in Fig. 1a are measured in
Au or Al-coated Si samples [23,29], which may raise the concern of
coating effects on the accuracy of thermal conductivity measurement. In
fact, the measurements in Fig. la are performed using the
well-established time-domain thermoreflectance (TDTR) method in
which the measured samples are typically coated with a roughly 80 nm
metal film that serves as a transducer [29-31], thus, the coating of Au or
Al is an important part of the TDTR measurement. This coating plays an
indispensable role as it absorbs the pump laser energy and converts it
into a well-defined thermal modulation. The possible influence on the
final measurement results with its introduced thermal boundary
conductance might raise some concerns, but in relatively high thermal
conductivity materials (>10 W/(m-K)), such as the case of Si, the in-
fluence can be neglected since the sample itself can conduct heat very
efficiently.

In Fig. 1b-c, the Phono3py results are compared with some previous
MD simulation values [32,33]. Fig. 1b shows data from [33] based on
EDIP and 2NN MEAM potentials, which have similar trends of the
thermal conductivities of Si compared with the DFT computation in this
work. When under compressive hydrostatic strain, the 2NN MEAM po-
tential in [32] has a similar trend overall compared to the present work.
In Fig. 1c, the previous MD results either have a faster increasing trend of
thermal conductivity under compressive strain, which does not match
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the experimental results in [23], or are significantly overestimated.

3.2. ki of Si under different strain states

Three typical cases are chosen for further studies, i.e., hydrostatic,
biaxial, and uniaxial strains. The Poisson contraction effect is not taken
into consideration for biaxial and uniaxial strains, as the experiments on
compressive strains have lateral constraints. Fig. 2(a—c) shows the var-
iations of kyy, kyy, and k,; under hydrostatic, biaxial, and uniaxial strains.

Under hydrostatic strain (red curves), kx, kyy, and k,; remain iden-
tical due to symmetry. All three components decrease monotonically
under compressive strain. Under tensile strain, the ky, ky, and x;; in-
crease slightly until € ~ 0.01, then begin to decrease; however, their
decline toward the tensile side is less drastic compared to that under
compressive strain. Relative to their values at € = 0, x;, can increase by
up to 2% and decrease by as much as 82.5% under hydrostatic strain.

Under biaxial strain (blue curves), xx and ky, exhibit identical
behavior, consistent with in-plane symmetry. Both increase steadily
from ¢ = -0.06 toward zero strain, reach a peak around & =~ 0.01, and
then gradually decline under tensile strain. x,, follows a qualitatively
similar trend but with its peak located near ¢ = 0. Compared to ky, (=
Kyy), Kzz is mostly higher than ,, and «,, when &€ < 0 and up to in general
lower than &, and k,, when € > 0, reflecting its distinct sensitivity to
out-of-plane lattice distortion. Relative to the value at ¢ = 0, x;, can in-
crease by up to 0.2% and decrease by as much as 87.8% under biaxial
strain.

Under uniaxial strain (green curves), k,y and ,; remain identical due
to the prescribed symmetry. All three components increase steadily from
e =-0.06 toward zero strain, peak near ¢ ~ 0.01, and then decline
gradually under tensile strain. Compared to kxx, kyy (= kz;) is higher in
general in the range —0.06 < ¢ < 0.01 but lower (by up to 8.1%) for
0.01 < & < 0.06. Relative to the value at € = 0, x;, can increase by up to
1% or decrease by as much as 87.3% under uniaxial strain.

To fully capture the changes in «;,, the 3-phonon interactions must be
considered in the full range; thus, the supercell size must go sufficiently
large. This is not feasible at this time due to our limited computational
resources.

To further understand the mechanisms behind the ¢ —x; dependency,
three values of ¢,, =—0.04, 0, 0.04 are picked as representative cases
for hydrostatic, biaxial, and uniaxial strains. The values of kxx, kyy, k;; are
tabulated in Table 1. One then studies the detailed properties of these
cases to reveal the underlying reasons for the changes of x; values when
strains are applied. In the following sections, the phonon structures,
phonon linewidth (which is closely related to the phonon scattering
rate), and the Griineisen parameters are carefully studied, as they will
reflect the scattering properties of the strained structures.

To elucidate the physical origin of the strain-induced anisotropy
shown in Table 1, we performed a quantitative tensorial decomposition
of the lattice thermal conductivity. Our analysis reveals that the
anisotropy is associated with changes in both phonon group velocity and
phonon lifetime along the strain axis. As illustrated in the velocity dis-
tribution histograms (Figure S1), compressive uniaxial strain (exx =
—0.04) induces a significant reduction in the longitudinal group velocity
Vx, indicating phonon softening and bond weakening. Concurrently, the
breaking of cubic symmetry Oy, to D4y, alters the phase space for phonon-
phonon scattering, preferentially enhancing scattering rates for x-
polarized modes. This combined suppression of group velocity and
relaxation time drastically impairs thermal transport in the x-direction
relative to the transverse directions, resulting in the substantial anisot-
ropy ratio = observed in our results.

3.3. Phonon structure

Fig. 3 shows the phonon structures of Si under various elastic strains
(hydrostatic, biaxial, uniaxial). Fig. 3a shows the phonon band structure
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Fig. 2. «; values under hydrostatic, biaxial (exx = €,y # 0, &;; = 0) and uniaxial (exx # 0, &y, =¢&;; = 0) strains are compared for (a) kxx, (b) kyy, (¢) k. The red lines
are for the hydrostatic strain, the blue lines are for the biaxial strain, and the green lines are for the uniaxial strain. The maximum strain magnitudes are up to 0.06.

Table 1

k;, component values at &, =—0.04, 0, 0.04 for hydrostatic, biaxial, and uniaxial strains, in W/(m-K).
Strain Hydrostatic Biaxial Uniaxial
£xx Kxx Kyy Kzz Kxx Kyy Kzz Kxx Kyy Kzz
-0.04 81.49 81.49 81.49 81.47 81.47 87.77 73.06 88.20 88.20
0 131.9 131.9 131.9 131.9 131.9 131.9 131.9 131.9 131.9
0.04 105.4 105.4 105.4 115.5 115.5 102.8 123.9 118.0 118.0

change under hydrostatic strains. Under compressive strain e, = —0.04
(red dashed lines), the phonon bands for Fig. 3a-c have similar shift
trends but with different magnitudes. For acoustic branches, the values
are shifted to a lower position, and for optic phonon branches, the values
are shifted to higher positions. For tensile strain ey, = 0.04 (blue dashed
lines), the acoustic phonon branches for Fig. 3a-c shift slightly upwards,
while the optic phonon branches shift slightly downwards. Thus, all
compressive strains tend to induce phonon softening on the acoustic
branches, and the crystal structure has more instability. Because «, of Si
at 300 K is governed primarily by low-frequency acoustic modes, we
focus on strain-induced acoustic softening and associated scattering;
shifts in optical branches are noted but are not expected to significantly
impact x;, within the present framework.

For the x; value, the most essential feature is the structure of the
acoustic phonon branches. One thus needs to investigate the slope of
these branches near the I" point where sound velocities of the solid are
determined by them. For the case of compressive strain &x, = — 0.04, as
shown in red dashed lines, the slopes near the I" point all shift downward
and most significantly for the uniaxial strain state, while hydrostatic and
biaxial states show similar but smaller reductions. The observed phonon

softening aligns with the reduction in «,, relative to the zero-strain
value, as shown in Table 1. Under 5, = — 0.04, ky, decreases to 81.49,
81.47, and 73.06 W/(m-K) for hydrostatic, biaxial, and uniaxial strains,
respectively, with the lowest value corresponding to the strongest soft-
ening under uniaxial compression. For the case of tensile strain &, =
0.04, the slopes of the acoustic branches near the I" point (blue dashed
curves) closely follow those of the zero-strain case (black curves),
leading to thermal conductivity values that remain similar in magnitude
for hydrostatic, biaxial, and uniaxial strain conditions.

3.4. Scattering rate

The scattering rates of the phonon are a good indication of the
phonon transport lifetime. The larger scattering rates will lead to lower
kr. The scattering rate is the inverse of the phonon lifetime and is
associated with the phonon linewidth I'yj(wg;) as 1/7qj = 2I¢;(wqy)
(see equation 146 of [34]). The PHONO3PY code can provide the in-
formation on the phonon linewidth I'g;(wg;) of the system directly [21].
Once obtained, simply multiplication by a factor of 2 will give the
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information about the phonon scattering rate. Fig. 4a-c shows the scat-
tering rates of phonon modes for three strain states. The red, black, and
blue dots correspond to ¢, of — 0.04, 0, and 0.04, respectively.

Just as the reasoning in phonon bands discussed in the previous
section, the focus of the scattering rate will be in the low-frequency
range where the acoustic phonon branches are predominant. Fig. 4a-c
shows dramatically elevated scattering rates for the case of compression
strain &y, =—0.04 (as shown by red dots) at frequencies below 5 THz,
compared to the zero-strain case (black dots). This pronounced increase
in phonon scattering rates explains the significantly lower thermal
conductivities observed under compression (ex, = — 0.04) as shown in
Table 1: 81.49, 81.47 and 73.06 W/(m-K) for hydrostatic, biaxial, and
uniaxial strain, respectively, down from 131.9 W/(m-K) in the zero-
strain case. For the case of tensile strain ¢, = 0.04, Fig. 4a-c shows
that the scattering rates (blue dots) largely overlap with those of the
zero-strain case (black dots) at frequencies below 5 THz, with certain
regions being slightly higher or lower. Such variations in scattering
behavior correspond to the similarly modest reductions in thermal
conductivity observed under hydrostatic, biaxial, and uniaxial tensile
strains compared to the unstrained case.

Hydrostatic strain also modifies high-frequency (optical) scattering
rates; while this does not alter «;, in our analysis, it may motivate future
work on how strain could influence optical/phonon-assisted responses
(e.g., photoacoustic signals) once explicit photon-phonon coupling
mechanisms are modeled.

3.5. Griineisen parameters

The magnitude of the scattering rate is closely related to the anhar-
monicity of the structure. The third-order anharmonic coupling between
interacting phonons plays a major role in determining the value of x;. An
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o . MO35 . .
estimation of the value of x; can be written as x; ~ 5 with M being

the average atomic mass, @p the Debye temperature, § the atomic vol-
ume per atom, T the temperature and y the Griineisen parameter. Then
the higher the Griineisen parameter value, the higher the anharmonicity
of the lattice and the lower the value of x; [35].

The Griineisen parameter for the mode g¢,j is defined as

Yai = 7011_‘(/‘1) 0"3‘(,") with V the volume of the crystal. When the atoms are

displaced within the crystal, there will be restoring forces if the force is
linearly dependent upon the displacement, i.e., the forces depend
harmonically on the displacements. The frequency wj(q) is independent
of volume change. However, if the force depends nonlinearly on the
atomic displacement, i.e., there are anharmonic force constants, then
the frequency w;(q) depends on the volume change. As the «;, values are
mainly determined by the third-order phonon-phonon interaction, the
strength of the Griineisen parameters reflect the strength of anharmo-
nicity of the crystal system: the bigger the Griineisen parameters, the
bigger the phonon-phonon scattering and the smaller the «;.

Results from the calculations for the Griineisen parameters are
shown in Fig. 5. As shown by the red dots in Fig. 5a—c, the absolute
values of Griineisen parameters below 5 THz increase substantially
under compressive strain (ex, = — 0.04) compared to the zero-strain
case (black dots), while exhibiting clear frequency and strain-state
dependence. This pronounced increase aligns with the significantly
lower thermal conductivities observed under compression for all three
strain states (see Table 1). The frequency-dependent and strain-sta-
te-specific modulation of anharmonicity revealed here underlies the
variation in thermal conductivity across different strain states. For the
case of tensile strain &, = 0.04, Fig. 5a-c shows that the absolute
Griineisen parameters (blue dots) largely overlap with the zero-strain
values (black dots) below 5 THz, with a slight magnitude increase in the
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more sensitive 0-2 THz range. These modest changes in anharmonicity
correspond to the similarly small reductions in thermal conductivity
observed under hydrostatic, biaxial, and uniaxial tensile strains relative
to the unstrained case.

4. Discussion and Concluding Remarks

The lattice thermal conductivity «; is a major component of thermal
conductivity in insulators and semiconductors and is critically important
for silicon-based devices. This study uses an ab-initio approach to
compute «;, for Si under various strains. Our results show good agree-
ment with recent experiments under uniaxial compressive strain [23].
Our results at zero strain align more closely with experimental data than
most previous DFT simulations.

For hydrostatic strain, we compare our results with those from MD
simulations. Most MD potentials fail to capture the correct trend of x;,
under strain, indicating they are poorly suited for such calculations.
Among the tested potentials, only the 2NN MEAM potential yields a
trend similar to our ab-initio results. Others, including Tersoff, EDIP,
and SW, either predict the wrong strain dependence or significantly
overestimate «; [33].

Our results show that the ¢ —x; dependence is different between
hydrostatic, biaxial and uniaxial strain states. Thus, it’s important to
study the mechanisms of the strain-state dependence of «;. The phonon
bands, scattering rate, and the Griineisen parameters of phonons under
different strain states are computed. These elastic strains significantly
alter the Si phonon band structures and scattering rates, leading to
changes in x;. Our results demonstrate that ESE can reduce silicon x;, by
approximately 90% or increase it by up to 2%. Furthermore, uniaxial
and biaxial strains can induce highly anisotropic thermal conductivity in
silicon, with relative variations up to 58.5% and 14.5% respectively
under compressive strains.

It is worthwhile to compare the strain-induced change in thermal
conductivity of silicon with that of diamond. A recent study used ma-
chine learning, trained on DFT data, to explore x; across 6-D strain space
in diamond [11]. While tensile strains generally reduce «; in both ma-
terials, hydrostatic compressive strains increase x; in diamond but
decrease «;, in silicon (prior to any phase change). This opposing
behavior under compression is also observed for uniaxial and biaxial
strains. These divergent responses warrant deeper investigation and
likely originate in diamond’s carbon-based electronic structure, which
strengthens bonds under compression. In contrast, silicon’s more com-
plex electron configuration—involving 2 s and 2p orbitals—responds
differently as atomic distances decrease. This intriguing discrepancy
warrants further investigation.
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