8.333: Statistical Mechanics I Problem Set # 11 Solutions Fall 2003

Identical Quantum Particles

1. Particle pair:

(a) Two-particle partition functions: A two particle wave function is constructed from one

particle states k1, and ks. Depending on the statistics of the two particles, we have

Bosons:
(Ik1)lka) + [k2) k1)) /V/2  for ki # ko
k1, k2)B = ,
k1) |k2) for ki = ko
Fermions:
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|k1, ko) p = .

no state for k1 = ko
For the Boson system, the partition function is given by
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For the Fermion system,
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Note that classical Boltzmann particles have a partition function
chassical — lzl (m>2

(b) If the system is non-degenerate, the correction term is much smaller than the classical
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This approximation holds only when the thermal volume is much smaller than the volume

of the gas where the ratio constitutes a small correction.

(¢) Quantum limit: The approximation used in (b) is invalid if the correction terms are
comparable to the first term. This occurs when the thermal wavelength becomes compa-

rable to the size of the box, i.e. for
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2. Solar interior:

(a) The thermal wavelengths of electrons, protons, and a-particles in the sun are obtained

from

h

e
V2mmkgT

and T = 1.6 x 107°K,, as

6.7 x 10734 J /s

V21 x (9.1 x 10731 Kg) - (1.4 x 10-23 J/K) - (1.6 x 107 K)
6.7 x 10734 J /s

V21 x (1.7 x 10-27Kg) - (1.4 x 10-2 J/K) - (1.6 x 107 K)

1
and )\a—particle = §>\proton ~ 2.2 x 10_13 m.

~ ~ —11
)\electron ~ ~ 1.9 x 10 m,

~4.3x 1073 m,

)\proton ~

(b) Degeneracy: The corresponding number densities are given by

pr ~ 6 x 10 kg/m3 — npg~35x103m3,

pre ~ 1.0 x 10° Kg/m3 — Nge = PHe

= ~1.5x 103 m™3,
4mH

ne = 2npe +ng ~ 8.5 x 10> m?.
The criterion for degeneracy is nA3 > 1, and

ng - A3 ~2.8x107% <« 1,
Nie - Ao, 1.6 x 1077 <« 1,
ne - A2 x0.58 ~ 1.

Thus the electrons are weakly degenerate, and the nuclei are not.

(c) Pressure: Since the nuclei are non-degenerate, and even the electrons are only weakly
degenerate, their contributions to the overall pressure can be approximately calculated

using the ideal gas law, as

P = (ng + npe + ne) - kgT =~ 13.5 x 1031 (m ™) - 1.38 x 10723(J/K) - 1.6 x 107(K)
~ 3.0 x 10" N/m”.

(d) The Radiation pressure at the center of the sun can be calculated using the black body

formulas,
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as
P iaT4 _4-5.7x 1078 W/(m2K*) - (1.6 x 107 K)*

~ 1.7 x 10 N/m?.
3¢ 3-3.0 x 10°m/s . /m

Thus at the pressure in the solar interior is dominated by the particles.
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3. Anharmonic dispersion, with ¢ = k*:

(a) The grand partition function is given by

Fermions:
Qp = i BN Z e—ﬁZV - H Zl: ePlu—e)n, H [1 _,_eﬂ(u—av)} )
N=0 {n.,} v n,=0 v
Bosons:
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Hence we obtain

InQ@, = —nZln [1 — neﬁ(“_s")],

where n = +1 for bosons, and n = —1 for fermions.

Changing the summation into an integration in d-dimensions yields
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results in
VSd ﬁ_d/s
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Integrating by parts,
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Finally,

VS d
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where
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Using similar notation, the total particle number is obtained as
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(b) Equation of state: The gas pressure is given by

d/s+1
PV = —kpThQ, = VSa (kpT) r(d

2n) y 5 + 1) +fays+1(2).
Note that since In @, g5,

E =

5] _ dlnQ, d PV
—%IHQUZ— g ﬂ = gk]BTh’lQn, — F

which is the same result as in PS #7.

(c) For fermions at low T,

1 (Bep)"

e g1 SO merh = MO rgy
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Hence, we obtain

d/s+1
1 Sd 9
— - L ~ Zep o n®4  and
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(d) Bose-FEinstein condensation: To see if Bose-Einstein condensation occurs, check
whether a density n can be found such that z = z,,,. = 1. Since f;/s(z) is a mono-
tonic function of z for 0 < 2z < 1, the maximum value for the right hand side of the

equation for n = N/V, given in (a) is

(Qi;ds (kBT)d/SF (g) f;_/s(l)

If this value is larger than n, we can always find z < 1 that satisfies the above equation. If
this value is smaller than n, then the remaining portion of the particles should condense

into the ground state. Thus the question is whether f;}s(l) diverges at z = 1, where

1 xd/s—l
+ —1) =
fd/S(Zmam ) F(d/s)/dm o 1

The integrand may diverge near x = 0; the contribution for x ~ 0 is

€ d/s—1 €
/ da L ~ / dx x¥/572,
0 e’ —1 0

which converges for d/s—2 > —1, or d > s. Therefore, Bose-Einstein condensation oc-

curs for d > s. For a two dimensional gas, d = s = 2, the integral diverges logarithmically,

and hence Bose-Einstein condensation does not occur.
oKk ok ok ok ok

4. Pauli’s Paramagnetism The energy of the electron gas is given by
E= ZEp(n;, n, ),
P

where nzf (= 0 or 1), denote the number of particles having + spins and momentum p,

and ) )
E,(nt,n;) = o poB | nt + . + puoB | n,
PP TP 2m P 2m P
p?
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(a) The grand partition function of the system is

0o N:Z (”; +n,)
Q=) exp(—BuN) > exp [—BE,(n;},n, )]
N=0
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where

Thus
Q@ = {Qo(p+ poB)} +n{Qo(n — poB)}.
Each contribution is given by
2

InQo(n Zln (1 +exp B(p — p_ﬂ) — (27‘;)3 /d?’p In (1 4 26_622%)
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V47rm 2m
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and integrating by parts yields

ormksT\>? 2 2 z3/2 v o
InQo(n) =V (TB) ——/dwi = 35 752(2)-

V73 z7ler +1
The total grand free energy is obtained from
V.. _ _
nQ(pn) = 3 [f5/2 (ZeﬁuoB) + f5/2 (ze QHOB)} ,

as
G = ~kT Q) = ~kaT g [fi7a (267°7) + fjy (s~ 7).

(b) The number densities of electrons with up or down spins is given by

Ny 0

| = +
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where we used 3

b £ (2) = fia(e),

The total number of electrons is the sum of these, i.e.

V - —_ p—
N=N,+N_= 3 [f3/2(Z€6HOB) +f3/2(2’8 ﬂHOB):|

(¢) The magnetization is related to the difference between numbers of spin up and down

electrons as

Vv
M = po(Ny — N-) = Hovg [fg_/z (ZeﬁMOB) — I3 (ze_ﬁ“oB)] .

Expanding the results for small B, gives
_ _ _ 9 ,_
f3/2 (Ze:tﬁHOB) ~ f3/2 [Z (1 + BILOB)] ~ fg/z(z) Tz BMOB&f3/2<Z)7

which results in

213V

Vv _ _
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(d) The magnetic susceptibility is
_OM Vo,
X=55 |, " heras T2l

with z given by, -

In the low temperature limit, (Inz = Sy — o0)
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Their ratio of the last two expressions gives
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In the high temperature limit (z — 0),

— oz o0
n(z — dra"te™® = 2,

and thus

oV N N B2 3/2
S SRS SV S L
50 A

which is consistent with § — 0. Using this result,

o2V N
XS LaTN ° 7 kgl

The result )
),
N T—o0 kBT’

is known as the Curie susceptibility.

A Ny, Y/N2 ~ 1k T
/ 32k T,
,,,,,,,,,,,,,,,,,,,, R o
‘ >
32k T, Uk T

(e) x/N for a typical metal- Since Troom < Tr ~ 102°K, we can take the low T limit for
X (see(d)), and
X 3ud 3% (9.3x1072%)?

A ~ ~0. —24 2'
N " 2hpTy S 2x 138 x 1028 04X 10T
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where we used

h
o = —— ~ 0.3 x 10724 J/T.
2mc

ok ko ok ok

5. Fermi Energy, Fermi Temperature, & Heat Capacities

(a) Fermi temperature: Using g = 2 for spin 1/2 particles, and

ep = %(3 )P = Tp= Z_Z
we can construct the following table:
n(1/m?) m(Kg) er(eV) Tr(°K)
electron 10%? 9 x 103! 4.4 5 x 104
nucleons 1044 1.6 x 10727 1.0 x 108 1.1 x 102
liquid He? 2.6 x 10?8 4.6 x 10727 x1073 10!

(b) Heat capacity of phonon (solid) and electron gases: For an electron gas, Tr ~ 5x10*° K,

C’electron 7T2 T
T Trooma ———— ~ — - — =~ (0.025.
"> " TNks 2 T»

For the phonon gas in iron, the Debye temperature is Tp ~ 470° K, and hence
C onon ]' T 2
phonot 31— — (=] +...
Nkp 20 \Tp

C’elec‘cron ~ 8 x 10_3‘

C’phonon

resulting in
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