
8.333: Statistical Mechanics I Problem Set # 11 Solutions Fall 2003

Identical Quantum Particles

1. Particle pair:

(a) Two-particle partition functions: A two particle wave function is constructed from one

particle states k1, and k2. Depending on the statistics of the two particles, we have

Bosons:

|k1, k2〉B =







(|k1〉|k2〉 + |k2〉|k1〉) /
√

2 for k1 6= k2

|k1〉|k2〉 for k1 = k2

,

Fermions:

|k1, k2〉F =







(|k1〉|k2〉 − |k2〉|k1〉) /
√

2 for k1 6= k2

no state for k1 = k2

.

For the Boson system, the partition function is given by

ZB
2 = tr

(

e−βH
)

=
∑

k1,k2

〈k1, k2|e−βH |k1, k2〉B

=
∑

k1>k2

〈k1|〈k2| + 〈k2|〈k1|√
2

e−βH |k1〉|k2〉 + |k2〉|k1〉√
2

+
∑

k

〈k|〈k|e−βH |k〉|k〉

=
∑

k1>k2

exp

[

−βh̄2

2m
(k2

1 + k2
2)

]

+
∑

k

exp

(

−2βh̄2k2

2m

)

=
1

2

∑

k1,k2

exp

[

−βh̄2

2m
(k2

1 + k2
2)

]

+
1

2

∑

k

exp

(

−βh̄2k2

m

)

,

and thus

ZB
2 =

1

2

[

Z2
1 (m) + Z1

(m

2

)]

.

For the Fermion system,

ZF
2 = tr

(

e−βH
)

=
∑

k1,k2

〈k1, k2|e−βH |k1, k2〉F

=
∑

k1>k2

〈k1|〈k2| − 〈k2|〈k1|√
2

e−βH |k1〉|k2〉 − |k2〉|k1〉√
2

=
1

2

∑

k1,k2

exp

[

−βh̄2

2m
(k2

1 + k2
2)

]

− 1

2

∑

k

exp

(

−βh̄2k2

m

)

,

and thus

ZF
2 =

1

2

[

Z2
1 (m) − Z1

(m

2

)]

.
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Note that classical Boltzmann particles have a partition function

Zclassical
2 =

1

2
Z1(m)2.

(b) If the system is non-degenerate, the correction term is much smaller than the classical

term, and
ln Z±

2 = ln
{[

Z1(m)2 ± Z1(m/2)
]

/2
}

= 2 lnZ1(m) + ln

{

1 ± Z1(m/2)

Z1(m)2

}

− ln 2

≈ 2 lnZ1(m) ± Z1(m/2)

Z1(m)2
− ln 2.

Using

Z1(m) =
V

λ(m)3
, where λ(m) ≡ h√

2πmkBT
,

we can write

ln Z±
2 ≈ lnZClassical

2 ± λ(m)3

V

(

λ(m)

λ(m/2)

)3

= ln ZClassical
2 ± 2−3/2 λ(m)3

V
,

=⇒ ∆ lnZ±
2 = ± 2−3/2 h3

V (2πmkBT )3/2
= ± 2−3/2 h3β3/2

V (2πm)3/2
.

Thus the energy differences are

∆E± = − ∂

∂β
∆ ln Z2 = ∓ 3

25/2

h3β3/2

V (2πm)3/2
= ∓ 3

25/2
kBT

(

λ3

V

)

,

resulting in heat capacity differences of

∆C±
V =

∂∆E

∂T

∣

∣

∣

∣

V

= ± 3

27/2

h3kB

V (2πmkBT )3/2
= ± 3

27/2
kB

(

λ3

V

)

.

This approximation holds only when the thermal volume is much smaller than the volume

of the gas where the ratio constitutes a small correction.

(c) Quantum limit: The approximation used in (b) is invalid if the correction terms are

comparable to the first term. This occurs when the thermal wavelength becomes compa-

rable to the size of the box, i.e. for

λ =
h√

2πmkBT
≥ L ∼ V 1/3, or T ≤ h2

2πmkBL2
.

********
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2. Solar interior:

(a) The thermal wavelengths of electrons, protons, and α-particles in the sun are obtained

from

λ =
h√

2πmkBT
,

and T = 1.6 × 107◦K, as

λelectron ≈ 6.7 × 10−34 J/s
√

2π × (9.1 × 10−31 Kg) · (1.4 × 10−23 J/K) · (1.6 × 107 K)
≈ 1.9 × 10−11 m,

λproton ≈ 6.7 × 10−34 J/s
√

2π × (1.7 × 10−27 Kg) · (1.4 × 10−23 J/K) · (1.6 × 107 K)
≈ 4.3 × 10−13 m,

and λα−particle =
1

2
λproton ≈ 2.2 × 10−13 m.

(b) Degeneracy: The corresponding number densities are given by

ρH ≈ 6 × 104 kg/m
3

=⇒ nH ≈ 3.5 × 1031 m−3,

ρHe ≈ 1.0 × 105 Kg/m
3

=⇒ nHe =
ρHe

4mH
≈ 1.5 × 1031 m−3,

ne = 2nHe + nH ≈ 8.5 × 1031 m3.

The criterion for degeneracy is nλ3 ≥ 1, and

nH · λ3
H ≈2.8 × 10−6 � 1,

nHe · λ3
He ≈1.6 × 10−7 � 1,

ne · λ3
e ≈0.58 ∼ 1.

Thus the electrons are weakly degenerate, and the nuclei are not.

(c) Pressure: Since the nuclei are non-degenerate, and even the electrons are only weakly

degenerate, their contributions to the overall pressure can be approximately calculated

using the ideal gas law, as

P ≈ (nH + nhe + ne) · kBT ≈ 13.5 × 1031(m−3) · 1.38 × 10−23(J/K) · 1.6 × 107(K)

≈ 3.0 × 1016 N/m
2
.

(d) The Radiation pressure at the center of the sun can be calculated using the black body

formulas,

P =
1

3

U

V
, and

1

4

U

V
c =

π2k4

60h̄3c3
T 4 = σT 4,
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as

P =
4

3c
σT 4 =

4 · 5.7 × 10−8 W/(m2K4) · (1.6 × 107 K)4

3 · 3.0 × 108 m/s
≈ 1.7 × 1013 N/m

2
.

Thus at the pressure in the solar interior is dominated by the particles.

********

3. Anharmonic dispersion, with ε = ks:

(a) The grand partition function is given by

Fermions:

QF =

∞
∑

N=0

eβµN
∑

{nν}

e−β
∑

ν
nνεν =

∏

ν

1
∑

nν=0

eβ(µ−εν )nν =
∏

ν

[

1 + eβ(µ−εν)
]

.

Bosons:

QB =
∞
∑

N=0

eβµN
∑

{nν}

e−β
∑

ν
nνεν =

∏

ν

∑

{nν}

eβ(µ−εν )nν =
∏

ν

[

1 − eβ(µ−εν )
]−1

.

Hence we obtain

ln Qη = −η
∑

ν

ln
[

1 − ηeβ(µ−εν)
]

,

where η = +1 for bosons, and η = −1 for fermions.

Changing the summation into an integration in d-dimensions yields

∑

ν

→
∫

ddn → V

(2π)d

∫

ddk =
V Sd

(2π)d

∫

kd−1dk ,

where

Sd =
2πd/2

(d/2 − 1)!
.

Then

ln Qη = −η
V Sd

(2π)d

∫

kd−1dk ln
[

1 − ηeβ(µ−εν )
]

= −η
V Sd

(2π)d

∫

kd−1dk ln
[

1 − ηze−βks
]

,

where

z ≡ eβµ.

Introducing a new variable

x ≡ βks, → k =

(

x

β

)1/s

, and dk =
1

s

(

x

β

)1/s−1
dx

β
,
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results in

lnQη = −η
V Sd

(2π)d

β−d/s

s

∫

dx xd/s−1 ln
(

1 − ηze−x
)

.

Integrating by parts,

lnQη =
V Sd

(2π)d

β−d/s

d

∫

dx xd/s ze−x

1 − ηze−x
=

V Sd

(2π)d

β−d/s

d

∫

dx
xd/s

z−1ex − η
.

Finally,

ln Qη =
V Sd

(2π)d
β−d/sΓ

(

d

s
+ 1

)

· fη
d/s+1(z),

where

fη
n(z) ≡ 1

Γ(n)

∫

dx
xn−1

z−1ex − η
.

Using similar notation, the total particle number is obtained as

N =
∂

∂(βµ)
ln Qη

∣

∣

∣

∣

β

= −η
V Sd

(2π)d

βd/s

s

∂

∂(βµ)

∫

dx xd/s−1 ln
(

1 − ηze−x
)

=
V Sd

(2π)d

βd/s

s

∫

dx
xd/s−1ze−x

1 − ηze−x
=

V Sd

(2π)d

βd/s

s
z

∫

dx
xd/s−1

z−1e−x − η
,

and thus

n =
N

V
=

Sd

(2π)ds
(kBT )d/s Γ

(

d

s

)

· fη
d/s(z).

(b) Equation of state: The gas pressure is given by

PV = −kBT ln Qη =
V Sd

(2π)d

(kBT )d/s+1

d
Γ

(

d

s
+ 1

)

· fd/s+1(z).

Note that since lnQη ∝ β−d/s,

E = − ∂

∂β
ln Qη

∣

∣

∣

∣

z

= −d

s

ln Qη

β
= −d

s
kBT ln Qη, =⇒ PV

E
=

s

d
,

which is the same result as in PS #7.

(c) For fermions at low T ,

1

eβ(ε−εF ) + 1
≈ θ(ε − εF ), =⇒ fn(z) ≈ (βεF )n

nΓ(n)
,

resulting in

E ≈ V Sd

(2π)d

ε
d/s+1
F

d
, PV ≈ V Sd

(2π)d

ε
d/s+1
F

s
, n ≈ Sd

(2π)d

ε
d/s
F

s
.
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Hence, we obtain

E

N
≈ 1

n
· Sd

(2π)d

ε
d/s+1
F

d
≈ s

d
εF ∝ ns/d, and

P ∝ ε
d/s+1
F ∝ ns/d+1.

(d) Bose-Einstein condensation: To see if Bose-Einstein condensation occurs, check

whether a density n can be found such that z = zmax = 1. Since f+
d/s(z) is a mono-

tonic function of z for 0 ≤ z ≤ 1, the maximum value for the right hand side of the

equation for n = N/V , given in (a) is

Sd

(2π)ds
(kBT )d/sΓ

(

d

s

)

f+
d/s(1).

If this value is larger than n, we can always find z < 1 that satisfies the above equation. If

this value is smaller than n, then the remaining portion of the particles should condense

into the ground state. Thus the question is whether f+
d/s(1) diverges at z = 1, where

f+
d/s(zmax = 1) =

1

Γ (d/s)

∫

dx
xd/s−1

ex − 1
.

The integrand may diverge near x = 0; the contribution for x ∼ 0 is

∫ ε

0

dx
xd/s−1

ex − 1
'

∫ ε

0

dx xd/s−2,

which converges for d/s− 2 > −1, or d > s. Therefore, Bose-Einstein condensation oc-

curs for d > s. For a two dimensional gas, d = s = 2, the integral diverges logarithmically,

and hence Bose-Einstein condensation does not occur.

********

4. Pauli’s Paramagnetism The energy of the electron gas is given by

E ≡
∑

p

Ep(n
+
p , n−

p ),

where n±
p (= 0 or 1), denote the number of particles having ± spins and momentum p,

and

Ep(n
+
p , n−

p ) ≡
(

p2

2m
− µ0B

)

n+
p +

(

p2

2m
+ µ0B

)

n−
p

= (n+
p + n−

p )
p2

2m
− (n+

p − n−
p )µ0B.
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(a) The grand partition function of the system is

Q =

∞
∑

N=0

exp(−βµN)

N=
∑

(n+
p +n−

p )
∑

{n+
p ,n−

p }

exp
[

−βEp(n
+
p , n−

p )
]

=
∑

{n+
p ,n−

p }

exp
[

βµ
(

n+
p + n−

p

)

− βEp

(

n+
p , n−

p

)]

=
∏

p

∑

{n+
p ,n−

p }

exp

{

β

[(

µ − µ0B − p2

2m

)

n+
p +

(

µ + µ0B − p2

2m

)

n−
p

]}

=
∏

p

{

1 + exp

[

β

(

µ − µ0B − p2

2m

)]}

·
{

1 + exp

[

β

(

µ + µ0B − p2

2m

)]}

= Q0 (µ + µ0B) · Q0 (µ − µ0B) ,

where

Q0(µ) ≡
∏

p

{

1 + exp

[

β

(

µ − p2

2m

)]}

.

Thus

lnQ = ln
{

Q0(µ + µ0B)
}

+ ln
{

Q0(µ − µ0B)
}

.

Each contribution is given by

ln Q0(µ) =
∑

p

ln

(

1 + exp
[

β(µ − p2

2m
)
]

)

=
V

(2πh̄)3

∫

d3p ln
(

1 + ze−β p2

2m

)

=
V

h3

4πm

β

√

2m

β

∫

dx
√

x ln(1 + ze−x), where z ≡ eβµ,

and integrating by parts yields

ln Q0(µ) = V

(

2πmkBT

h2

)3/2
2√
π

2

3

∫

dx
x3/2

z−1ex + 1
=

V

λ3
f−
5/2(z).

The total grand free energy is obtained from

ln Q(µ) =
V

λ3

[

f−
5/2

(

zeβµ0B
)

+ f−
5/2

(

ze−βµ0B
)

]

,

as

G = −kBT ln Q(µ) = −kBT
V

λ3

[

f−
5/2

(

zeβµ0B
)

+ f−
5/2

(

ze−βµ0B
)

]

.

(b) The number densities of electrons with up or down spins is given by

N±

V
= z

∂

∂z
ln Q± =

V

λ3
f−
3/2

(

ze±βµ0B
)

,
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where we used

z
∂

∂z
f−

n (z) = f−
n−1(z).

The total number of electrons is the sum of these, i.e.

N = N+ + N− =
V

λ3

[

f−
3/2

(

zeβµ0B
)

+ f−
3/2

(

ze−βµ0B
)

]

(c) The magnetization is related to the difference between numbers of spin up and down

electrons as

M = µ0(N+ − N−) = µ0
V

λ3

[

f−
3/2

(

zeβµ0B
)

− f−
3/2

(

ze−βµ0B
)

]

.

Expanding the results for small B, gives

f−
3/2

(

ze±βµ0B
)

≈ f−
3/2 [z (1 ± βµ0B)] ≈ f−

3/2(z) ± z · βµ0B
∂

∂z
f−
3/2(z),

which results in

M = µ0
V

λ3
(2βµ0B) · f−

1/2(z) =
2µ2

0

kBT

V

λ3
· B · f−

1/2(z).

(d)The magnetic susceptibility is

χ ≡ ∂M

∂B

∣

∣

∣

∣

B=0

=
2µ2

0

kBT

V

λ3
· f−

1/2(z),

with z given by,

N = 2
V

λ3
· f−

3/2(z).

In the low temperature limit, (ln z = βµ → ∞)

f−
n (z) =

1

Γ(n)

∫ ∞

0

dx
xn−1

1 + ex−ln(z)

≈
T→0

1

Γ(n)

∫ ln(z)

0

dx xn−1 =
[ln(z)]

n

nΓ(n)
,

N = 2
V

λ3
· 4(ln z)3/2

3
√

π
, =⇒ ln z =

(

3N
√

π

8V
λ3

)2/3

,

χ =
4µ2

0V√
πkBTλ3

·
(

3N
√

π

8V
λ3

)1/3

=
2µ2

oV

kBTλ2
·
(

3N

πV

)1/3

=
4πmµ2

0V

h2
·
(

3N

πV

)1/3

.

Their ratio of the last two expressions gives

χ

N

∣

∣

∣

∣

T→0

=
µ2

0

kBT

f−
1/2

f−
3/2

=
3µ2

0

2kBT

1

ln(z)
=

3µ2
0

2kBT

1

βεF
=

3µ2
0

2kBTF
.
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In the high temperature limit (z → 0),

fn(z)
→

z→0

z

Γ(n)

∫ ∞

0

dx xn−1e−x = z,

and thus

N
→

β→0

2V

λ3
· z, =⇒ z ≈ N

2V
· λ3 =

N

2V
·
(

h2

2πmkBT

)3/2

→ 0,

which is consistent with β → 0. Using this result,

χ ≈ 2µ2
0V

kBTλ3
· z =

Nµ2
0

kBT
.

The result
( χ

N

)

T→∞
=

µ2
0

kBT
,

is known as the Curie susceptibility.

3/2k TF 1/k T

χ/Nµο
2 ∼ 1/k T

B B

B
χ/Nµο

2

3/2k TFB

(e) χ/N for a typical metal- Since TRoom � TF ≈ 104◦K, we can take the low T limit for

χ (see(d)), and

χ

N
=

3µ2
0

2kBTF
≈ 3 × (9.3 × 10−24)2

2 × 1.38 × 10−23
≈ 9.4 × 10−24J/T2.
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where we used

µ0 =
eh

2mc
' 9.3 × 10−24 J/T.

********

5. Fermi Energy, Fermi Temperature, & Heat Capacities

(a) Fermi temperature: Using g = 2 for spin 1/2 particles, and

εF =
h̄2

2m

(

3π2n
)2/3

, =⇒ TF ≡ εF

kB
,

we can construct the following table:

n(1/m3) m(Kg) εF (eV) TF (◦K)

electron 1029 9 × 10−31 4.4 5 × 104

nucleons 1044 1.6 × 10−27 1.0 × 108 1.1 × 1012

liquid He3 2.6 × 1028 4.6 × 10−27 ×10−3 101

(b) Heat capacity of phonon (solid) and electron gases: For an electron gas, TF ≈ 5×104◦K,

TF � Troom, =⇒ Celectron

NkB
≈ π2

2
· T

TF
≈ 0.025.

For the phonon gas in iron, the Debye temperature is TD ≈ 470◦K, and hence

Cphonon

NkB
≈ 3

[

1 − 1

20

(

T

TD

)2

+ . . .

]

≈ 3,

resulting in
Celectron

Cphonon
≈ 8 × 10−3.

********
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