8.333: Statistical Mechanics I Problem Set # 2 Solutions Fall 2003

Thermodynamics

1. Temperature Scales:
(a) The ideal gas temperature is defined through the equation of state

PV

The thermodynamic temperature is defined for a reversible Carnot cycle by

Thot o Qhot
Tcold Qcold

For an ideal gas, the internal energy is a function only of 6, i.e. E' = E(#), and

dQ:dE—dW:Cfl—jj-dOJrPdV

adiabatics AQ = 0)
! !

pressure P

volume V

Consider the Carnot cycle indicated in the figure. For the segment 1 to 2, which undergoes

an isothermal expansion, we have

NEpOhot
—

Hence, the heat input of the cycle is related to the expansion factor by

d0=0, = dQnoy=PdV, and P =

V2 dv Va
ot = Nkgbiot— = NkOpo:In | — | .
th v Bhtv BhtIl(Vl)
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A similar calculation along the low temperature isotherm yields

Va dv Vs
old = NkgOeota— = NkgOeoraln [ — |,
Q ld - B ld V B ld n<‘/4)

and thus
Qhot ehot In (VZ/‘/I)

Qcold B ecold In (VS/VZL) ’

(b) Next, we calculate the volume expansion/compression ratios in the adiabatic processes.

Along an adiabatic segment

dE Nkp6

1 E
v _ = .

v, V — Nkgb do

Integrating the above between the two temperatures, we obtain
Vs 1 [P 1dE
In({—=|=——+— —— - df d
. <V2) Nk Lcold oap M

Vi 1 Onot 1 dE
m(2) =~ L)
n <V1> Nkp /ecold s a0 Y

While we cannot explicitly evaluate the integral (since E() is arbitrary), we can nonethe-

less conclude that

Vi Vs
Vi Vs
(c¢) Combining the results of parts (a) and (b), we observe that
Qhot _ Hhot
Qcold ecold .
Since the thermodynamic temperature scale is defined by
Qhot _ Thot
Qcold Tcold ’

we conclude that # and T are proportional. If we further define (triple pointy,o) =

T (triple pointy,p) = 273.16, 6 and T become identical.
ok sk sk ok ok ok

2. Fquations of State:

(a) Since there is only one form of work, we can choose any two parameters as independent
variables. For example, selecting T" and V, such that £ = E(T,V), and S = S(T,V), we

obtain e
E=TdS — PdV =T —
d dS dVv o7

ar+ 722 av — pav.
14 aVT
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resulting in

oF 08

—| =T—| —P
ov |, ov |,
Using the Maxwell’s relation
os| _op
ov |y or|,
we obtain
oB| _ 0P|
ov |, or |,
P NE E
Since Tg—T y = TTB = P, for an ideal gas, g—v . =0.
Thus E depends only on T, i.e. E = E(T).
(b) If E = E(T),
oF oP
—| =0, = T—| =P
ovip 7 or |,

The solution for this equation is P = f(V)T, where f(V) is any function of only V.

(c) The van der Waals equation of state is given by

()

NkgT N2
p=__"B —) .
<v—Nb>”<V)

- (V = Nb) = NkgT,

or

From these equations, we conclude that

oCy
ov

_0E

Cv = o

_PB 0 [0
s OVOT 9T \© oT

| pher
v v oT?
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3. Clausius-Clapeyron Equation:

The Clausius-Clapeyron equation describes the variation of boiling temperature with pres-
sure. It is usually derived from the condition that the chemical potentials of the gas and

liquid phases are the same at coexistence, i.e.

,uliquid(Pa T) = ,ugas(P» T)»

_ 9y 8%L
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and
tiiquid(P 4+ dP,T + dT) = pigas(P + dP, T + dT).

From these equations, we conclude that along the coexistence line

Okg | _ O
dP _ p T |p
dr O ) pg | -

coX == — ==

oP T oP T

The variations of the Gibbs free energy, G = Nu(P,T) from the extensivity condition, are

given by
V = % , S=-— % .
OP |, orT | p
In terms of intensive quantities
Vo op S Ou
"“NToprly TN or|)

where s and v are molar entropy and volume, respectively. Thus, the coexistence line

satisfies the condition
dP

dT

_Sg—Sl Sy — 8

coX Vg - Vi Vg — Ul

(a) If we approximate the adiabatic processes as taking place at constant volume V' (vertical

lines in the P — V diagram), we find

W:%PdV:PV—(P—dP)V:VdP.
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Here, we have neglected the volume of liquid state, which is much smaller than that

of the gas state. As the error is of the order of

oV
P sd d O(dP?),

we have

W = VdP + O(dP?).
The efficiency of any Carnot cycle is given by

W To
77:—:1_—7
Qn Ty

and in the present case,
Qu=L, W=VdP, Ty=T, Tc=T-—dT.

Substituting these values in the universal formula for efficiency, we obtain the Clausius-

Clapeyron equation
Vdp  dT dP L

L 1 7 dr|,, TV

(b) The statement “At the sink L(T — dT') is supplied to condense one mole of water”
is incorrect. In the P — V diagram shown, the state at “1” corresponds to pure water,
“2” corresponds to pure vapor, but the states “3” and “4” have two phases coexisting. In
going from the state 3 to 4 less than one mole of steam is converted to water. Part of the
steam has already been converted into water during the adiabatic expansion 2 — 3, and
the remaining portion is converted in the adiabatic compression 4 — 1. Thus the actual

latent heat should be less than the contribution by one mole of water.

(c) For an ideal gas

_ NkpT dP LP dpP L

V — JEE— e — - =
P dT|.»  NkgT? © P~ Nkgl?

dT.

Integrating this equation, the boiling temperature is obtained as a function of the pressure

P, as

L
P=cC. SR
¢ P < kBTBoiling>
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(d) For T = —120°F = 189°K, and Ty = 80°F = 300°K, the limiting efficiency, as that
of a Carnot engine, is
Ty —1Tc
maz = ————— = 0.37.
n T

The output power, equal to (input power) x (efficiency), is

90 x 10%ons  1hr  1000kg 2.3 x 109J

’ — 13
hr 3600sec ton kg x 0.37 = 2 x 10 watts.

Power output =

Kokokoskokk ko

4. Glass:

(a) Since in the present context we are considering only chemical work, we can regard
entropy as a function of two independent variables, e.g. E, and N, which appear naturally
from dS = dE/T — udN/T. Since entropy is an extensive variable, A\S = S(AE,AN).

Differentiating this with respect to A and evaluating the resulting expression at A = 1,

gives
oS oS E Ny
EN)= —| E+ —| N=—=— —
S(E,N) oF |y +8NE T T’
leading to
_E-TS
=N

(b) Finite temperature entropies can be obtained by integrating dQ /T, starting from S(7" =
0) = 0. Using the heat capacities to obtain the heat inputs, we find

T dS.rysta NaT?3
Ccrystal = OéT3 = N#ﬂy - Scrystal = T,
T dSgiass
Cglass = ﬁT = N jé—, > Sglass = ﬁNT

(c) Since dE = TdS + pdN, for dN = 0, we have

dE =TdS = aNT?*dT (crystal),
dE =TdS = BNTdT (glass).

Integrating these expressions, starting with the same internal energy E, at T = 0, yields

N

E=FE,+ aTT4 (crystal),
N

E=FE,+ %TQ (glass).
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(d) From the condition of chemical equilibrium between the two phases, fierystal = Hglass

11 1 oT* BT
Z_Z).aT*=(1=-2).8T7T7 D
(3 4) “ ( 2) i, = =3 =5

we obtain

resulting in a transition temperature

60

Tmelt - -
(6%

(e) From the assumptions of the previous parts, we obtain the latent heats for the glass to
crystal transition as

al?
L = Tmert <Sgla35 - SCTyStCLl) = NTeit <ﬁTmelt - ;)nelt)

oT?
= NTZ,, (ﬁ - Tml) = NT2.,(8 = 28) = ~NBT2, < 0.

(f) The above result implies that the entropy of the crystal phase is larger than that of
the glass phase. This is clearly unphysical, and one of the assumptions must be wrong.
The questionable step is the assumption that the glass phase is subject to the third law
of thermodynamics, and has zero entropy at T' = 0. In fact, glass is a non-ergodic state of

matter which does not have a unique ground state, and violates the third law.
skokoksk ok skk ok



