8.333: Statistical Mechanics I Problem Set # 5 Solutions Fall 2003

Two—dimensional electron gas

1. Electron gas in a magnetic field:

(a) The Hamiltonian for non—interacting free electrons in a magnetic field has the form

N2
Goa)
= -+ B
or in expanded form
H=—+—p -A+ —A“+ ug|B|
2m  m

p? e - e /- 2
H=L+ "5 Bxcj’+—(B><(j) + up|B]
2m  2m 8&m
N *+6—2(B22—(§ *)Z)i 1B
= om Qmp q 3 q q uB

oM P . .
f="==21 "Bxg = p=mi--Bxq,
op m  2m 2

OH e 2 2 -
=2 5 B- S By —(B 7) B
P="%87 " Tom 4t

Differentiating the first expression obtained for p, and setting it equal to the second ex-

pression for p above, gives

mif— S5 x =~ (mij— S5 x §) x B— | B+ = (B.4) B
Simplifying the above expression, using B x q X B = B?q— (é - q ) é, leads to
mq=eB x q.
This describes the rotation of electrons in cyclotron orbits,
G= e x ¢,
where &, = eB /m; i.e. rotations are in the plane perpendicular to B.
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(b) Consider the classes of collisions described by cross-sections ¢ = o144 = o), and

ox = o1). We can write the Boltzmann equations for the densities as

S+ 0.1y = [ a0l — vl { 5 1G5 7GR ) = ARG+

dO‘X

m<>ﬁ@v—ﬁ@vmw}
and

af,

S 11} = [ Ppadflos — vl { 52 1G5 0102 ) = A+

do «

AL )~ 1D

(c) The usual Boltzmann H-Theorem states that dH/dt < 0, where

H= /d2qd2pf( ,t) In f(q, P, t).

For the electron gas in a magnetic field, the H function can be generalized to
H= /d2qd2p [frInfr + filnfi],

where the condition dH/dt < 0 is proved as follows:

%:/d%d? { i (In fr +1) + 8fl (In f, +1)]

= /qudzp (I fy +1) ({fr, Hi} +Cpp + Crp) + (In fy +1) ({f1, Hy 3+ Cy + Cre)l

with C41, etc., defined via the right hand side of the equations in part (b). Hence

dH

b7 :/d2qd2p(lnfT+1) (Cr14+Cry)+(Inf+1)(C +Cp)

- /d2qd2p (nfr +1)Crp+ (Infy + 1) C + (Infr + 1) Cryp + (In fy +1) Oy

= 22 g, 4+H
7t +dt( 1+ Hy),

where the H's are in correspondence to the integrals for the collisions. We have also made
use of the fact that [ d?pd?q{f;,H;} = [d*pd?q{f;,H,} = 0. Dealing with each of the
terms in the final equation individually,

dHzq
dt

do

= /dzqd2p1d2p2d9|vl —vg| (In f1 + 1) 70 (01 ) fr (P2 ') = fr(PL) fr(P2)] -
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After symmetrizing this equation, as done in lectures and notes,

% = —i /dzqd2p1d2p2d9|vl — vz\ [ln F1 (D)) fr(F2) —In fr (B ) fr (P )]
[fr(00) fr(02) — fr (0 ) fr (P2 )] < 0.

Similarly, dH || /dt < 0. Dealing with the two remaining terms,

dHyy
dt

do«

I/d2qd2p1d2p2dﬁlv1—vz\ [l fr (1) + 1] = [fr (01 ) 102 ) = f1(60) f1(52)]

. R )R ~ FiE )],

= /d2qd2p1d2p2dQ|v1 - 02\ [111 fT(ﬁl ) ]

where we have exchanged (py,p> <« p1 ', P2 /). Averaging these two expressions together,

dH
7” =3 / d?qd®p1 d>p2dQ|vy [hlfT(pl) In f1(p1 )]
‘ [fT(Pl)fl(pz) — fi(p /)fl(ﬁz /)] .
Likewise
dH
7“ =3 / d?qd®p1 d>p2dQ|vy [lnfl(pZ) In f| (P2 )]

: [fl(p2)fT(p1) — fim2 (o )]

Combining these two expressions,

d
pr (Hy +Hjp) = —21 /qud2p1d2p2d§2|vl — vg\

(o f1(p1) f1(P2) — In fy (P ") f1 (P2 7)) [fT(p1>fl(p2) = 101 ) fi(p2 )] < 0.

dO‘X

Since each contribution is separately negative, we have

dd  dHyy dHy) d

— =—+ —=+ —(H H;) <0.

i~ @ " ar g tH)s
(d) For dH/dt = 0 we need each of the three square brackets in the previous derivation to be
zero. The first two contributions, from dH;| /dt and dH || /dt, are similar to those discussed
in the notes for a single particle, and vanish for any In f which is a linear combination of

quantities conserved in collisions

In foo = 3 a8 (@) (7)



where « = (T or |). Clearly at each location ¢, for such f,,

In fo (p1) +In fo(p2) = In fo(P1 /) +In fo (P2 ,)'

If we consider only the first two terms of dH/dt = 0, the coefficients a(§) can vary
with both ¢ and @« = (T or |). This changes when we consider the third term
d(Hy| +Hjq) /dt. The conservations of momentum and kinetic energy constrain the cor-
responding four functions to be the same, i.e. they require a!(q) = a}(q). There is,
however, no similar constraint for the overall constant that comes from particle number
conservation, as the numbers of spin-up and spin-down particles is separately conserved,
i.e. a)(q) = a}(q). This implies that the densities of up and down spins can be different in

the final equilibrium, while the two systems must share the same velocity and temperature.

(e) The Boltzmann equation is

Ofa
6—'}; = {fomHoz} +Co¢o¢ +Cozﬁ:

where the right hand side consists of streaming terms {f,,Ha}, and collision terms C.
Let I; denote any quantity conserved by the one body Hamiltonian, i.e. {I;,H,} = 0.

Consider f, which is a function only of the I’s

fa = fa (I17]27"')‘

Then
Ofa

{fonHoz}: 8—Ij{Iijoz}:0'

(f) Conservation of momentum for a collision at ¢
(Pr +p2) = (1 "+ P2 ),
implies
qx (Pr+p2) =qx (P +p2"),
or
Li+Ly=Li'+Ly/,

where we have used L; = ¢ X p;. Hence angular momentum L is conserved during colli-

sions. Note that only the z—component L, is present for electrons moving in 2—-dimensions,
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qd = (x1,72), as is the case for the electron gas studied in this problem. Consider the Hamil-

tonian discussed in (a)

2 2
e , = _ e

2.2 (B2 5
2+ — (B2 = (B-9)?) + up|Bl.

Let us evaluate the Poisson brackets of the individual terms with L, = ¢ x p’ |, . The first

term is
{|p| »q X p} = Eijk {pzpl,il?jpk} = 5ijk2pla—xl(xjpk) = 2expipr = 0,

where we have used e;;.p;pr = 0 since p;pr = prp; is symmetric. The second term is

proportional to L,
{ﬁx B-q LZ} = {B.L.,L.} = 0.

The final terms are proportional to ¢?, and {qQ,J X ﬁ} = 0 for the same reason that
{p?.7x p'} =0, leading to
{H,ixp} =0.

Hence angular momentum is conserved away from collisions as well.

(g) The most general form of the equilibrium distribution functions must set both the
collision terms, and the streaming terms to zero. Based on the results of the previous

parts, we thus obtain
fa =Aqexp[—BHa — VL]

The collision terms allow for the possibility of a term —-p in the exponent, corresponding
to an average velocity. Such a term will not commute with the potential set up by a
stationary box, and is thus ruled out by the streaming terms. On the other hand, the
angular momentum does commute with a circular potential {V(q), L} = 0, and is allowed

by the streaming terms. A non—zero v describes the electron gas rotating in a circular box.

(h) Scattering from any impurity removes the conservation of p, and hence E, in collisions.
The v term will no longer be needed. Scattering from magnetic impurities mixes popula-
tions of up and down spins, necessitating A} = A|; non-magnetic impurities do not have

this effect.

(i) Conservation of angular momentum is related to conservation of p, as shown in (f),

and hence does not lead to any new equation. In contrast, conservation of spin leads to
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an additional hydrodynamic equation involving the magnetization, which is proportional

to (ny —ny).
ok sk sk ok ok ok

2. The 2-dimensional Lorentz gas is described by the Hamiltonian

N g2
H=Y [ u@)|.
=1

where U(q') describes collisions with a uniform density n, of fixed hard circles of radius a.

(a) As in lectures, let b denote the impact parameter, which (see figure) is related to the

angle 0 between p’ and p by

—_y
p bI
b(0) :asinw_g :acosg.

The differential cross section is then given by
.0
do = 2|db| = asin §d9.
Hence the total cross section

™ 0 9 T
Otot = / dfasin — = 2a [— cos —} = 2a.
0 2 2],

(b) The corresponding Boltzmann equation is

of 7 of = Of

o Tm o T oy
= [a0% B s )+ 1601 = "2 [ a0 15") - 1) = C U@,



(¢) Using the definitions F = —dU /84,

w@t) = [Ea@ne.  wd  G@0) = s [ Er@ e,
we can write
d p 0 ~ 0 do |p
G e = [ o) |- 2 - 7S [anS Pl (79 - 50

Rewriting this final expression gives the hydrodynamic equation
0 0 D - ox
il . Ll —F. ZANY
o+ g (n () =7 ()
(d) Using x = 1 in the above expression

o 9 F\\

In terms of the local density p = mn, and velocity @ = (p/m), we have

0 0
Z ot — - (pil) = 0.
(e) With the kinetic energy x = p?/2m as a conserved quantity, the equation found in (c)
O (mn ;o 9 n | pp? _ B ()
5t (3 (P1) + 52 (§<aa =)

Substituting p/m = @ + ¢, where (¢) = 0, and using p = nm,

gives

% [gzﬂ + g <c2>} + 6%' [g (il + ) (u® + ¢ + 2ii - 5)>] - %ﬁ-ﬁ
From the definition e = p (¢?) /2, we have
= [guz -1—5] + 6%' [g (@u® + i () + (&?) + 2 - (55>)} - %ﬁ i
Finally, by substituting & = p (Z¢?) /2 and Pag = p (cacs) , We get
% [gu2+6] + a%- [ﬁ<gu2+s) +H] + %(uﬁpag) - %ﬁ-ﬁ
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(f) There are only two quantities, 1 and p?/2m, conserved in collisions. Let us start with

the one particle density

p? 1
2mkpT(q, t)} 2rmkpT(q,t)’

— - 9
ﬁ:<£> —0, and h:<£3> P _o,
m/, mm 02

since both are odd functions of p, while f¢ is an even function of p, while

FO5,d.t) = n(, 1) exp {—

Then

n

n
Pug = p(cacs) = — (papp) = Eéaﬁ -mkpT = nkpTd.a.

m
Substituting these expressions into the results for (c¢) and (d), we obtain the zeroth—order

hydrodynamic equations

dp

o =

O _0p o _
ag—a§ C>—O

The above equations imply that p and € are independent of time, i.e.
p=n(q7), and e=kgT(q),

or
2

~n(q) p
1= 2mmksT(7) P {_ 2kaT(q")] '

(g) The single collision time approximation is

The first order solution to Boltzmann equation

f=r"0+9)),
is obtained from .
E[fO}__M,
T
* 0 0 0
_ i . N 0 ﬁ_ o, @ 9 0
g = Tfoﬁ[f}— T 6t1nf +m Bq_'lnf + F 6ﬁlnf



Noting that

2
In fo = _QmZ;{:BT +Inn—InT — In(2rmkp),

where n and T are independent of ¢, we have d1n f°/9t = 0, and

—

- —p p [lon 10T p? 0T
9= T{F (kaT)+ {n@q T8q+

kaBTQaJ
_ 7 (1o 10T p? 0T F
T Ym \ 07 T o7 " 2mkgT? 07 kgT | [
(h) Clearly [d?qf°(1+g) = [d?*qf° =n, and
_/ba\ _ 1 a2 Pa 4o
ua—<m>—n/ (L +g)

1 o 1 InT F 2 T
:—/dep— _ bs Olnp OlnT  Fp L P 9 1.
n m m \ Oqg Oqs kT = 2mkpT? 0qg

Wick’s theorem can be used to check that

<po¢pﬁ> = 5aﬁkaT

<p pap5>0 (mkpT)? (2003 + 2008] = 45a5(kaT)2

resulting in

nrt

0 p 1 oT
o0=——0a8kBT | =— In [ = —F 2kp——10,3] -
b p [ p¥B ((9(15 n(T) kgT ﬁ) + B8Q5 4

Rearranging these terms yields

Pl = NT {Fa — ]cBTai In (pT)} .

«

(i) The velocity response function is now calculated easily as

ou, nT

aB = —— = _604 .
Xap = 3 Fs P B
(j) The first order expressions for pressure tensor and heat flux are

Pozﬁ - % <po¢pﬁ> = 5OzﬁnkBT7 and 51P04ﬁ = O’

P TP Pi
ha = o3 <Pap2> =T o3 <Pap2— (Gi + bip2)>0 .
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The latter is calculated from Wick’s theorem results

<pipap2> = 46,4 (mk‘BT)2 , and
(pipap®p?) = (mkpT)® [Bai(4+2) + 4 X 200 + 4 X 200i] = 2200,

as
pT 2of O . p = 22(mkgT)® 0
hoe = —=— kpT)" | =— In—= — F InT
2m? [(m »T) (6% ' )+ omkyT  Oqe
oT

Substitute these expressions for P, and h, into the equation obtained in (e)

9 [BUQ + e] + 9 . [ﬁ <£u2 + e) — 11nkQBTT(?9—§,

a — —_—
ot L2 a7 |“\2 } + g (@nksT) =

r
m

Kok skskookookok ok
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