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Anisotropic Elastic Interactions of a Periodic Dislocation Array
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A method for calculating the anisotropic elastic energy of a dislocation dipole in a periodic cell is de-
rived in which the infinite image summation is absolutely convergent. The core energy of a screw disloca-
tion in Si, extracted from atomistic simulation, is shown to be manifestly system size invariant. Existence
of special cell geometry where complete cancellation of elastic interactions occurs is demonstrated.
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Periodic boundary conditions (pbc) are ubiquitous in
describing crystalline states theoretically and computa-
tionally, its fundamental appeal being that translational
invariance of the infinite crystal is naturally preserved.
Where long-range fields are present, whether electrostatic
as in Coulomb interaction between charges or elastic as
in strain-producing dislocations, one encounters an infi-
nite sum of image interactions which is only conditionally
convergent. In the case of dislocations, the problem has
been solved by summing dislocation walls for edge dislo-
cations [1–3] and performing fast multipole calculations
[2] or Ewald-like summations for screw dislocations [4].
However, all the proposed methods are applicable only to
isotropic media, leaving the effects of anisotropy without
scrutiny.

In this Letter we describe a new method for calculat-
ing the elastic energy of a periodic array of dislocation
dipoles that is applicable to anisotropic media. By find-
ing the reversible work to create a dislocation dipole from
a perfect lattice in a periodic simulation cell, we obtain
an expression for the elastic interaction that is manifestly
absolutely convergent. Comparing the image interactions
thus obtained with the infinite summation previously en-
countered, we show that the problem of conditional conver-
gence arises from the average stress generated by the array
of image dipoles, a mean-field-type elastic energy that has
been overlooked heretofore. We extract a self-consistent
core energy of the shuffle-set screw dislocation in Si from
atomistic calculations and demonstrate its invariance to
system size effects, a result which would not be obtained if
elastic isotropy had been assumed. Furthermore, we show
that an optimum simulation cell geometry (aspect ratio)
exists for which there is complete cancellation of the elas-
tic interactions, an effect that also does not arise without
accounting for crystal anisotropy.

Consider an atomistic simulation cell for dislocation
core energy calculations that is periodic along �c1, �c2, and
�c3 directions, and contains a dislocation dipole with Burg-
ers vector 6 �b, as shown in Fig. 1. The dislocation lines are
parallel to �c3 and are separated from each other by �a. The
total energy Eatm, in excess of that of the perfect periodic
0031-9007�01�86(25)�5727(4)$15.00
lattice, obtained from a fully relaxed atomistic calculation
can be separated into core and elastic contributions [5],

Eatm � 2Ecore 1 Eprm 1 Eimg , (1)

where Ecore is the core energy of each dislocation, Eprm
represents the linear elastic interaction between the two
dislocations in the primary simulation cell, and Eimg rep-
resents the interaction between the primary dipole and all
the periodic images. The sums of Eprm and Eimg consti-
tute the elastic interactions, Eel. For the sake of simplicity,
we assume �c3 has length unity, so that all the energies are
normalized per unit length of dislocation.

For a screw dipole and assuming isotropic elasticity
Eprm is known [6], Eprm � mb2��2p� ln�j �aj�rc�, where m

is the shear modulus and rc is the core cutoff radius. The
problem of extracting Ecore from Eatm therefore reduces
to determining Eimg. Following current practice [5,7] one
regards the effect of pbc as introducing an infinite array of
image cells (see Fig. 1), and treats Eimg as the total interac-
tion between the primary dipole and all the image dipoles,
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FIG. 1. Schematic of an atomistic simulation cell (solid rect-
angle) containing a dislocation dipole with Burgers vector 6 �b
and separated by �a under pbc along �c1, �c2, and �c3 (out of
plane). To facilitate calculation of the image energy, we in-
troduce “ghost” dislocations (in white) at the cell boundaries.
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where the summation runs over �R � m �c1 1 n �c2, m and
n being integers, and �R fi 0. Edd� �R� denotes the interac-
tion between the primary dipole and an image dipole at
position �R. For screw dislocations in isotropic medium,
Edd� �R� � mb2��2p� ln�j �R 1 �aj ? j �R 2 �aj�R2� [8]. We
denote Eq. (2) as E0

img to indicate that this summation is
not absolutely convergent, since Edd � R22 for large R.
The cancellation of terms having opposite signs makes the
summation conditionally convergent [3], its value depend-
ing on the ordering of the summand. Similar problems,
namely, the Madelung summation [9,10], arising in sum-
ming Coulomb interactions of dipole lattices, are typically
treated using the Ewald method [11].

In our treatment of the elastic interactions, the issue of
conditional convergence does not arise. By evaluating the
reversible work to create a dislocation dipole in the peri-
odic cell, we obtain an expression for the elastic interaction
energy in terms of the stress field s��r� in the final configu-
ration,

Eel � 2
1
2

Z
dAj bis

0
ij��r� 1

1
2

Ss2V , (3)

where the integral extends over the area enclosed by the
dislocation dipole, s � �s��r��V is the stress averaged over
the cell volume V , s0��r� � s��r� 2 s, and S is the elastic
compliance tensor.

Equation (3) is our central result; it follows from the
combination of two steps, first creating a perfect lattice
under stress s̃ and then creating a dislocation dipole by
making a cut on a surface (under stress) and displacing
the two sides of the surface relative to each other. In
the second step, an internal plastic strain e

p
ij � �biAj 1

bjAi��2V is induced in the cell. Since the total strain is
constrained to be zero, the plastic strain is counterbalanced
by an internal elastic strain e

e
ij � 2e

p
ij . The resulting

change in the average stress in the cell is then given by

sx
ij � sij 2 s̃ij � Cijkle

e
kl � 2CijklbkAl�V , (4)

where C � S21 is the elastic constant tensor. This leads
to the identity �biAj 1 bjAi��2 � 2Sijkls

x
klV . The asso-

ciated work for the two steps is, respectively,

DW1 �
1
2

Ss̃2V �
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S�s 2 sx�2V , (5)
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(6)

whose summation adds up to Eq. (3). The elastic en-
ergy is therefore composed of a defect contribution, which
depends only on the stress field variation s0��r�, and a
bulk contribution varying quadratically with the average
stress s.
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One can express s0��r� as the summation of variations
in the stress due to the individual dislocation dipoles.
Denote the stress field of a dipole at �R by s

dipole
ij ��r 2 �R�;

this summation is absolutely convergent since the stress
difference between two field points decays as R23. To
connect with the existing approach mentioned above,
we note that the integral of the stress field of one
dipole over the region enclosed by the primary dipole
equals to minus the interaction between the two dipoles,
so that Eprm � 2

1
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R
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dipole
ij ��r 2 �R�. It then follows that Eimg can

be rigorously written as

Eimg �
1
2

X
�R

0
Edd� �R� 1

1
2

Ajbis
err
ij 1

1
2

Ss2V ,

(7)

where s
err
ij � �

P
�R s

dipole
ij ��r 2 �R��V , and the summation

here involves the same collection of image dipoles as in
the first term of Eq. (7) plus the primary dipole contribu-
tion � �R � 0�. Equation (7) shows that what is missing in
Eq. (2), besides a term describing the bulk stress effect,
1
2Ss2V , is a dipole correction 1

2Ajbis
err
ij , which is 21�2

of the interaction between the primary dipole and the av-
erage stress introduced by the primary and image dipoles.
This is similar to that derived by Wolf [12] in treating
Coulomb interaction summations in electric dipole lattices.
The correction is nonzero only if the primary cell contains
a nonzero dipole moment [13]. If one can group every
two neighboring cells to form a dislocation quadrupole ar-
ray [14], its image summation is then free from this dipole
correction.

One can show that the dipole correction can be exactly
canceled by introducing a set of specially chosen “ghost”
dislocations to interact with all the dipoles. This is analo-
gous to the fictitious charges introduced in [15] to cancel
the dipole correction in the lattice of electric dipoles. As
shown in Fig. 1, ghost dislocation with Burgers vector a �b
can be placed at �c1�2, 2a �b at 2�c1�2, b �b at �c2�2, and
2b �b at 2�c2�2, with a, b satisfying �a � a �c1 1 b �c2. In
this way Eimg becomes

Eimg �
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where Edg� �R� represents the interaction energy between
a dislocation dipole (at offset �R) and the ghost disloca-
tions. The summation in Eq. (8) is absolutely conver-
gent because the ghost dislocations have exactly the same
dipole moment as the primary dipole, so that Edd� �R� 2

Edg� �R� � R23 for large R. Since Eq. (8) does not depend
on the explicit form of dislocation interactions, our method
is applicable to dislocations of any character in a general
anisotropic elastic medium.
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We apply our method to extract the core energy of a
shuffle-set screw dislocation in Si from atomistic calcula-
tions [16] using the Stillinger-Weber (SW) [17] potential.
Figure 2(a) shows the variation of the total energy
per unit dislocation length �Eatm� with cell dimension �c1,
while �c2 is fixed at 3�111�. For a given simulation cell, we
calculate the corresponding elastic energy Eprm 1 Eimg
through Eq. (8) and use sextic anisotropic elasticity theory
for individual dislocation interaction energies [18]. The
anisotropic elasticity results, Eq. (3), are seen to fall on
a straight line with a slope that agrees with the atomistic
result to within 0.5%. This agreement between atomistic
and anisotropic linear elasticity results is significant
because there are no adjustable parameters in either
calculation, in contrast to previous studies [3,5]. The
difference between the two gives the core energy Ecore �
0.526 6 0.002 eV�Å, at rc � b � 3.84 Å, which is
manifestly independent of �c1. A previous calculation
using first principles method and isotropic elasticity
theory [5] has given Ecore � 0.56 6 0.21 eV�Å using the
same rc. First principles method is supposed to be more
accurate than empirical potentials in obtaining the atom-
istic energy, while anisotropic elasticity is more accurate
than isotropic elasticity in estimating the image energy.
In view of this and considering the large error bar in the
previous work, one cannot conclude much at this stage.

In Fig. 2(b) we directly compare the two sides of
Eq. (1) by fixing �c1 at 4�112 � and varying �c2 from 2 to
10�111�. The atomistic result agrees very well with the
sum of anisotropic elasticity results plus 2Ecore obtained
from Fig. 2(a), except at the smallest �c2 �2�111�� , where
the dislocation cores overlap with their own image and
linear elasticity is expected to break down. This is a direct
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FIG. 2. (a) Variation of atomistic (�) Eatm and linear elastic
(anisotropic � and isotropic �) Eel energies of a shuffle-set
screw dislocation dipole in a pbc cell of Si [16] with �c1 at �c2 �
3�111�. Predictions of 2Ecore are shown in dashed and dotted
lines, respectively. (b) Variation of Eatm with �c2 at �c1 � 4�112 �.
Atomistic simulation results are shown as �, while anisotropic
elastic results for Eel plus 2Ecore obtained from (a) are shown
as �.
confirmation of Eq. (1) as the proper way to define the
core energy of a dislocation.

To bring out the effects of elastic anisotropy, we repeat
our calculation by assuming elastic isotropy [20]. The re-
sults, shown in Fig. 2(a), also follow a linear variation with
a slope that is now 14% larger than the atomistic calcula-
tion. One could try “improving” the isotropic elasticity
estimate by replacing the shear modulus m by an energy
prefactor K [4], with K taken from an anisotropic expres-
sion of screw dislocation self-energies [20], but the result-
ing slope is still too large by 8%. Alternatively one could
treat m as a free parameter [3,5] to obtain a best fit with
atomistic data. Such a procedure leads to a core energy of
Ecore � 0.532 6 0.002 eV�Å.

We have also performed similar calculations for edge
dislocations in a bcc metal Mo [21], and find similar
behavior as in Fig. 2(a). The core energy predicted by
anisotropic elasticity is Ecore � 0.324 6 0.002 eV�Å, at
rc � b � 2.7256 Å. On the other hand, using m as a
free parameter, isotropic elasticity gives Ecore � 0.382 6

0.002 eV�Å, significantly different from anisotropic re-
sults. Thus dislocation core energies obtained under the
assumption of elastic isotropy can be in appreciable error
even when the energy prefactor is fitted to atomistic data.

While we have emphasized that proper atomistic cal-
culations should give results independent of system size,
a question of practical interest is whether there exists an
optimum cell geometry for which the elastic interactions
are minimized. Consider a simulation cell [Fig. 3(a)] con-
taining an edge dislocation dipole at separation �a � �c2�2
which can only glide along �c1. The system energy is then
a periodic function of their relative displacement x along
the �c1 direction, the energy barrier being a result of an
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FIG. 3. (a) Schematic of the total energy variation with relative
displacement x, DE being the maximum. (b) Variation of DE
with cell aspect ratio c2�c1 for edge dislocations in Mo [21].
Anisotropic elasticity predicts DE � 0 at c2�c1 � 2.918 (�).
Isotropic elasticity predicts a monotonic decrease of DE with
increasing c2�c1 (�). Atomistic simulations with c1 � 15, 20,
and 30�111� are shown as 3, �, and 1, respectively.
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oscillatory image stress field superimposed on any applied
external stress. Linear elastic considerations show that the
energy variation has extrema at x � 0 and x � c1�2, so
that DE � E�x � 0� 2 E�x � c1�2�, a function only of
the cell aspect ratio, is an appropriate measure of the inter-
nal dislocation interaction. For dislocation mobility simu-
lations [23] a minimum value DE is desirable for obtaining
an accurate relation between the dislocation velocity and
the applied stress.

Results for the energy barrier determined separately by
isotropic and anisotropic elasticity calculations are com-
pared in Fig. 3(b). One sees the former clearly decreases
monotonically with increasing aspect ratio without becom-
ing negative, whereas the latter vanishes at the value of
c2�c1 � 2.918. Also shown in Fig. 3(b) are direct atom-
istic simulation results for the energy barrier for three cell
sizes, showing a converging behavior toward the elasticity
result.

The vanishing of the energy barrier at the special
aspect ratio implies a complete cancellation among the
primary and image interactions, thus allowing unhindered
dislocation glide in the pbc simulation cell. Direct
atomistic simulations confirm that DE indeed is greatly
reduced at a cell geometry close to the predicted c2�c1.
For example, at �c1 � 20�111� and �c2 � 64� 101�, simu-
lation gives DE � 0.091 meV�Å, corresponding to a
maximum internal stress of about 0.3 MPa. In contrast,
typical stresses applied in mobility simulations are in the
range of 10–1000 MPa [23].

It may appear that the atomistic results in Fig. 3(b) indi-
cate a significant size dependence. Indeed, a contributing
factor could be the higher order (e.g., �1�r) terms in the
elastic interactions. On the other hand, it should be noted
that the energy scale in this figure is about 2 orders of mag-
nitude smaller than typical values for migration barriers for
dislocations, so the effect here is rather small. Neverthe-
less we believe the existence of special geometries, arising
from elastic anisotropy, for which DE � 0 is quite gen-
eral, and it is indeed confirmed by our results for a screw
dislocation in Mo.
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