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Recent advances in nanotechnology have stimulated novel
applications in biomedicine where nanoparticles (NPs) are used
to achieve drug delivery and photodynamic therapy. In
chemotherapeutic cancer treatment, tumor-specific drug delivery
is a topic of considerable research interest for achieving enhanced
therapeutic efficacy and for mitigating adverse side effects. Most
anticancer agents are incapable of distinguishing between benign
and malignant cells, and consequently cause systematic toxicity
during cancer treatment. Owing to their small size, ligand-coated
NPs can be efficiently directed toward, and subsequently
internalized by tumor cells through ligand–receptor recognition
and interaction (see Fig. 1), thereby offering an effective approach
for specific targeting of tumor cells. For example, branching
dendrimers have recently been identified as potential candidates
for site-specific drug carriers.[2] NPs have also been exploited in
other biomedical applications such as bioimaging[3,4] and
biosensing.[5,6] It has been demonstrated that florescent quantum
dots are efficient in tumor cell imaging, recognition, and
tracking,[3,4] and that gold NPs are capable of detecting small
proteins.[5,6] To enable rational design of such NP-based agents, it
is essential to understand the underlying mechanisms that
govern the transmembrane transport and invagination of NPs in
biological cells. In this communication, we present a thermodynamic model for receptor-mediated endocytosis of ligandcoated NPs. We identify an optimal NP radius at which the
cellular uptake reaches a maximum of several thousand at
physiologically relevant parameters, and we show that the cellular
uptake of NPs is regulated by membrane tension, and can be
elaborately controlled by particle size. The optimal NP radius for
endocytosis is on the order of 25–30 nm, which is in good
agreement with prior estimates.[7]
Theoretical models[7–11] have provided insights into the
dynamics of receptor-mediated endocytosis based on energetic
and kinetic considerations, primarily in the context of virus

budding. Lerner et al.[8] argued that the discreteness of
membrane wrapping via ligand-receptor binding results in a
corrugated energy landscape for NP wrapping, which governs the
kinetics of endocytosis. In contrast, Gao et al.[7] proposed that the
endocytic rate is limited by the diffusion of receptors toward the
NP. They predicted that NPs with a radius of approximately 25 nm
have the shortest internalization time of about 20 minutes, which
appears to be consistent with certain experimental data.[12–14]
The aforementioned models have attempted to rationalize the
mechanisms of receptor-mediated endocytosis from a kinetic
point of view and have sought to address the question of ‘‘how
fast’’ a single NP can be transported into the cell. In this work, we
address an equally important question to the realization of
NP-based cell type-specific targeting units, namely, ‘‘how many’’
NPs can be endocytosed in a sufficiently long period? The
question is important for a range of medical and biological
applications of NPs, including the maximum numbers of
proteins tagged when NPs are used to protein targeting, and
the maximum drug-delivery capability when NPs are used to
internalize drug molecules. We approach the problem from a
different viewpoint by invoking thermodynamic arguments. In
order to develop a quantitative framework for this problem, we
consider a cell immersed in a solution with dispersed ligandcoated NPs. Driven by the chemical potential difference of the
adherent and suspended NPs, the many-NP-cell system reaches a
thermodynamic equilibrium at which a certain number of NPs
are endocytosed. The existence of the thermodynamic equilibrium is suggested by recent experiments where the cellular
uptake of NPs increases at the initial stage of cell incubation, and
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Figure 1. Confocal fluorescent images of 9L glioma cells.[1] The cellular
membranes are green and the nuclei are blue. Red dots are iron oxide
nanoparticles functionalized with chlorotoxin, a glioma tumor-targeting
molecule, and the near-infrared fluorophore Cy5.5. Reproduced with
permission from [1]. Copyright 2005 American Chemical Society.
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Figure 2. Schematics of adhering NPs wrapped by cell membrane with
different degrees of wrapping; some are endocytosed.

reaches a plateau within several hours.[15,16] In experiments, NP
density in the bulk solution is taken as an adjustable parameter
that thermodynamically controls the number of adsorbed NPs
onto the cell membrane.[11,17] Consideration of the detailed
mechanisms of this adsorption process itself is beyond the scope
of the present study. Instead, we assume that depletion of NPs in
the vicinity right outside a cell can be ignored and N NPs adhere
to the cell surface through specific interactions via reversible
ligand–receptor binding. Upon attaining thermodynamic equilibrium, the N NPs are wrapped by the cell membrane with
different degrees of wrapping; some of them are fully wrapped
and endocytosed, as schematically shown in Figure 2. We assume
that a finite number of receptors exists on the cell membrane,
with an average density j0. We denote the cross-sectional area of
the receptor
pﬃﬃﬃﬃﬃﬃ A0, and hereafter use it as unit area. Correspondingly,
L  A0 is taken as unit length. For a typical transmembrane
receptor, L  15 nm.[10] The NPs are assumed to be spherical in
shape and coated with ligands on their surfaces. For a given
radius of NPs, R, the maximum number of receptors accessible
by an NP is K ¼ 4pR2/A0; K is also the surface area of the NP in
the unit of A0. The ligands coated on the NP surface are assumed
to be immobile and specific to the transmembrane receptors,
while the receptors are free to diffuse on the cell membrane. We
denote by M the total area of the plasma membrane of a cell (in
the unit of A0) to which NPs adhere; M is therefore regarded as
the total number of sites accessible by receptors. The surface
concentration of NPs is then c ¼ N/M. We characterize the degree
of wrapping by the fraction of wrapped area, h ¼ k/K. Thus, h ¼ 0
corresponds to the completely naked state, h ¼ 1 to the fully
wrapped state, and 0 < h < 1 to the partially wrapped state. The
wrapped area k is treated as an integer in the range of [0, K], in
accordance to the discrete nature of wrapping: each binding of a
ligand–receptor pair corresponds to a unit area advance of
wrapping.
When binding occurs between a ligand–receptor pair, the
released chemical energy m drives the local wrapping of the
membrane around a NP at the cost of elastic deformation energy
of the membrane. According to the classical Canham–Helfrich
theory,[18] the elastic-deformation energy includes the bending
energy due to curvature formation and the stretching energy due
to lateral membrane tension. At a specified degree of wrapping h,
the bending and stretching energies stored in the membrane
segment adhering to the NP are 8pkh and khs, respectively,[19]
where k is the normal bending rigidity with units of energy and s
is the membrane tension. For partially wrapped NPs (0 < h < 1),
the strongly curved membrane detaching from the contact of the
NP contributes an additional deformation energy L, which was
found to depend on two dimensionless variables,[19] h and

s~ ¼ sR2/k, i.e., L ¼ L(h; s~ ). As h reaches a critical value close to
unity, the highly curved free membrane is energetically
unfavorable.[20] As a result, pinch-off reaction takes place,
followed by the host membrane fusion. The pinch-off reaction
results in a topology change of the configuration which, according
to the Gauss–Bonnet theorem, leads to an increase of 4pk in
Gaussian bending energy, with k representing the Gaussian
bending rigidity of the cell membrane.
At thermodynamic equilibrium, the receptors are partitioned
into two groups. The receptors in the first group are diffusible
within the free membrane regions, while the receptors in the
second group are densely packed on NP surfaces via ligand–receptor binding, forming curved membrane regions that wrap
the NPs with different degrees of wrapping. To describe the
wrapping-size distribution of N NPs, we adopt the notations set
by Tzlil et al.,[10] and denote by nk the number of NPs whose
wrapped area is k. Thus,

N¼

K
X

nk :

(1)

k¼0

Note that the state k ¼ K corresponds to the endocytosed state.
Therefore, the subgroups considered in Equation 1 include both
internalized NPs and NPs on cell surface. The total bound area
Mb is

Mb ¼

K
X

knk ;

(2)

k¼0

leaving out a free membrane area Mf ¼ M  Mb.
Corresponding to the wrapping-size distribution of NPs
described in Equation 1, a total free energy functional for the
many-NP-cell system takes the following form:

W ¼ Mf ½jf ln jf þ ð1  jf Þ lnð1  jf Þ
þM
Pb ½jb ln jb þ ð1  jb Þ lnð1  jb Þ
þ Pnk ½ln nk =M  1  mLb þ ^kMb
þ nk ðLk þ Gk Þ þ 4pknK

(3)

where jb and jf represent the densities of the bound and free
receptors, respectively. By definition, jb ¼ Lb/Mb and jf ¼ Lf/Mf,
where Lb and Lf are the numbers of bound and free receptors,
respectively. In the above free energy functional (and hereafter),
all the energy quantities are denoted in units of the thermal
energy kBT. The first three terms are entropic contributions: the
first two terms are the translational entropies of the bound and
free receptors, respectively, and the third term accounts for the
configurational entropy of the 2D mixture of wrapped NPs,
treated here as a multicomponent ideal gas. The next four terms
are energetic contributions: –mLb is the chemical energy release
^ b is the total
upon the binding of Lb ligand–receptor pairs; kM
bending energy, where k^ ¼ 8pk/K is the bending energy density
(per unit area). The third energetic term lumps over the stretching
energy of the bound membrane Gk ¼ khs and the energy Lk of the
curved free membrane detaching from the NP. The energy Lk is
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evaluated based on the assumption that the spacing between
neighboring NPs is sufficiently large so that their elastic
deformation fields only weakly interact with each other.
Numerically determining Lk involves solving a series of ordinary
differential equations using the shooting method.[19] The last
term accounts for the energy variation caused by the topological
change due to pinch-off reaction.
The choice of the parameters involved in the thermodynamic
model is guided by experimental data whenever possible. The
bending rigidity k is typically on the order of 20kBT.[18] The
ligand-receptor binding energy m is assumed to be comparable to
the typical antibody–antigen interaction, which is also on the
order of 20kBT.[21] Experiments have revealed that endocytosis
may be clathrin-dependent, where clathrin coats generate a
membrane curvature for wrapping of NPs. The present model is
applicable to both clathrin-dependent and clathrin-free endocytic
mechanisms. For the former case, the effects of clathrin coats can
be included by regarding the energy supplied by clathrin coats as
a part of the ligand–receptor binding energy. The density of the
receptors is typically 100–400 receptors per mm2.[22,23] Converting
to the present units, j0 ranges from 0.02 to 0.1. We note that the
receptors internalized by NP endocytosis may be recycled back to
the host membrane; they may also be degraded in the endosomes
and lysosomes. In addition, new receptors may be produced and
diffuse to the cell membrane. The precise amount of receptors
involved in these processes is currently unknown. In the present
study, we assume that j0 is a constant. However, we anticipate that
these effects can be appropriately incorporated in the theoretical
model through a parametric study of the density of receptors on
cell membrane. Due to lack of sufficient experimental data, the
Gaussian bending rigidity k is unknown, and here taken to be
zero unless otherwise mentioned. One should note, however, that
the value of k directly influences the energetics at the endocytosed
state, since a negative (positive) Gaussian bending rigidity
promotes (resists) endocytosis. Membrane tension calculated
from the tether force spans several orders of magnitude, ranging
from 7.5  104 kBT/nm2 to 0.25 kBT/nm2 across all the regions of
the plasma membrane.[24] Besides the in-plane tension, a
significant portion (75%) of the apparent membrane tension
is attributed to membrane–cytoskeleton adhesion.[25] Surface
concentration of NPs is controllable by the NP density in the bulk
solution. In our simulations, c ranges from 0.001 to 0.005, which
corresponds to sparse packing for small particles (K ¼ 20) but
rather dense packing for large particles (K ¼ 250). Finally, given
that the diameter of a cell is typically on the order of 15 mm,[15,16]
the area of plasma membrane that encloses the cell is
approximately 707 mm2 (M ¼ 3.14  106). In the succeeding
discussion, we choose k ¼ 20kBT, m ¼ 20kBT, c ¼ 0.003,
j0 ¼ 0.05, s ¼ 0.001kBT/nm2, and M ¼ 3.14  106, unless otherwise specified.
We next present our numerical results. Figure 3 shows a set of
key results of this article, which indicate that the cellular uptake is
strongly dependent on the particle size. The solid line in Figure 3
is computed with the parametric values described above. For the
range of the particle radius studied (20–60 nm), we identify three
regimes separated by two characteristics NP radii, Rmin and Rmax.
In region I (R < Rmin  22 nm), endocytosis hardly occurs; in
region III (R > Rmax ¼ 60 nm), the cellular uptake is rather small

Figure 3. Size-dependent cellular uptake of NPs characterized by two
typical radii: Rmin and Rmax. In region I (R < Rmin), endocytosis hardly
occurs; in region III (R > Rmax ¼ 60 nm), endocytosis rarely occurs. In
region II (Rmin < R < Rmax), an optimal NP radius Ropt is identified at
which the uptake ratio is maximized. For biologically reasonable
parameters, k ¼ 20kBT and m ¼ 20kBT, Rmin  22 nm, Ropt  25.4 nm, and
the maximal cellular uptake is Nmax ¼ 1865. Changing the values of k and m
shifts Rmin and Ropt, but not Rmax. A larger m (22kBT, dashed line) yields a
smaller optimal radius (Ropt ¼ 23.6nm) and a higher maximal cellular
uptake (Nmax ¼ 2301). Conversely, a smaller m (18kBT, dash-dotted line)
yields a larger optimal radius (Ropt ¼ 27.1 nm) but a lower maximal cellular
uptake (Nmax ¼ 1470).

(e.g., at R ¼ 60 nm, the cellular uptake is only 10); in
region II (Rmin < R < Rmax), we identified an optimal NP radius
Ropt  25 nm, at which the internalization reaches a maximum
Nmax ¼ 1865 for a cell with surface area of 707 mm2. We note
that cellular uptake depends on the relative values of k and m
when the particle radius is relatively small (R < 30). Accordingly,
Rmin and Ropt change slightly if either of these two values (k and
m) varies within several kBT, while Rmax remains almost the same.
In addition, a smaller ligand–receptor binding energy lowers the
cellular uptake. For example, changing m by 2kBT but keeping k at
20kBT, we found that both Rmin and Ropt shift by 2 nm. A larger
m (22kBT, dashed line in Fig. 3) yields a smaller optimal radius and
a higher maximal cellular uptake. Conversely, a smaller m (18kBT,
dash-dotted line) yields a larger optimal radius but a lower
maximal cellular uptake. Considering the commonly accepted
range for m, from 15kBT to 20 kBT, the optimal particle radius
changes from 25.4 nm to 30.2 nm. In contrast, the receptor
density j0 sensitively affects the cellular uptake, but not the
characteristic radii. The maximal cellular uptake increases by
32% (from 1865 to 2468) when j0 is doubled. Given the
biologically reasonable range of receptor density and other
relevant parameters, the maximal cellular uptake ranges
approximately from 500 to 5000.
The vanishing cellular uptake in region I (R < Rmin) can be
rationalized by examining the local energetics of a single-NP
wrapping. We begin by temporarily setting aside the translational
entropy of the receptors, and exclusively balance the adhesion
energy with the bending energy (stretching energy is small for
small NPs). Wrapping proceeds only if the adhesion energy
density exceeds the bending energy density. For k ¼ 20kBT and
m ¼ 20kBT, the local energetic requirement dictates the lower
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bound of NP radius Rmin ¼ 2kA0 =m  22 nm, below which
endocytosis does not occur due to excessive bending energy
penalty. In other words, the adhesion energy cannot sufficiently
compensate for the bending energy. The existence of such a lower
bound value of the particle radius was suggested by a recent
experiment of Chithrani et al.,[16] who observed that endocytosis
of gold NPs of 7 nm in radius into mammalian cells (see Table 1)
can only occur when at least six of them cluster together. This
cluster radius is roughly on the order of 20 nm, which agrees
with our model prediction.
The very low cellular uptake in region III (R > Rmax) can be
understood by examining the global energetics of multiple NP
wrapping. One notes that the total adhesion and bending
energies depend only on the total wrapping area, regardless of
whether this area is allocated to a few fully wrapped NPs or to
many partially wrapped NPs. The argument above suggests that
the adhesion and bending energies together feature a flat energy
landscape of wrapping (without any energy wells), which favors
a broad wrapping-size distribution and gives no preference to
the formation of either partially or fully wrapped NPs. In
contrast, energy terms associated with membrane tension (Gk
and Lk) are nonlinear functions of the degree of wrapping h. At
small particle radii (R < Rmin), the two energy terms associated
with membrane tension are rather small, and the balance
between the adhesion and bending energies completely
accounts for the cellular uptake. At the optimal particle radius,
these energy terms associated with membrane tension modify
the flat energy landscape into a double-well energy landscape,
favoring (at least locally) both the completely naked and fully
wrapped states, with a bias to the former (see Fig. 1a in the
Supporting Information). Besides accounting for the energy
penalty arising from curvature, the ligand–receptor binding
energy also needs to surmount the thermodynamic energy
barrier for endocytosis, arising from membrane tension. The
barrier at the optimal radius is relatively small, and thus the
cellular uptake is high. The bias to the completely naked state is
increasingly more pronounced as the membrane tension
increases. At a sufficiently large particle radius, the thermodynamic barrier becomes significant. To overcome the energy
barrier, NPs compete for receptors during endocytosis,
manifested as the rapid depletion of the free receptors on the
cell membrane with increasing particle radius (see Fig. 2 in the
Supporting Information). We found that when the particle
radius approaches to 60 nm, the source-limiting endocytic
mechanism shuts down further endocytosis, since almost all the
free receptors are used out.

In a series of experimental studies, Chithrani et al.[15,16]
examined the cellular uptake of protein-coated spherical and
rod-shaped gold NPs by HeLa cells, which are ovarian cancer
cells, SNB19 cells, which are brain tumor cells, and STO cells,
which are fibroblast cells. They observed that cells take up
spherical NPs more efficiently than rod-shaped ones. For
spherical NPs, they reported an optimal particle radius of
25 nm, at which the cellular uptake reaches a maximum
independent of the cell lines. The cellular uptake at the optimal
particle radius reported by Chithrani et al.[16] ranges from 500 to
6000 depending on the types of cell lines and of the proteins
coated onto the particles. Both the optimal particle radius
(25–30 nm) and the maximal cellular uptake (500–5000) predicted
by the present model are quantitatively consistent with the
experimental results reported by Chithrani et al. (see Table 1).
The thermodynamic framework established here allows us to
probe the regulation role of membrane tension on the cellular
uptake. Membrane tension of living cells reported in literature
spans several orders of magnitude.[24] Here, we vary the
membrane tension in a wide range, although it should be noted
that extremely large values result in structural failure of the
bilayer. Using an energetic argument similar to that invoked
before for the wrapping of multiple NPs, one notes that, at a fixed
particle radius, the energy landscape of NP wrapping is flat at zero
membrane tension (favoring a broad wrapping size distribution),
modified to a double-well energy landscape at intermediate
membrane tension, and finally to a single-well energy profile at
sufficiently large membrane tension. The characteristic membrane-tension-mediated energy landscape, along with the
competition of receptors among NPs, governs the cellular
uptake. Figure 4a shows the maximal cellular uptake at
the optimal particle radius as a function of membrane tension
(the optimal particle radius depends only weakly on membrane
tension). At zero membrane tension, the uptake ratio is quite
small, due to the broad wrapping-size distribution. The cellular
uptake rapidly increases with increasing membrane tension and
it reaches a peak, beyond which the cellular uptake gradually
decreases to zero. One notes from Figure 4a that the cellular
uptake remains at a relatively high level within a rather narrow
range of membrane tension, suggesting that membrane tension
effectively regulates the cellular uptake.
The cellular uptake also depends on the surface concentration
of adhering NPs. Figure 4b plots the maximal cellular uptake for
varying surface concentrations (the optimal radius is independent
of surface concentration). We found that when the surface
concentration is small (<0.0012), all the adhering NPs are

Table 1. Experimental/model comparisons of the optimal particle radius and the maximal cellular uptake. All the experimental data and theoretical
predictions listed are based on receptor-mediated endocytosis (RME). In the work of Chithrani et al. [15], the cellular uptake depends on the types of cell
lines and of the proteins coated onto the NPs. Chithrani et al. [16] also pointed out that the endocytosis of Au NPs may be clathrin-dependent. The model of
Gao et al. [5], and the experiments performed by Aoyama and co-workers [12,14,26] did not report the range of cellular uptake.
Experiments/Models
Present model
Gao et al. (2005)[5]
Chithrani et al. (2006)[15]
Chithrani et al. (2007)[16]
Aoyama et al. (2003)[12,14]
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Ropt [nm]

Nmax

Mechanisms

Materials/Cells

25–30
27–30
25
25
25

500–5000
–
6160
500–3000
–

RME
RME
RME
RME
RME

–
–
HeLa cells, SNB19, and STO cells; Au NP
HeLa cell; Au NP
HeLa cell; CdSe QD
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size-dependent. We identified three regimes
separated by two characteristic particle radii,
Rmin and Rmax. In region I (R < Rmin  20 nm),
endocytosis hardly occurs, because the adhesion
energy is too low to compensate for the bending
energy. In region III (R > Rmax  60 nm), endocytosis rarely occurs, and almost all NPs are only
partially wrapped, because of the depletion of the
free receptors. Other endocytic pathways may be
active beyond these two critical radii. We
rationalized the size-dependent cellular uptake
by the local and global energetics of NP
Figure 4. The effects of membrane tension and surface concentration on the cellular uptake. wrapping. For example, the upper limit of
particle radius for endocytosis can be a few
Simulations are performed at the optimal particle radius. a) The cellular uptake is small at
extreme values of membrane tension, and remains at a high level of 3000 within a narrow micrometers when the surface NP concentration
range of membrane tension. b) The cellular uptake linearly increases with increasing surface is very low. In region II (Rmin < R < Rmax), an
concentration, and then reaches a peak, beyond which it monotonically decreases due to the
optimal NP radius is identified at which the
competition of receptors among NPs.
cellular uptake of NPs is maximized. The optimal
radius falls in the range of 25–30 nm for
reasonable values of the membrane bending rigidity and the
endocytosed, leading to a linear relationship between the surface
ligand–receptor binding energy. Accordingly, the maximal
concentration and the cellular uptake. As the surface concentracellular uptake ranges from 500 to 5000. Both the optimal radius
tion increases, the cellular uptake reaches a peak, and then
and the cellular uptake agree satisfactorily with the available
decreases monotonically. Our calculations terminated at
experimental data.[12,14,15,16]
c ¼ 0.005, because this surface concentration corresponds to a
We also investigated the effects of membrane tension and of
rather dense packing of NPs. The monotonic decrease of the
the surface concentration of NPs on the cellular uptake. Our
cellular uptake with increasing surface concentration can be
model predicts an optimal surface concentration beyond which
rationalized by the increasingly high competition for receptors
the cellular uptake decreases due to the competition of receptors
among NPs. At small surface concentrations, there should be
among NPs. The model also suggests that membrane tension
enough receptors to fully wrap all the NPs on the cell membrane,
regulates the cellular uptake. We point out, however, that our
leading to a linear relationship between the cellular uptake and
model may overestimate the membrane tension effect, especially
the surface concentration of NPs. As the surface concentration
when other mechanisms, including clathrin-coat and lipid
exceeds a critical value, the single-phase wrapping-size distribuinsertion, are active. During endocytosis, wrapping of NPs
tion is bound to change, since the total wrapped-membrane area
may proceed by insertion of lipids from cytoplasm into highly
is distributed to a larger number of NPs. As a result, the cellular
curved regions (the bound regions) rather than by laterally pulling
uptake decreases.
the lipids,[28] which effectively lowers the stretching energy Gk. In
It is worth pointing out that our prediction of the upper limit of
addition, membrane curvature formation generally couples with
particle radii (60 nm) for receptor-mediated endocytosis (Fig. 3) is
the concentration of different lipid compositions at the highly
due to the assumption of a relatively large cell-surface
curved regions,[29] which also lowers the deformation energy Lk
concentration of NPs, for which tension-mediated competition
of the free membrane detaching from the NP. Furthermore, NP
of free receptors among NPs is the governing mechanism. In the
wrapping may activate the release of local membrane reservoirs,
case of very low cell-surface NP concentration (i.e., only a few NPs
which also lowers the work required to wrap the NP. These effects
adhere to the cell membrane), our thermodynamic model
lower the tension-mediated energy barrier, giving rise to a larger
predicts that the free receptors are always excessive (from Eqs.
Rmax.
6–7, one notes that at this limiting case, the density of the free
The present study addresses the question of ‘‘how many’’ NPs
receptors approaches the initial receptor density), indicating that
can be internalized into the cell upon attaining a thermodynamic
endocytosis is no longer receptor-limited. Instead, the cellular
equilibrium. The model introduced in this work provides valuable
uptake in this limit is governed by the single-particle wrapping
insight into the steady-state cellular uptake observed in the
energetics. Distinct from the local energetics of wrapping a small
experiments. Our thermodynamic approach is distinctly different
particle, as analyzed in ref. [9], the energy of membrane tension
from the kinetic model developed by Gao et al.,[7] in which the
may become dominant over the bending energy in the wrapping
endocytic time of a single NP is of interest. Interestingly, the
process of a large particle. Our analysis in the limit of very low
optimal particle radius for maximal cellular uptake predicted by
cell-surface NP concentration shows that endocytosis can occur
our thermodynamic model is fairly close to the value correspondfor very large NPs with diameters up to a few micrometers.
ing to the shortest endocytic time found by the kinetic model of
Indeed, the microscale upper bound for particle radius for
Gao et al.,[7] and consistent with the analytic solution of Rmin
endocytosis was derived by Dietrich et al.[27] more than a decade
presented in Bao and Bao.[9] Taken together, the uptake rate
ago.
reaches
a maximum at the optimal radius of 25 nm, which
In summary, the present study provides a thermodynamic
provides a valuable piece of information for the rational design of
model for the many-NP-cell system, with which we demonstrate
NP-based cellular delivery. The optimal radius also falls in the size
that the cellular uptake of ligand-coated NPs is strongly
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range of typical viruses, manifesting broad implications of
materials design principles exploited by nature via evolution. The
predicted maximal cellular uptake of NPs is also valuable for
assessing NP toxicity, the efficiency of NP-based bioimaging and
biomarkers, and the therapeutic efficacy of NP-based drug
carriers.
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Numerical scheme: The numerical scheme we followed to compute the
cellular uptake as a function of particle radius, membrane tension, and
surface concentration of the NPs is presented here. The thermodynamic
equilibrium of the NP–cell system can be found by minimizing the total free
energy functional Equation 3 with respect to Lb and nk. Minimizing the free
energy functional with respect to Lb yields,
jf
jb
¼ em
1  jf
1  jb

(4)

while minimizing the free energy functional with respect to nk in
combination with the conjugate condition described in Equation 1 gives rise
to the normalized wrapping size distribution pk, i.e., the fraction of NPs
with a wrapped area of k,
pk ¼

nk
ebk ak
¼ K
;
N P b k
e ka

(5)

k¼0

where a ¼ ðjf =jb Þem^k and bk ¼ Gk þ Lk þ 4pkdkK , where dkK is the
Kronecker delta function. The conservation condition of the receptors
yields:
’f jf þ ’b jb ¼ j0 ;

(6)

where wf and wb are the area fraction of free and bound membrane surfaces,
respectively. Note that wf ¼ 1  wb, and

’b ¼ c

K
X

kpk :

(7)

k¼0

The densities of the free and bound receptors jf and jb, respectively, can
be obtained by solving the combined Equations 4–7. The nonlinear
equations can be most conveniently solved by the false-position method,
as it does not involve computations of derivatives. Substituting jf and jb
back into Equation 5 yields the wrapping-size distribution, and hence the
number of fully internalized NPs
nK ¼ cMpK

(8)

where pK is the uptake ratio.
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