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Making metals linear super-elastic with ultralow
modulus and nearly zero hysteresis†

Jiaming Zhu,ab Yipeng Gao,c Dong Wang,a Ju Li, d Tong-Yi Zhang*e and
Yunzhi Wang*c

We demonstrate a novel materials design approach to achieve

unprecedented properties by utilizing nanoscale chemo-mechanical

coupling. In particular, by using computer simulations we demon-

strate how to engineer ultralow modulus (12 GPa), nearly hysteresis-

free, and linear super-elastic metals with a giant elastic strain limit

(2.7%) by creating appropriate concentration modulations (CMs) at

the nanoscale in the parent phase and by pre-straining to regulate the

stress-induced martensitic transformation (MT). The nanoscale CMs

created via spinodal decomposition produce corresponding phase

stability modulations, suppress autocatalysis in nucleation, impose

nano-confinements on growth, and hinder long-range ordering of

transformation strain during the MT, which changes the otherwise

sharp first-order transition into a smeared, macroscopically conti-

nuous transition over a large stress range. The pre-straining generates

retained martensitic particles that are stable at the test temperature

after unloading and act as operational nuclei in subsequent load

cycles, eliminating the stress–strain hysteresis and offering an ultra-

low apparent Young’s modulus. Materials with a high strength and an

ultralow apparent Young’s modulus have great potential for applica-

tion in orthopaedic implants.

Reducing the modulus of the current generation of metallic
orthopaedic implants (such as the Ti-alloys) to match that of
natural bones (B20 GPa) is critical for avoiding the long standing
‘‘stress shielding’’ problem in bone implant applications,1–3

but it imposes a great challenge to physical metallurgy.4–6

According to Frenkel,4 the ideal strength of a ductile material
is about 10% of the Young’s modulus and most metals yield at a
hundredth of their ideal strength. The typical yield strength of
Ti-alloys is in the order of 1000 MPa. Thus, a 20 GPa modulus
would imply that the alloy would yield at approximately 50% of
its ideal strength.

Besides true elasticity, however, an alternative recoverable-
strain carrier in materials, which is free from such limits, is the
pseudo- or super-elasticity related to reversible stress-induced
structural phase transformations, such as martensitic trans-
formations (MTs) in ferroelastic materials.7–9 Several break-
throughs have been made recently10–14 in reducing the apparent
modulus of metallic alloys using these structural phase trans-
formations. For example, the so-called Gum Metals,12 while
having a strength of approximately 1200 MPa, show a modulus as
low as B56 GPa, with a large recoverable strain limit of B2.5%.
The other example is NICSMA13 (nanowire in situ composite
with shape memory alloy), that has a strength of B1650 MPa,
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Conceptual insights
An ideal orthopaedic implant should have an elastic modulus similar to
that of natural bones to ensure remodeling of the latter under physio-
logical conditions. However, the current generation of orthopaedic
implants, such as the Ti-alloys, have a much higher modulus and, as a
consequence, much of the load is transmitted through the implants
rather than through the natural bones surrounding them, leading to
bone degradation. On the other hand, the current generation of shape
memory alloy actuators such as TiNi based alloys suffer from low
efficiency and a lack of precise position control caused by large hysteresis
and strongly non-linear elasticity. In this study, we demonstrated a novel
materials design concept to achieve a combination of unprecedented
properties, including an ultralow-modulus matching that of natural bones
and almost zero hysteresis and linear super-elasticity, by intentionally
creating nanoscale composition modulations via spinodal decomposition,
that help stabilize but also confine the growth and limit the retreat of
stress-induced martensitic domains. The compositional wavelength and
amplitude are tuned such that after ‘‘training’’, the martensite nuclei can
march and retreat in an ordered fashion upon loading/unloading, and
do not have to be nucleated a new each time.

Materials
Horizons

COMMUNICATION

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

4 
D

ec
em

be
r 

20
18

. D
ow

nl
oa

de
d 

on
 4

/1
0/

20
19

 9
:5

6:
28

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
View Journal  | View Issue

http://orcid.org/0000-0002-7841-8058
http://crossmark.crossref.org/dialog/?doi=10.1039/c8mh01141a&domain=pdf&date_stamp=2018-12-14
http://rsc.li/materials-horizons
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
http://dx.doi.org/10.1039/c8mh01141a
https://pubs.rsc.org/en/journals/journal/MH
https://pubs.rsc.org/en/journals/journal/MH?issueid=MH006003


516 | Mater. Horiz., 2019, 6, 515--523 This journal is©The Royal Society of Chemistry 2019

but shows a modulus of B28 GPa. Although these apparent
moduli are still higher than that of natural bones, and NICSMA
is not suitable for orthopaedic applications owing to the
toxic Ni element, these studies13,15–19 have demonstrated a true
opportunity to engineer super-strong, almost hysteresis-free and
linear super-elastic, and ultralow-modulus materials through
MTs. In addition, MTs also offer many other novel physical
and functional properties that are absent in non-transforming
materials, including the shape memory effect20 and Invar and
Elinvar anomalies.12,17 These extraordinary properties open up
new avenues, not only for biomedical applications, but also
for many other important technological fields such as space
sciences,7 aviation and transportation,21 micro-electro-mechanical
systems,22 and so forth.

Being first-order in nature, MTs usually exhibit a large
hysteresis in stress–strain (SS) curves, consisting of an intrinsic
linear elasticity of the parent phase with a high Young’s modulus,
followed by a stress-plateau before reaching the intrinsic linear
elasticity of the martensitic phase. This large hysteresis is the
origin of low efficiency (less than 1%) of shape memory alloy
(SMA) actuators, and the strong non-linearity makes precise
position control of SMA actuators difficult.22 Obviously this
SS behaviour is completely opposite to the ultralow-modulus,
hysteresis-free and linear super-elastic properties desired.
Extensive efforts have been made in recent years to alter
the characteristics of MTs to achieve desirable mechanical
responses. For example, it has been shown that the hysteresis
and nonlinearity of the pseudo-elasticity of ferroelastic materials
could be reduced by cold-working,12,14,23–28 reducing the struc-
tural anisotropy of the martensitic phase,29 introducing elastic

and inelastic strain matching in a nanocomposite,13 introducing
nano-precipitates in the parent phase,30–33 suppressing the MTs
into the so-called strain glass transitions,34,35 improving the
geometrical compatibility between the parent and martensitic
phases through alloying,36 and by using transformation pathway
engineering.37,38 Although the hysteresis and nonlinearity of
pseudo-elasticity are reduced effectively through these efforts,
the apparent Young’s modulus is still significantly higher than
that of the natural bone, the SS hysteresis loops are still far from
vanishing, and materials that can satisfy the cofactor condition
are rather limited. It should be noted that to distinguish the
combined intrinsic elasticity and pseudo-elasticity from the
intrinsic elasticity, we refer to the elastic modulus associated
with the former as the apparent Young’s modulus.

We have noticed that miscibility gaps widely exist in ferro-
elastic systems, including Ti–Nb,18 Mn–Cu,39 Ti–V,40 and
Fe–Mn,41 in which spinodal decompositions in the parent
phase produce concentration modulations (CMs) at nanoscale
(with wavelengths ranging from several to several hundreds of
nanometres). Based on the fact that the MTs starting tempera-
ture (Ms) is a strong function of the alloy composition,42,43 we
hypothesize that the nanoscale CMs produced by spinodal
decomposition in the parent phase would behave like a three-
dimensional (3D) interpenetrating multi-layer ‘‘nanocompo-
site’’ (see Fig. 1b and 2(a2)) with a systematic variation in the
Ms and, hence, would effectively impose a nano-confinement to
the martensitic transformation (MT) and significantly alter
its characteristics. As a matter of fact, our recent computer
simulations44 have shown that the overall MT characteristics
can be tuned effectively from a typically first-order transition to

Fig. 1 Design of the nanoscale concentration modulated ferroelastic material (CMFM) and the effect of pre-straining. (a1) Schematic drawing of the
nanoscale concentration variation in a CMFM. (a2) Dependence of Ms on the Nb concentration. (a3) Schematic drawing of the Ms modulation in the
CMFM. Regions with Ms above the testing temperature are highlighted in green, within which martensite is thermodynamically stable. (b) Iso-surface Nb
concentration contours of a local region in the computational cell shown in Fig. 2(a2), revealing an onion-like CM structure. Schematic drawing of the
SS curves for: (c) a ferroelastic system having a uniform Nb concentration; (d) CMFM; and (e) pre-strained CMFM. (f) The Landau free energy curves as
function of Nb concentration.
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a high-order like continuous transition by a concentration
modulation (CM) produced by spinodal decomposition, and
recent experimental observations18,39 also seem to support this
hypothesis. However, the SS curves obtained in the previous
study44 are far from linear, the hysteresis is far from zero and
the apparent Young’s modulus (for a single crystal) is limited to
29.3 GPa (see Fig. S2, ESI†). In this study, we demonstrate how
to simultaneously achieve an ultralow apparent Young’s mod-
ulus (12 GPa), almost zero hysteresis and linear super-elasticity
with a large elastic strain limit (see Fig. S2 for comparison,
ESI†) by taking advantage of a synergic effect between the CM
and pre-straining, that is, by adjusting the CM to introduce pre-
existing martensitic nuclei via pre-straining to circumvent the
nucleation events during the MT.

The model alloy system considered in this demonstration
is the same as that considered in our previous study,44 that is,
Ti2448 (short for Ti–24Nb–4Zr–8Sn–0.1O in wt%) and the con-
centration dependent critical stress, sMs

, for the stress-induced
MT and stress-free transformation strains (SFTS) are available
in the literature43,45–49 and are shown in Fig. S3 (ESI†). CMs in
the parent phase of Ti2448 produced by spinodal decomposi-
tion have been reported in recent studies.18,50 According to
these experimental studies, we first designed the amplitudes
and wavelengths of the CMs by controlling the ageing tempera-
ture and the time duration of the spinodal decomposition to:
(i) produce a 3D interconnected, onion-like layered structure
(as shown in Fig. 1b) at nanoscale in the parent phase; and
(ii) ensure a small fraction of the parent phase has a Ms above
the testing temperature, as illustrated in Fig. 1a and b. The
alloy of such a nonuniform composition will no longer have a
single value of sMs

(see Fig. S3, ESI†) and the corresponding

Landau free energy surface is shown schematically in Fig. 1f.
The stress-induced MT will start from the layer having the
lowest value of sMs

and spread gradually to the adjacent layers
as the applied load increases. Thus, the stress-induced MT is
expected to take place continuously over a broad range of stress,
which is in sharp contrast to the characteristics of MTs in
systems having a uniform composition and thus a single-value
of sMs

, as shown in Fig. 1c. Furthermore, the transformed layers
will shed the load incrementally onto the un-transformed layers
during loading, realizing the elastic strain limits of the parent
phase far beyond that at the yield point of a bulk counterpart
that has the same, but a uniform composition. This is similar to
the transformation strain–elastic strain matching achieved in
NICSMA.13 In this way, the SS curve will show an integrated
elastic and pseudo-elastic characteristic, as illustrated in Fig. 1d.

Furthermore, if the minimum value of sMs
could be further

reduced, the elastic and pseudo-elastic deformation will occur
simultaneously at the onset of loading and, thus, the SS curve
will become linear and hysteresis-free, and be accompanied
by an ultralow apparent Young’s modulus. This goal may be
achieved if martensitic particles pre-exist in the alloy and serve
as operational nuclei (i.e., over the critical nucleus size) and are
ready to grow when an external load is applied. This is because
the critical stress required for growth (e.g., the Peierls stress for
glissile interface migration51) is much lower than that required
for nucleation. Such pre-existing martensitic particles could be
introduced by: (i) ensuring a small fraction of the composi-
tional nanodomains in the parent phase have a Ms above the
testing temperature (as illustrated in Fig. 1a and b); and (ii) pre-
straining (similar to the pre-straining effect on NICSMA13)
to help these domains to overcome their metastability and

Fig. 2 Comparison of the characteristics of MTs in Ti2448 single crystals having (a1) a uniform and (a2) a modulated Nb concentration. The Nb
concentration modulation shown in (a2) (represented by four iso-surface concentration contours marked by different colours) is obtained by spinodal
decomposition in the parent phase at 773 K for a reduced time of 1900. (b1 and b2) The corresponding first loading–unloading SS curves under uniaxial
tension along [001]. (c1 and c2) The corresponding microstructures after the unloading of the first loading–unloading cycle shown in (b1) and (b2).
(d1 and d2) The corresponding SS curves of the second loading–unloading cycle of the two systems. The first loading–unloading cycle is referred to as
pre-straining in the present study.
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become stable operating martensitic nuclei in subsequent
loading–unloading cycles. Fig. 1e schematically shows the SS
curve of a pre-strained and CM sample, exhibiting an ultralow
modulus, a linear pseudo-elasticity and an almost zero hysteresis.

To test the above hypothesis, phase field simulations were
carried out for a multifunctional b TiNb-base alloy, Ti2448, in
which the b parent phase (BCC, point group m%3m) transforms
into an a00 martensite (orthorhombic, point group mmm) under
stress.52 A large miscibility gap exists in the Ti–Nb system,
with a spinodal range between B10 to B90 at% of Nb.53 In
particular, a concentration modulation of Nb between 8 and
20 at% has been observed experimentally in Ti2448.18 Fig. S3
(ESI†) shows the concentration dependences of sMs

and the
SFTS of Ti2448,54,55 in which the amplitude of the Nb CM is
obtained from the experimental measurements.18 Parameters
in the free energy models, including the expansion coefficients
in the Landau free energy for the MT and in the chemical free
energy of the parent phase for the spinodal decomposition, are
determined by fitting the simulation results of: (i) the SS curve
of a homogeneous system; and (ii) the CMs produced by the
spinodal decomposition to the corresponding experimental
observations (see ESI† for the development of the phase field
model based on the combination of Landau theory,56 gradient
thermodynamics,57 and Khachaturyan–Shatalov’s microelasti-
city theory58).

Fig. 2(a1 and a2) show the Nb concentration in an initially
homogenous (before decomposition) and spinodally decom-
posed Ti2448 single-crystal computational cell (with a size of
128 � 128 � 128 nm), respectively. In the latter the CM corre-
sponds to the spinodal decomposition in Ti2448 taking place
at 773 K for a reduced time of t* = 1900. The SS curve of the
uniform system at room temperature obtained by uniaxial
tension along [001] is shown in Fig. 2(b1), which is characterized
by a typical hysteresis with a stress plateau that is frequently
observed in experiments.59 In CMFM (Fig. 2(a2)), the Nb-lean and
Nb-rich regions form a typical interpenetrating domain network
from the spinodal decomposition. Owing to the CM in the parent
phase, the hysteresis associated with the stress-induced MT is
reduced drastically, as shown in Fig. 2(b2), indicating that the
mechanical behaviour of the alloy depends strongly on the CM.
An interesting observation in Fig. 2(b2) is that the SS curve, after
the stress plateau, becomes almost linear and hysteresis-free.
This finding implies that an almost linear pseudo-elasticity in the
entire stress or strain range could be achieved if the initial
hysteresis could be eliminated. We demonstrate below that this
can be achieved by pre-straining.

From Fig. 2(c1 and c2) and Fig. S4 (ESI†), we find a key
difference between the microstructures after the unloading of
the first loading cycle in the compositionally homogeneous
and modulated systems, that is, there are abundant retained
martensitic particles in the latter, as shown in Fig. 2(c2) and
Fig. S4 (ESI†). Furthermore, the amount of retained martensite
after the first loading–unloading cycle increases with increasing
ageing time held for the spinodal decomposition in the parent
phase. This is because the martensitic phase is more stable in
the Nb-lean regions, as indicated in Fig. S3 (ESI†) and Fig. 1f,

and the volume fraction of the Nb-lean regions increases with
increasing ageing time (see Fig. S5 and S6, ESI†). A greater
amount of retained martensite corresponds to a larger irrecover-
able strain during the first loading–unloading cycle, as shown in
Fig. 2(b2) and 3a. However, if we use the first loading–unloading
cycle as pre-straining (or training), then the retained martensitic
particles will serve as operational nuclei and grow directly in
subsequent loadings and, hence, eliminate the initial large
hysteresis. This is exactly what we have observed from the SS
curves obtained during the second loading–unloading cycle
shown in Fig. 2(d2) and 3b. For example, these SS curves are
almost hysteresis-free and almost linear. Moreover, the SS curves
exhibit large elastic strains, for example, 2.7% at 400 MPa as
shown in Fig. 2(d2). The stress-free transformation strain in the
loading direction for a compositionally homogeneous system is
2.9% (see Fig. 2(b1)). The elastic strain limit of the CM system is
expected to be even higher because, as mentioned earlier, the
onion-like layered nanocomposite should be able to realize
elastic strain limits far exceeding that of the bulk counterpart
that has a uniform composition.

Fig. S7(b1–b10) and S8(c1–c10) (ESI†) show the microstruc-
ture evolutions corresponding to the loading and unloading
points marked on the first and second loading–unloading SS
curves of Fig. S7a and S8a (ESI†), respectively, for an alloy that
has an average CM wavelength of B44 nm after ageing at 773 K
for t* = 1900. The detailed shapes, including the wavelengths
and amplitudes of the concentration waves in 1D obtained for
all of the ageing times can be found in Fig. S6a (ESI†). The
Supplementary Movie (ESI†) shows the entire evolution process
of the microstructure corresponding to the SS curves. As we can
see from these figures and the Supplementary Movie (ESI†), the
almost linear pseudo-elasticity is associated with gradual growth
(by both extension of the existing disks of individual martensitic
variants) and addition of more disks in self-accommodation con-
figurations (as shown in Fig. S8(e1–e4) and (e5–e8), ESI†), and
shrinkage (in the opposite manner) of the self-accommodating
multi-variant martensitic domains upon loading and unloading,
respectively. Comparing Fig. S7(b4, b5) and S8(c3–c5) with
Fig. S7(b6, b7) and S8(c6–c8) (ESI†), we can see that the micro-
structures corresponding to the five points on the unloading
curves are almost the same as those corresponding to the
five points on the loading curves (Fig. S7a and S8a, ESI†). Upon
loading there is always a retained parent phase, while upon
unloading there is always a retrained martensite. This reversible
evolution of the microstructure underlies the almost hysteresis-
free linear pseudo-elasticity. The hysteresis and nonlinearity
seen in the first loading–unloading cycle are caused by the initial
irreversible evolution of the microstructure (see, for example, the
retained martensite in Fig. S7(b10) and S8(c1), which does not
exist in Fig. S7(b1), ESI†).

Fig. 3a and b show the SS curves obtained during the first and
second loading–unloading cycle, respectively, for systems aged for
different times during the spinodal decomposition, and Fig. 3c
and d show the corresponding quantitative analyses of the SS
curves, including the hysteresis area, residual strain, recoverable
strain, incipient modulus (see inset in Fig. 3d for the definition),
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and linearity. After the first load cycle (i.e., the pre-straining),
the hysteresis area reduces dramatically (by one order of
magnitude), and the residual strain drops to zero. The residual
strain increases rapidly as the ageing time (or CM amplitude
and wavelength) increases. The systems remain super-elastic,
although the recoverable strain gradually decreases with increasing
ageing time. Ageing at 773 K for t* = 3500 (with an approximate
wavelength of 50 nm) brings about the lowest incipient mod-
ulus of 12 GPa. Comparison of the modulus, elastic strain limit,
hysteresis area and linearity of the super-elasticity between the
predictions from the current study with those from state-of-the-art

systems reported in the literature is shown in Fig. 4. It is readily
seen that the CMFM outperforms the material systems reported
in existing studies in terms of the ultralow modulus, small
hysteresis area and linearity of the super-elasticity. The elastic
strain limit of CMFM is smaller than those of the Ti–Ni SMAs,
NICSMA and NCATB because the CMFM, being a TiNb-based
SMA, has a smaller SFTS, as indicated by the difference in the
super-elasticity between the Ti–Nb and Ti–Ni alloys shown
in Fig. 4a. It is noteworthy that the CMFM exhibits a perfect
combination of ultralow modulus, almost zero hysteresis and
linear super-elasticity.

Fig. 4 (a) Comparison of the modulus and elastic strain limit between predictions from the current study with those from state-of-the-art systems
reported in the literature. Ti244823 is short for Ti–24Nb–4Zr–8Sn in wt%, NICSMA13 refers to nanowire in situ composite with SMA and NCATB68

represents Fe–28Ni–17Co–11.5Al–2.5Ta–0.05B in at%. (b) Comparison of the hysteresis ratio and linearity. The definition of the hysteresis ratio is the
ratio between the area encircled by the SS loop and the area under the SS curve, which is highlighted in blue in the inset of (b). The properties of CMFM
are determined from the SS curve shown in Fig. 2(d2).

Fig. 3 Mechanical properties of CM Ti2448 systems obtained with different ageing times used for the spinodal decomposition heat treatment of the
parent phase. SS curves of the various CM systems obtained for: (a) the first and (b) the second load cycle. The detailed shapes of the concentration waves
in 1D obtained for all of the ageing times can be found in Fig. S5 (ESI†). (c) The hysteresis area, residual strain and recoverable strain and (d) the incipient
modulus and linearity index found in the various CM systems. These properties are obtained from quantitative analyses of the SS curves presented in (a)
and (b) for the first and second loading–unloading cycles. The incipient modulus and linearity are defined in the inset of (d). Note that the incipient
modulus and tangent modulus describe the modulus of different parts of the non-linear SS curves. When the SS curves are linear, these two moduli
become the same and are equal to the apparent Young’s modulus.
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It should be noted that these simulation results were
obtained for a single crystal with a tensile axis parallel to [001].
For polycrystalline systems, the incipient modulus will be higher.
In a single crystal of Ti2448 considered in the current study, the
pseudo-elastic strains (i.e., the transformation strains) along the
[100], [110], and [111] directions are 1.4%, 2.2% and 0.8%,
respectively.59 The intrinsic elastic strains along these directions
are 1.38%, 0.72%, and 0.46%, respectively, when loaded to
400 MPa.59 Then, the apparent Young’s moduli in these direc-
tions are 14.3 GPa, 13.7 GPa, and 31.7 GPa, respectively. Based on
the rule of mixtures, the apparent Young’s modulus of a poly-
crystal of CM Ti2448 can be estimated via the average of these
three moduli of a single crystal and it is approximately 19.9 GPa.
Ti2448 alloys with such a low modulus may have great potential
for use in biomedical applications. It should be noted that the
incipient modulus and tangent modulus are used to describe the
elastic/pseudo-elastic modulus of different parts of the non-linear
SS curves. They become the same and can be simply termed as
the apparent Young’s modulus when the SS curves become linear
(see Fig. 3b).

To examine the stability of the pre-strained (trained) alloy,
the third loading–unloading SS curve obtained for the alloy
aged for t* = 1900 is shown in Fig. 5a, together with the SS
curves from the first two load cycles. The SS curve of the third
cycle coincides with that of the second one (see the inset in
Fig. 5a), indicating that the mechanical behaviour of the alloy is

stable after the pre-straining (i.e., the first load cycle). Micro-
structures at various loading–unloading states in the third cycle
can be found in Fig. S8(d1–d10) (ESI†). When comparing the
microstructures in Fig. S8(d1–d10) with those in Fig. S8(c1–c10)
(ESI†), we found that the microstructures corresponding to the
same points on the SS curves of the third and second loading–
unloading cycles are almost identical. This observation is
consistent with the quantitative comparison of the microstruc-
ture evolution processes obtained for the third and second load
cycles shown in Fig. 5b, in which the volume fraction versus
stress curve of the third load cycle coincides with that of the
second cycle.

The retained martensitic particles shown in Fig. 2(c2) (and also
Fig. S4, ESI†) consist of multi-variants in self-accommodating
configurations. The degree of self-accommodation among differ-
ent variants, determined by the number of variants that can be
packed effectively in a given size of space, determines the stability
of these martensitic particles and the hysteresis of the loading–
unloading cycles. The interconnected Nb-rich nanodomain net-
work (having a high sMs

) imposes a strong confinement on the MT
in the Nb-lean regions (having a low sMs

). If the confinement is too
small, then single-variant martensitic particles60 may dominate
the microstructure because, in this case, it is too costly to form a
multi-variant configuration with inter-variant boundaries (domain
walls).61 This is what was observed in a system with a spinodal CM
wavelength B12 nm (see Fig. S9a, ESI†) and larger stresses are

Fig. 5 The stability of the pre-strained system and the influence of the CM wavelength. (a) SS curves and (b) normalized volume fraction of martensite
during the first, second and third cyclic loading–unloading obtained for the CM system having a wavelength of B44 nm. The inset in (a) shows these
SS curves without the horizontal offset. (c) SS curves of the concentration modulated systems with different wavelengths L obtained during the second
loading cycle. (d) Variation of the hysteresis area of the SS curves shown in (c). The inset of (d) shows the distributions of martensitic domains having
different numbers of variants in the pre-strained CM systems with different wavelengths L. CM in systems with different wavelength are shown in Fig. S11
(ESI†), and the concentration waves in the 1D version of these systems can be found in Fig. S10 (ESI†). These CMs having different wavelength are
obtained by changing the gradient coefficients in the free energy model for the spinodal decomposition in the parent phase.
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required for the formation of such non-self-accommodating,
single-variant martensitic particles (compared to the SS curves
shown in Fig. S8a and S9b, ESI†). The single-variant martensitic
particles are able to induce the formation of self-accommodating
twin variants only when the applied stress reaches a certain level,
meaning that the size of the domains with sMs

below the applied
stress becomes sufficiently large. This leads to a relatively large
hysteresis (Fig. 5d and Fig. S9b, ESI†).

By systematically varying the CM wavelengths (e.g., from
12 to 110 nm, see Fig. S10, ESI†) (which can be easily realized in
the experiment by controlling the aging temperature and time
duration of the spinodal decomposition), we found that the
configurations of the dominant martensitic particles retained
after unloading during the first cycle change from a single-
variant to a multiple-variant (inset of Fig. 5d) and that they are
stable after unloading. The hysteresis of the corresponding
SS curves (Fig. 5c) during the second loading–unloading cycle
(i.e., after pre-straining) decreases monotonically towards zero
(Fig. 5d) in the system with L B 110 nm. It is interesting to note
that only the self-accommodated 4-variant martensitic particles
with herringbone structures are found in such a system (see the
structure enclosed by a red circle in Fig. S11, ESI†). This is
because a 4-variant herringbone configuration (Fig. S11, ESI†)
has the highest geometric compatibility in this system52,62 (see
ESI,† Geometric Compatibility Analysis), and all of the Nb-lean
regions are large enough to accommodate the 4-variant parti-
cles. Thus, different CMs will have different spatial confine-
ments in terms of both the size (CM wavelength) and strength
(CM amplitude) and are able to accommodate martensitic
particles with different degrees of geometrical compatibilities,
offering the flexibility to control the size of the hysteresis loop.
Furthermore, as the CMs set up the spatial partitioning of the
martensitic domains and the same partition repeats itself in the
loading–unloading cycles after pre-straining, in principle we
could precisely control this ‘‘seeding’’ process with well-ordered
CM patterns produced by spinodal decomposition63 to form
‘‘strain crystals’’ for the design of ferroelastic metamaterials.

It should be noted that the above simulations were carried
out without considering the effects of other extended defects
such as dislocations and grain boundaries. These defects may
also contribute to the broadly smeared characteristics and
reversibility of the MT. In addition, the Peierls stress (from
lattice friction) for the migration of interfaces during the MT
is ignored, which may make an additional contribution to the
stress hysteresis when the interfaces are thin relative to the
lattice spacing.9

Conclusions

In conclusion, we have demonstrated a novel approach to
simultaneously achieve ultralow apparent Young’s modulus,
nearly hysteresis-free and linear super-elasticity with a large
elastic strain limit in ferroelastic materials via regulating the
martensitic transformation (MT) through nanoscale concentra-
tion modulations (CMs) generated by spinodal decomposition

in the parent phase and pre-straining. In addition to the
spinodal decomposition, nanoscale CM could be achievable by
many other means, including multi-layer thin film processing
techniques64 for films, the accumulative roll-bonding process65

for bulk materials, and the additive manufacturing technique,66

for example, 3D printing, for components that have arbitrary
and complicated shapes. Specifically, magnetron sputtering can
generate films with a controllable CM along the thickness direc-
tion (i.e., 1D CM), and the thickness of each layer ranges from
nanometres to microns. It is anticipated that a carefully designed
1D nanoscale CM would work equally well as the 3D CMs shown
in this study in tuning the characteristics of the MT and the
corresponding mechanical properties. Accumulative roll-bonding
could be used to develop bulk CM materials by accumulatively
rolling a set of sheets with different compositions. 3D printing
produces naturally CM components because of its extremely high
cooling rate and severe solute segregation in the inter-dendritic
regions during solidification.

As ferroelectric67 and ferromagnetic17 transitions share
many common characteristics with the ferroelastic MTs, the
approach demonstrated in the current study may open up a
new avenue for the design of ferroelectric and ferromagnetic
materials as well for unprecedented properties.

The ultralow apparent Young’s modulus achieved in the
present study may have a great potential for solving the long
standing ‘‘stress shielding’’ problem in orthopaedic applica-
tions, which is the main factor slowing the recovery of patients
and limiting the service life of the orthopaedic implants. Bones
undergo constant remodelling under physiological conditions,
which is carried out by osteoblast and osteoclast cells. Bone
remodelling will not work properly if the bone is not under
normal levels of load. The much higher modulus of the current
generation of bone implants means that most of the load is
transmitted through the implant material rather than through
the natural bones surrounding it, leading to bone degradation.
The elastic modulus estimated for this CM Ti2448 alloy, B20 GPa,
match exactly to that of natural bones and, thus, could eliminate
completely this stress-shielding problem.

Finally, the linear super-elasticity with a large elastic strain
limit is attractive in a rich variety of applications, including
sensors and high-efficiency and high-precision actuators.
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2

Development of phase field model

The phase field model is developed based on the combination of Landau theory1, gradient 

thermodynamics2, and Khachaturyan–Shatalov’s microelasticity theory3. It should be pointed 

out that the phase field model is tested (with a uniform Nb concentration of 15 at.%) by 

producing a stress-strain curve that is consistent with the experimental result of Ti2448 that has 

the same Nb concentration including the critical stress for the MT, stress hysteresis and 

superelasticity (see Figure S1). 

a) Symmetry breaking during MT in TiNb-based SMAs. The phase filed model is 

formulated for the multifunctional β TiNb-based alloys. According to the Burgers lattice 

correspondence4 for the β (BCC, point group ) to α martensite (orthorhombic, point 𝑚3𝑚

group mmm) transformation5

,
[001]𝛽→[100]

𝛼'', [11̅0]𝛽→[010]
𝛼'', [110]𝛽→[001]

𝛼''

and the symmetry operations in the point groups that preserve such a lattice correspondence, 

only 8 operations (out of the 48 symmetry operations in )6 are left after the transformation, 𝑚3𝑚

leading to 6 (=48/8) crystallographic equivalent deformation modes (or correspondence 

variants)7 characterized by 6 different transformation strain tensors. In fact, because internal 

shuffle of {110}β atomic planes is also involved during the transformation8–10, which doubles 

the deformation variants, there are total 12 deformation variants11. However, an internal shuffle 

dose not contribute to the transformation strain12. Thus, if we choose the three orthogonal axes 

of the cubic crystal of the parent phase as the reference coordinate system and follow the 

Burgers correspondence, the transformation matrices that map the parent phase lattice onto that 

of the martensitic variants by a uniform affine deformation read

, ,

𝑈1 = [𝜁 0 0

0
𝛼 + 𝛾

4
𝛾 - 𝛼

4

0
𝛾 - 𝛼

4
𝛼 + 𝛾

4
] 𝑈2 = [𝜁 0 0

0
𝛼 + 𝛾

4
𝛼 - 𝛾

4

0
𝛼 - 𝛾

4
𝛼 + 𝛾

4
]



3

, ,

𝑈3 = [𝛼 + 𝛾
4

0
𝛾 - 𝛼

4
0 𝜁 0

𝛾 - 𝛼
4

0
𝛼 + 𝛾

4
] 𝑈4 = [𝛼 + 𝛾

4
0

𝛼 - 𝛾
4

0 𝜁 0
𝛼 - 𝛾

4
0

𝛼 + 𝛾
4

]
, .                                  (1)

𝑈5 = [𝛼 + 𝛾
4

𝛾 - 𝛼
4

0

𝛾 - 𝛼
4

𝛼 + 𝛾
4

0

0 0 𝜁
] 𝑈6 = [𝛼 + 𝛾

4
𝛼 - 𝛾

4
0

𝛼 - 𝛾
4

𝛼 + 𝛾
4

0

0 0 𝜁
]

where , , , with , ,  and  being the lattice parameters of 𝛼 = 2𝑏 𝑎0 𝜁 = 𝑎 𝑎0 𝛾 = 2𝑐 𝑎0 𝑎0 𝑎 𝑏 𝑐

the parent and martensitic phase. The corresponding stress-free transformation strain (SFTS) 

of the p-th variant, , can be calculated directly from the transformation matrices given in  𝜀0
𝑖𝑗(𝑝)

Eq. (1) according to the following equation

,                                      (2)
𝜀0

𝑖𝑗(𝑝) =
1
2(𝑈𝑇

𝑝𝑈𝑝 - 𝐼),  (𝑝 = 1~6)

where the superscript T indicates matrix transpose, and I is the identity matrix. The Green strain 

tensor is more appropriate to describe the MT induced finite deformation and thus adopted in 

this study, as shown in Eq. (2). As this, second Piola-Kirchhoff stress tensor is used here and 

the constitutive equation is the generalized Hooke’s law, as indicated by Eq. (10).

Note that we are considering a compositionally non-uniform system in the current study and 

the lattice parameters of the parent and martensitic phases are functions of local concentration, 

which makes the SFTS in Eq. (2) a function of location as well. Both experimental 

measurements13 and ab initio calculations14 show that the concentration-dependence of lattice 

parameters of β and α phases in TiNb alloys can be approximated by linear functions (i.e., 

following the Vegard’s law). Therefore the variation of lattice parameters of β and α phases 

with concentration is obtained by fitting the experimental and simulation data reported in 

references5,13–16,

 Å,                                   (3a)𝑎0 = 3.296 + 1.3 × 𝑐𝑁𝑏 × 10 - 4

 Å,                                   (3b)𝑎 = 2.894 + 1.2 × 𝑐𝑁𝑏 × 10 - 2
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 Å,                                   (3c)𝑏 = 5.167 ‒ 1.7 × 𝑐𝑁𝑏 × 10 - 2

 Å,                                   (3d)𝑐 = 4.748 ‒ 4.8 × 𝑐𝑁𝑏 × 10 - 3

where  is the Nb concentration in atomic percent. Besides the SFTS, the Ms also depends 𝑐𝑁𝑏

on Nb concentration, which, according to existing data in the literature17–19, can be 

approximated by the following linear relationship

 K.                                              (4)𝑀𝑠 = 550 - 24 × 𝑐𝑁𝑏

b) Free energy formulation. In our phase field approach, the parent and martensitic 

phases in TiNb-based alloys are characterized by using six non-conserved structural order 

parameters,  (p=1~6), with  representing the parent phase and 𝜂𝑝 (𝜂𝑝 = 1~6 = 0)

 representing the p-th correspondence variant of the (𝜂𝑝 = ± 1,  𝜂𝑞 = 1~6,  𝑏𝑢𝑡 𝑞 ≠ 𝑝 = 0)

martensitic phase, where +1 and -1 denote atomic shuffles in two opposite directions in a 

correspondence variant. The total free energy functional, F, of the system is formulated as the 

following

,           (5)
𝐹 = ∫[1

2

6

∑
𝑝 = 1

(∇𝜂𝑝)2 + 𝑓𝑐h(𝜂1, ⋯𝜂6) + 𝑓𝑒𝑥(𝜂1, ⋯𝜂6)]𝑑3𝑟 + 𝐸𝑒𝑙

where  is the gradient energy coefficient for structural non-uniformities following the 

gradient thermodynamics2, fch is the Landau free energy that describes the free energy of a local 

volume element having a uniform structural state characterized by p(r) (p=1-6)20–23. In the 

current study, the stress-free transformation strain tensor for a local volume element located at 

r will be given by

                                         (6)
𝜀𝑀𝑇

𝑖𝑗 (𝑟) =
6

∑
𝑝 = 1

𝜀0
𝑖𝑗(𝑝, 𝑟)𝜂2

𝑝(𝑟)

and the Landau free energy can be approximated by the following polynomial24
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,   (7)
𝑓𝑐h(𝜂1, ⋯𝜂6) =

1
2

𝐴1(𝑇 - 𝑇0)
6

∑
𝑝 = 1

𝜂2
𝑝(𝑟) -

1
4

𝐴2

6

∑
𝑝 = 1

𝜂4
𝑝(𝑟) +

1
6

𝐴3( 6

∑
𝑝 = 1

𝜂2
𝑝(𝑟))3

where A1, A2 and A3 are expansion coefficients. The Ms modulation induced by concentration 

modulation (CM) is incorporated into the model by formulating T0 as a function of 

concentration, i.e.,  K.𝑇0 = 493 - 24 × 𝑐𝑁𝑏

The free energy associated with an external stress, , (i.e., the work term by the external 𝜎𝑘𝑙

stress) in Eq. (5), is given by the following equation

.                                            (8)𝑓𝑒𝑥(𝜂1, ⋯𝜂6) = ‒ 𝜎𝑘𝑙 ∙ 𝜀𝑀𝑇
𝑘𝑙 (𝑟)

The last term in Eq. (5), Eel, is the coherency elastic strain energy of a structurally non-uniform 

but coherent system (i.e., martensitic variants coherently embedded in the parent phase matrix) 

characterized by p(r). According to the literature25, in which a new mathematical formulation 

of the coherency elastic strain energy that accounts for CM is derived based on Khachaturyan–

Shatalov’s microelasticity theory (KS-theory)3, it has the following close form

,                                 (9)
𝐸𝑒𝑙 =

1
2

9

∑
𝐾 = 1

9

∑
𝐿 = 1

∫ 𝑑3𝑘

(2𝜋)3
𝐵𝐾𝐿(𝑛){𝜃𝐾}𝑘{𝜃𝐿} *

𝑘

where the integral is taken in the reciprocal space,  is a unit vector and  is a vector with 
𝑛 =

𝑘
𝑘 𝑘

a modulus of  in the reciprocal space (note that  is to be excluded from the integration), 𝑘 𝑘 = 0

 represents the Fourier transformation of , which is defined as {𝜃𝐾}𝑘 𝜃𝐾

 (the indices i, j and K in this expression are correlated via a 
𝜃𝐾(𝑟) =

6

∑
𝑝 = 1

[𝜀0
𝑖𝑗(𝑝, 𝑟) ∙ 𝜂2

𝑝(𝑟)]

generalized Voigt notation, i.e. 11 →1, 22 →2, 33 →3, 23 →4, 13 →5, 12 →6, 32 →7, 31 

→8, 21 →9). Note that the transformation strain, , is a function of position because of 𝜀0
𝑖𝑗(𝑝, 𝑟)

its dependence on local concentration13,16. For a system with a free boundary,  in Eq. 𝐵𝐾𝐿(𝑛)

(9) reads

,     (10)
𝐵𝐾𝐿(𝑛) = { 0      𝑛 = 0

𝐶𝑖𝑗𝑘𝑙𝜀
𝑛𝑒𝑤

𝑖𝑗 (𝐾)𝜀𝑛𝑒𝑤
𝑘𝑙 (𝐿) - 𝑛𝑖𝜎

𝑛𝑒𝑤
𝑖𝑗 (𝐾)Ω𝑗𝑘(𝑛)𝜎𝑛𝑒𝑤

𝑘𝑙 (𝐿)𝑛𝑙     𝑛 ≠ 0 �
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where , , and 𝜎𝑛𝑒𝑤
𝑖𝑗 (𝐾) = 𝐶𝑖𝑗𝑘𝑙𝜀

𝑛𝑒𝑤
𝑘𝑙 (𝐾) Ω - 1

𝑖𝑗 (𝑛) = 𝐶𝑖𝑘𝑙𝑗𝑛𝑘𝑛𝑙

.
𝜀𝑛𝑒𝑤

𝑘𝑙 (𝐾) = {1   𝑖𝑓 𝐾 𝑖𝑠 𝑉𝑜𝑖𝑔𝑡 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑘𝑙 
0   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒�

Note that such a boundary condition is required to simulate stress-controlled (constant 

stress) uniaxial tension.

c) Kinetic equation. The following time-dependent Ginzburg-Landau equation26 is used 

to describe the temporal and spatial evolution of the structural order parameters during the 

MT

,                                   (11)

𝑑𝜂𝑝(𝑟, 𝑡)

𝑑𝑡
= ‒ 𝑀

𝛿𝐹
𝛿𝜂𝑝(𝑟, 𝑡)

+ 𝜉𝑝(𝑟, 𝑡),  𝑝 = 1~ 6

where M is the kinetic coefficient and  are the Langevin noise terms for structural 𝜉𝑝(𝑟, 𝑡)

fluctuations, which meets the following fluctuation-dissipation theorem20,24:

.                           (12)
〈𝜉𝑝(𝑟, 𝑡)𝜉𝑝(𝑟', 𝑡')〉 = 2

𝑘𝐵𝑇

|∆𝑓|𝑙3
0

𝛿(𝑟 ‒ 𝑟')𝛿(𝑡 ‒ 𝑡')

where  is the Boltzmann constant, T is the absolute temperature,  is the chemical driving  𝑘𝐵 |∆𝑓|

force (free energy difference between the parent and martensitic phases calculated from the 

Landau free energy),  is the length scale assigned to the computational grid increment, and 𝑙0

 is the Kronecker delta function.𝛿

Equation (11) is solved numerically in the reciprocal space using a finite difference 

method for a compositionally modulated model system. The total free energy of the parent 

phase at 773K (a temperature above Ms) is formulated on the basis of the Ti-Nb binary 

system2,27–29 in our spinodal decomposition model,

,                                          (13)
𝐹𝑆𝐷 = ∫

𝑉
{𝑓(𝑐) +

𝑐

2
(∇𝑐)2}𝑑𝑉

where  is the local chemical free energy, c is Nb concentration, and  is the gradient energy 𝑓(𝑐) 𝑐

coefficient. The dimensionless local chemical free energy  approximated by a double-well 𝑓 ∗ (𝑐)

function with the equilibrium concentrations of the two coexisting phases being 0.08 and 0.218, 



7

respectively, e.g., . The dimensionless gradient energy coefficient is  𝑓 ∗ (𝑐) = (𝑐 ‒ 0.08)2(0.2 ‒ 𝑐)2

chosen to be . The reduced time is calculated via , where  denotes  ∗
𝑐 = 0.691

𝑡 ∗ =
𝑀𝑐|∆𝑓𝑐|

𝑙2
0

𝑡
𝑀𝑐

chemical mobility of composition,  is chemical driving force of spinodal decomposition,  |∆𝑓𝑐| 𝑙0

is numerical grid size. The dimensionless time step  is chosen to be 0.001. The interfacial ∆𝑡 ∗

energy between the solute-rich and solute lean phases at equilibrium is assumed to be ~0.01 

J/m2, which yields a numerical grid size of ~1 nm. The temporal evolution of the 𝑙0

concentration field is governed by the Cahn-Hilliard equation30. The gradient energy 

coefficient is, in general, a constant for a given material. To study the role of CM wavelength 

in the linear super-elastic behavior, different dimensionless gradient energy coefficients (

0.058, 0.288, 0.461, 0.691, and 2.591) are used to generate systems with different CM  ∗
𝑐 =

wavelengths (12 nm, 30 nm, 37 nm, 44 nm, and 110 nm, respectively) in spinodal 

decomposition. The relationship30 between gradient energy coefficients and CM wavelength, 

L, is , where  represents . It should be pointed out that such a range of 
𝐿 = 2𝜋 ‒

2𝑐

𝑓''(𝑐) 𝑓''(𝑐)

𝑑2𝑓

𝑑𝑐2

spinodal wavelength is in consistence with experimental observations31. 

d) Model parameters. The elastic constants of the parent phase, C11=57.2 GPa, C12=36.1 

GPa and C44=35.9 GPa are obtained from the literature 5,32. Homogeneous modulus assumption 

is adopted in this study, i.e. the α martensitic phase is assumed to have the same elastic 

constants as that of the parent phase because of the lack of consistent experimental data for the 

elastic constants of α martensites33. The expansion coefficients in the Landau free energy, 

A1=1.3×105 J/m3·K, A2=11.74×107 J/m3, A3=17.39×107 J/m3, are chosen in such a way that the 

phase field model (with an uniform Nb concentration of 15 at.%) produces a stress-strain curve 

that is consistent with the experimental result of Ti2448 that has the same Nb concentration 32, 

including the critical stress for the MT, stress hysteresis and super-elasticity (see Figure S1). 

The gradient energy coefficient for the structural non-uniformity is assumed to be =1.2×10-

12 J/m, which yields an interfacial energy between the parent and martensitic phases of ГAM 

≈0.01 J/m2 (which falls in the range of the experimental values34) and a twin boundary energy 

between different martensitic variants of ГMM≈0.02 J/m2 (ГMM≈2ГAM according to reference 

35) with a length scale of ~1 nm. The structural mobility in Eq. (11) is chosen as M=1×10-4 𝑙0
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m4J-1s-1, estimated from v=M (-∆f )35,36, where v is the interface velocity between the parent 

and martensitic phases during the MT (~103 m/s) and ∆f=-107 J/m3 37,38 is the typical driving 

force for the MT. The amplitude of the Langevin noise is 0.3 in our simulations at 
2

𝑘𝐵𝑇

|∆𝑓|𝑙3
0

=

300K. The system size used in the simulations is 128 ×128 ×128 . Periodical boundary 𝑙0 𝑙0 𝑙0

conditions are adopted in all three dimensions. 
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Fig. S1 Comparison between phase field model and experiment. Comparison between stress 

strain curves obtained respectively from the phase field simulation and experiment32.
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Fig. S2 Comparison of results between previous study (i.e. Reference 44) and this study in (a) 

stress strain curve, (b) incipient modulus, hysteresis, (c) linearity and elastic strain limit. See 

Figure 3 for the definition of incipient modulus and linearity.
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Fig. S3 Dependence of  and principle strains (λ1, λ2 and λ3) of the stress-free transformation 
𝜎𝑀𝑠

strain of Ti2448 on Nb concentration.
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Fig. S4 Residual martensites induced by pre-straining. The residual martensites after the first 

loading-unloading cycle in CMFMs aged for (a) t*=1320 (L=38 nm), (b) t*=1500 (L=42 nm), 

and (c) t*=7100 (L=73 nm). 
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Fig. S5 Statistical distributions of Nb concentration. Statistical distributions of voxels having 

certain Nb concentration in the computational cell aged for different time.
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Fig. S6 One dimensional and three dimensional plots of CM at different ageing time during 

spinodal decomposition. (a) Concentration variation along a body diagonal of simulation 

systems aged for different time. (b1)-(b8) Evolution of Nb-lean regions that are able to 

accommodate retained martensites during spinodal decomposition. 
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Fig. S7 Stress strain curve and microstructure evolution of the first loading-unloading cycle, 

i.e. pre-straining process. (b1-b10) show the microstructures at various stress levels marked by 

(b1-b10) in (a), respectively, during first cyclic loading/unloading. The parent phase is set to 

be transparent and the martensitic variants (Vs) are plotted as iso-surfaces with different colors, 

as indicated in the color map at the bottom.
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Fig. S8 Microstructural evolution during MT upon the second and third loading-unloading 

cycles. Stress strain curves of a concentration modulated system having a wavelength of ~44 

nm (after ageing at 773 K for t*=1900) during (a) second and (b) third loading-unloading 

cycles. (c1-c10) and (d1-d10) show microstructures at various loading-unloading points 

marked by (c1-c10) in (a) and (d1-d10) in (b), respectively, where the parent phase is set to be 

transparent and the martensitic correspondence variants (Vi, i=1-6) are plotted as iso-surface 

contours with different colors, as indicated in the legend at the upper right corner. Red arrows 

in (e3), (e4), (e7) and (e8) indicate variants generated via local autocatalysis which is defined 

as the autocatalytic effect happened in a Nb-lean region. 
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Fig. S9 Martensitic transformation in a system with a concentration wavelength of 12 nm. (a) 

Microstructure and (b) stress strain curve of a system with a concentration wavelength of 12 

nm. (c1)-(c14) are close observations of martensitic particles in a local region during loading 

and unloading. Circled numbers in (c1)-(c4) indicate single variant martensitic particles of 

corresponding colors.
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Fig. S10 One dimensional plots of CM. Concentration variation along a body diagonal of 

simulation systems having different concentration wavelength.
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Fig. S11 Retained martensites and Nb-lean regions. (a)-(d) Residual martensites in systems 

having different concentration wavelength after pre-straining. The red circle indicates a 

herringbone structure. (e)-(h) Nb-lean regions of corresponding systems are represented by 

green iso-surface concentration contours. Residual martensites in (a)-(d) are accommodated by 

Nb-lean regions in (e)-(h).
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Geometric Compatibility Analysis

Analysis of average strain of martensitic patterns

Fig. S12 Schematic drawing of self-accommodating martensitic patterns. (a) 2-variant and (b) 

4-variant domain patterns. r denotes the volume fraction of a variant in a domain pattern.

The average strain of a 2-variant domain is 

.                                                (14)𝑟𝜀0(𝑖) + (1 ‒ 𝑟)𝜀0(𝑗)

Taking the type-I or type-II twin formed by variant 3 and variant 5 as an example

𝑟𝜀0(3) + (1 ‒ 𝑟)𝜀0(5) =

 (15)

1
2[ 𝛼2 + 𝛾2

8
‒ 1 (1 ‒ 𝑟)

𝛾2 - 𝛼2

8
𝑟

𝛾2 - 𝛼2

8

(1 ‒ 𝑟)
𝛾2 - 𝛼2

8
(1 ‒ 𝑟)(𝛼2 + 𝛾2

8
‒ 1) + 𝑟(𝜁2 ‒ 1) 0

𝑟
𝛾2 - 𝛼2

8
0 𝑟(𝛼2 + 𝛾2

8
‒ 1) + (1 ‒ 𝑟)(𝜁2 ‒ 1)

]
The average strain of a 4-variant domain is

.                 (16)

1
2

[𝑟𝜀0(𝑖) + (1 ‒ 𝑟)𝜀0(𝑗) + 𝑟𝜀0(𝑘) + (1 ‒ 𝑟)𝜀0(𝑙)]

Taking the herringbone structure formed by variant 3, 4, 5 and 6 as an example

1
2

[𝑟𝜀0(3) + (1 ‒ 𝑟)𝜀0(5) + 𝑟𝜀0(4) + (1 ‒ 𝑟)𝜀0(6)] =
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   (17)

1
2[𝛼2 + 𝛾2

8
‒ 1 0 0

0 (1 ‒ 𝑟)(𝛼2 + 𝛾2

8
‒ 1) + 𝑟(𝜁2 ‒ 1) 0

0 0 𝑟(𝛼2 + 𝛾2

8
‒ 1) + (1 ‒ 𝑟)(𝜁2 ‒ 1)

]
Equation (15) demonstrates that, besides the dilation deformation, 2-variant martensitic 

particles will induce shear deformation in matrix as well. However, 4-variant martensitic 

particles only cause dilation deformation. Therefore, 2-variant retained martensitic particles 

should be accompanied by higher elastic energy than 4-variant retained martensitic particles.
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