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In the past decade or so, science has broadened its
purview to include a new range of phenomena.
Using tools developed to understand second-order
phase transitions1–5 in the 1960s and 70s, stochastic
models of turbulence6 in the 1970s, and disordered

systems7–9 in the 1980s, scientists now claim that they
should be able to explain how and why things crackle.

Many systems crackle; when pushed slowly, they
respond with discrete events of a variety of sizes. The Earth
responds10 with violent and intermittent earthquakes as two
tectonic plates rub past one another (Fig. 1). A piece of
paper11 (or a candy wrapper at the cinema12,13) emits 
intermittent, sharp noises as it is slowly crumpled or 
rumpled. (Try it, but preferably not with this page.) A 
magnetic material in a changing external field magnetizes
in a series of jumps14,15. These individual events span many
orders of magnitude in size — indeed, the distribution of
sizes forms a power law with no characteristic size scale. In
the past few years, scientists have been making rapid
progress in developing models and theories for understand-
ing this sort of scale-invariant behaviour in driven, 
nonlinear, dynamical systems. 

Interest in these sorts of phenomena goes back several
decades. The work of Gutenberg and Richter10 in the 
1940s and 1950s established the well-known frequency–
magnitude relationship for earthquakes that bears their
names (Fig. 1). A variety of many-degree-of-freedom
dynamical models16–28, with and without disorder, have
been introduced in the years since to investigate the nature
of slip complexity in earthquakes. More recent impetus for
work in this field came from the study of the depinning 
transition in sliding charge-density wave (CDW) 
conductors in the 1980s and early 1990s29–35. Interpretation
of the CDW depinning transition as a dynamic critical phe-
nomenon sprung from Fisher’s early work29,30, and several
theoretical and numerical studies followed. This activity
culminated in the renormalization-group solution by
Narayan and Fisher32 and the numerical studies by 
Middleton33 and Myers34, which combined to provide a
clear picture of depinning in CDWs and open the doors to
the study of other disordered, non-equilibrium systems.

Bak, Tang and Wiesenfeld inspired much of the 
succeeding work on crackling noise36,37. They introduced
the connection between dynamical critical phenomena and
crackling noise, and they emphasized how systems may end

up naturally at the critical point through a process of self-
organized criticality. (Their original model was that of
avalanches in growing sandpiles — sand has long been used
as an example of crackling noise38,39, but we now know that
real sandpiles do not crackle at the longest scales40,41.)

Researchers have studied many systems that crackle.
Simple models have been developed to study bubbles 
rearranging in foams as they are sheared42, biological
extinctions43 (where the models are controversial44,45 —
they ignore catastrophic external events like asteroids), 
fluids invading porous materials and other problems
involving invading fronts46–51 (where the model we describe
was invented46,47), the dynamics of superconductors52–54 and
superfluids55,56, sound emitted during martensitic phase
transitions57, fluctuations in the stock market58,59, solar
flares60, cascading failures in power grids61,62, failures in 
systems designed for optimal performance63–65, group 
decision-making66, and fracture in disordered materi-
als67–72. These models are driven systems with many degrees
of freedom, which respond to the driving in a series of dis-
crete avalanches spanning a broad range of scales — what in
this paper we term crackling noise.

There has been healthy scepticism by some established
professionals in these fields to the sometimes-grandiose
claims by newcomers claiming support for an overarching
paradigm. But often confusion arises because of the 
unusual kind of predictions the new methods provide. If
such models apply at all to a physical system, they should be
able to predict most behaviour on long scales of length and
time, independent of many microscopic details of the real
world. But this predictive capacity comes at a price: the
models typically do not make clear predictions of how the
real-world microscopic parameters affect the behaviour at
long length scales.

Here we provide an overview of the renormalization
group1–5 used by many researchers to understand crackling
noise. Briefly, the renormalization group discusses how the
effective evolution laws of a system change as measurements
are made on longer and longer length scales. (It works by
generating a coarse-graining mapping in system space, the
abstract space of possible evolution laws.) The broad range
of event sizes are attributed to a self-similarity, where the
evolution laws look the same at different length scales. This
self-similarity leads to a method for scaling experimental
data. In the simplest case this yields power laws and fractal
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structures, but more generally it leads to universal scaling functions
— where we argue the real predictive power lies. We will only touch
upon the complex analytical methods used in this field, but we
believe we can explain faithfully and fully both what our tools are use-
ful for, and how to apply them in practice. The renormalization
group is perhaps the most impressive use of abstraction in science.

Why should crackling noise be comprehensible?
Not all systems crackle. Some respond to external forces with many
similar-sized, small events (for example, popcorn popping as it is
heated). Others give way in one single event (for example, chalk 
snapping as it is stressed). In broad terms, crackling noise is in
between these limits: when the connections between parts of the 
system are stronger than in popcorn but weaker than in the grains
making up chalk, the yielding events can span many size scales.
Crackling forms the transition between snapping and popping.

Figure 1b presents a simple relationship between earthquake
number and magnitude. We expect that there ought to be a simple,
underlying reason why earthquakes occur on all different sizes. The
properties of very small earthquakes  probably depend in detail on
the kind of dirt (fault gouge) in the crack. The very largest 
earthquakes will depend on the geography of the continental plates.
But the smooth power-law behaviour indicates that something 
simpler is happening in between, independent of either the micro-
scopic or the macroscopic details.

There is an analogy here with the behaviour of a fluid. A fluid is
very complicated on the microscopic scale, where molecules are
bumping into one another: the trajectories of the molecules are
chaotic, and depend both on exactly what direction they are moving
and what they are made of. However, a simple law describes most flu-
ids on long time and size scales. This law, the Navier–Stokes equation,
depends on the constituent molecules only through a few parameters
(the density and viscosity). Physics works because simple laws
emerge on large scales. In fluids, these microscopic fluctuations and
complexities disappear on large scales: for crackling noise, they
become scale-invariant and self-similar.

How do we derive the laws for crackling noise? There are two
approaches. First, we can calculate analytically the behaviour on long
time and size scales by formally coarse-graining over the microscopic
fluctuations. This leads us to renormalization-group methods1–5,
which we discuss in the next section. The analytic approach can be
challenging, but it can give useful results and (more important) is the
only explanation for why events on all scales should occur. Second, we
can make use of universality. If the microscopic details do not matter
for the behaviour at long length scales, why not make up a simple model
with the same behaviour (in the same universality class) and solve it?
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Figure 1 The Earth crackles. a, Time history of radiated energy from earthquakes
throughout all of 1995108–110. The Earth responds to the slow strains imposed by
continental drift through a series of earthquakes (impulsive events well separated in
space and time). This time series, when sped up, sounds remarkably like the crackling
noise of paper, magnets and Rice Krispies (listen to it in ref. 110). b, Histogram of
number of earthquakes in 1995 as function of their magnitude (or, alternatively, their
energy release). Earthquakes come in a wide range of sizes, from unnoticeable
trembles to catastrophic events. The smaller earthquakes are much more common:
the number of events of a given size forms a power law10 called the
Gutenberg–Richter law. (Earthquake magnitude scales with the logarithm of the
strength of the earthquake. On a log–log plot of number versus radiated energy, the
power law is a straight line, as we observe in the plotted histogram.) One would hope
that such a simple law should have an elegant explanation.
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Figure 2 Magnets crackle73–76. Magnets respond to a slowly varying external field by
changing their magnetization in a series of bursts, or avalanches. These bursts, called
Barkhausen noise, are very similar (albeit on different time and size scales) to those
shown in Fig. 1 for earthquakes. The avalanches in our model have a power-law
distribution only at a special value of the disorder, Rc42.16. Shown is a histogram
giving the number of avalanches Dint(S, R ) of a given size S at various disorders R
ranging from 4 to 2.25; the thin lines are theoretical predictions from our model. 
(Dint gives all the avalanches during our simulation, integrated over the external field
1÷< H(t)<&÷).The straight dashed line shows the power-law distribution at the
critical point. Notice that fitting power laws to the data would work only very near to Rc:
even with a range of a million in avalanche sizes, the slope has not converged to the
asymptotic value. On the other hand, scaling-function predictions (theoretical curves)
work well far from the critical point. The inset shows a scaling collapse of the
avalanche size distribution (scaled probability versus scaled size), which is used to
provide the theoretical curves as described in the text.
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The model we focus on here is a caricature of a magnetic materi-
al15,46,47,73–77. A piece of iron will ‘crackle’ as it enters a strong magnetic
field, giving what is called Barkhausen noise. We model the iron as a
cubic grid of magnetic domains Si, whose north pole is either 
pointing upwards (Si4&1) or downwards (Si411). The external
field pushes on our domain with a force H(t), which will increase with
time. Iron can be magnetized because neighbouring domains prefer
to point in the same direction: if the six neighbours of our cubic
domain are Sj, then in our model we let their force on our domain be
/jJSj (where we set the coupling J41). Finally, we model dirt, 
randomness in the domain shapes, and other kinds of disorder by
introducing a random field hi, different for each domain and chosen

at random from a normal distribution with standard deviation R,
which we call the disorder. The net force on our domain is thus

Force on domain i4H(t)&/jJSj &hi (1)

The domains in our model all start with their north pole pointing
down (11), and flip up as soon as the net force on them becomes
positive. This can occur either because H(t) increases sufficiently
(spawning a new avalanche), or because one of their neighbours
flipped up, kicking them over (propagating an existing avalanche).
(Thermal fluctuations are ignored: a good approximation in many
experiments because the domains are large.) If the disorder R is large,
so the hi are typically big compared to J, then most domains flip 
independently: all the avalanches are small, and we get popping
noise. If the disorder is small compared to J, then typically most of the
domains will be triggered by one of their neighbours: one large
avalanche will snap up most of our system. In between, we get crack-
ling noise. When the disorder R is just large enough so that each
domain flip on average triggers one of its neighbours (at the critical
disorder Rc), then we find avalanches on all scales (Figs 2, 3).

What do these avalanches represent? In nonlinear systems with
many degrees of freedom, there are often large numbers of
metastable states. Local regions in the system can have multiple stable
configurations, and many combinations of these local configura-
tions are possible. (A state is metastable when it cannot lower its 
energy by small rearrangements. It is distinguished from the globally
stable state, which is the absolute lowest energy possible for the 
system.) Avalanches are the rearrangements that occur as our system
shifts from one metastable state to another. Our specific interest is in
systems with a broad distribution of avalanche sizes, where shifting
between metastable states can rearrange anything between a few
domains and millions of domains.

There are many choices we made in our model that do not matter
at long time and size scales. Because of universality, we can argue78,79
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Figure 3 Self-similarity. Cross-sections of the avalanches during the magnetization of
our model15,73–76. Here each avalanche is drawn in a separate colour. a, A 1003

simulation; b, a 1,0003 simulation (a billion domains74); both are run at the critical
point Rc42.16 J where avalanches just barely continue. The black background
represents a large avalanche that spans the system: the critical point occurs when
avalanches would first span an infinite system.
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Figure 4 Renormalization-group flows. The renormalization group is a theory of how
coarse-graining to longer length scales introduces a mapping from the space of
physical systems to itself. Consider the space of all possible models of magnetic
hysteresis. Each model can be coarse-grained, removing some fraction of the
microscopic degrees of freedom and introducing more complicated rules so that the
remaining ones still flip at the same external fields. This defines a mapping from our
space into itself. A fixed point S* in this space will be self-similar: because it maps to
itself upon coarse-graining, it must have the same behaviour on different length
scales. Points that flow into S* under coarse-graining share this self-similar behaviour
on sufficiently long length scales: they all share the same universality class.
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that the behaviour would be the same if we chose a different grid of
domains, or if we changed the distribution of random fields, or if we
introduced more realistic random anisotropies and random cou-
pling constants. Were this not the case, we could hardly expect our
simple model to explain real experiments.

The renormalization group and scaling
To study crackling noise, we use renormalization-group1–5,78,80 tools
developed in the study of second-order phase transitions. The word
renormalization has roots in the study of quantum electrodynamics,
where the effective charge changes in size (norm) as a function of
length scale. The word group refers to the family of coarse-graining
operations that are basic to the method: the group product is 
composition (coarsening repeatedly). The name is unfortunate,
however, as the basic coarse-graining operation does not have an
inverse, so that  the renormalization group does not have the 
mathematical structure of a group.

The renormalization group studies the way the space of all 
physical systems maps into itself under coarse-graining (Fig. 4). The
coarse-graining operation shrinks the system and removes degrees of
freedom on short length scales. Under coarse-graining, we often find
a fixed point S*: many different models flow into the fixed point and
hence share long-wavelength properties. Figure 3 provides a
schematic view of coarse-graining: the 1,0003 cross-section looks
(statistically) like the 1003 section if you blur your eyes by a factor of
ten. Much of the mathematical complexity of this field involves 
finding analytical tools for computing the flow diagram in Fig. 4.
Using methods developed to study thermodynamical phase 

transitions2 and the depinning of charge-density waves32, we can 
calculate for our model the flows for systems in dimensions close to
six (the so-called ;-expansion78–80, where ;461d, with d being the
dimension of the system). Interpolating between dimensions may
seem a surprising thing to do. In our system it gives good predictions
even in three dimensions (that is, ;43), but it is difficult and is not
discussed here. Nor will we discuss real-space renormalization-
group methods1 or series-expansion methods. We focus on the 
relatively simple task of using the renormalization group to justify
and explain the universality, self-similarity and scaling observed 
in nature.

Consider the ‘system space’ for disordered magnets. There is a
separate dimension in system space for each possible parameter in a
theoretical model (disorder, coupling, next-neighbour coupling,
dipolar fields, and so on) or in an experiment (for example, 
temperature, annealing time and chemical composition). Coarse-
graining, however one implements it, gives a mapping from system
space into itself: shrinking the system and ignoring the shortest
length scales yields a new physical system with identical long-
distance physics, but with different (renormalized) values of the
parameters. We have abstracted the problem of understanding
crackling noise in magnets into understanding a dynamical system
acting on a space of dynamical systems.

Figure 4 represents a two-dimensional cross-section of this 
infinite-dimensional system space. We have chosen the cross-section
to include our model (equation (1)): as we vary the disorder R, our
model sweeps out a straight line (red) in system space. The cross-
section also includes a fixed point S*, which maps into itself under
coarse-graining. The system S* looks the same on all scales of length
and time, because it coarse-grains into itself. We can picture the
cross-section of Fig. 4 either as a plane in system space (in which case
the arrows and flows depict projections, as in general the real flows
will point somewhat out of the plane), or as the curved manifold
swept out by our one-parameter model as we coarse-grain (in which
case the flows above our model and below the maroon curved line
should be ignored).

The flow near S* has one unstable direction, leading outwards
along the maroon curve (the unstable manifold). In system space,
there is a surface of points C which flow into S* under coarse-
graining. Because S* has only one unstable direction, C divides 
system space into two phases. To the left of C, the systems will have
one large, system-spanning avalanche (a snapping noise). To the
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Figure 5 Flows in the space of earthquake models. A model for earthquakes will have
a force F applied across the front. In models ignoring inertia and velocity-dependent
friction28, there is a critical force Fc that just allows the fault to slip forward. a, Coarse-
graining defines a flow on the space of earthquake models. The fixed point Seq* will
have a different local flow field from other renormalization-group fixed points, yielding
its own universality class of critical exponents and scaling functions. The critical
manifold C, consisting of models that flow into Seq*, separates the stuck faults from
those that slide forward with an average velocity v (F ). b, The velocity varies with the
external force as a power law v (F ) ~ F b. The motion of the continental plates,
however, does not fix the force F across the fault: rather, it sets the average 
relative velocity to a small value vs (centimetres per year). This automatically sets 
the force across the fault very close to its critical force Fc. This is one example of 
self-organized criticality36,37.

Attracting fixed point

S*a

Figure 6 Attracting fixed point. Often there will be fixed points that attract in all
directions. These fixed points describe phases rather than phase transitions. Most
phases are rather simple, with fluctuations that die away on long length scales81.
When fluctuations remain important, they will exhibit self-similarity and power laws
called generic scale invariance83,84.
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right of C, all avalanches are finite and under coarse-graining they all
become small (popping noise). As it crosses C at the value Rc, our
model goes through a phase transition.

Our model at Rc is not self-similar on the shortest length scales
(where the square lattice of domains still is important), but because it
flows into S* as we coarse-grain we deduce that it is self-similar on
long length scales. Some phase transitions, such as ice melting into
water, are abrupt and do not exhibit self-similarity. Continuous
phase transitions like ours almost always have self-similar fluctua-
tions on long length scales. In addition, note that our model at Rc will
have the same self-similar structure as S* does. Indeed, any
experimental or theoretical model lying on the critical surface C will
share the same long-wavelength critical behaviour. This is the 
fundamental explanation for universality.

The flows in system space can vary from one class of problems to
another: the system space for some earthquake models (Fig. 5a) will
have a different flow, and its fixed point will have different scaling
behaviour (yielding a different universality class). In some cases, a
fixed point will attract all the systems in its vicinity (no unstable
directions; Fig. 6). Usually at such attracting fixed points the fluctua-
tions become unimportant at long length scales: the Navier–Stokes
equation for fluids described earlier can be viewed as a stable fixed
point81,82. The coarse-graining process, averaging over many degrees
of freedom, naturally smoothens out fluctuations, if they are not
amplified near a critical point by the unstable direction. Fluctuations
can remain important when a system has random noise in a con-
served property, so that fluctuations can die away only by diffusion:
in these cases, the whole phase will have self-similar fluctuations,
leading to generic scale invariance83,84. 

Sometimes, even when the system space has an unstable direction
as in Fig. 4, the observed behaviour always has avalanches of all scales.
This can occur simply because the physical system averages over a
range of model parameters (that is, averaging over a range of R
including Rc in Fig. 4). For example, this can occur by the sweeping of
a parameter85 slowly in time, or varying it gradually in space — either
deliberately or through large-scale inhomogeneities.

Self-organized criticality36,37 can also occur,  where the system is
controlled so that it sits naturally on the critical surface. Self-
organization to the critical point can occur through many mecha-
nisms. In some models of earthquake faults (Fig. 5b), the external
force naturally stays near the rupture point because the plates move at
a fixed, but very small20, velocity with respect to one another (Fig. 5b).
(This probably does not occur during large earthquakes, where 

inertial effects lead to temporary strain relief 28,86.) Sandpile models
self-organize (if sand is added to the system at an infinitesimal rate)
when open boundary conditions87 are used (which allows sand to
leave until the sandpile slope falls to the critical value). Long-range
interactions88–90 between domains can act as a negative feedback in
some models, yielding a net external field that remains at the critical
point. For each of these cases, once the critical point is understood,
adding the mechanism for self-organization is relatively easy.

The case shown in Fig. 4 of ‘plain old criticality’ is what is seen in
some15,73–76 but not all88–92 models of magnetic materials, in foams42,
and in some models of earthquakes28.

Beyond power laws
The renormalization group is the theoretical basis for understanding
why universality and self-similarity occur. Once we accept that 
different systems should sometimes share long-distance properties,
though, we can quite easily derive some powerful predictions.

To take a tangible example, consider the relation between the
duration of an avalanche and its size. In paper crumpling, this is not
interesting: all the avalanches seem to be without internal temporal
structure11. But in magnets, large events take longer to finish, and
have an interesting internal statistical self-similarity (Fig. 7a). If we
look at all avalanches of a certain duration T in an experiment, they
will have a distribution of sizes S around some average
<S>experiment(T). If we look at a theoretical model, it will have a 
corresponding average size <S>theory(T). If our model describes the
experiment, these functions must be essentially the same at large 
S and large T. We must allow for the fact that the experimental units of
time and size will be different from the ones in the model: the best we
can hope for is that <S>experiment(T)4A<S>theory(T/B), for some
rescaling factors A and B.

Now, instead of comparing our model to experiment, we can
compare it to itself on a slightly larger timescale93. If the timescale is
expanded by a small factor B41/(11d), then the rescaling of the size
will also be small, say 1&ad. Now

<S>(T)4(1&ad)<S>((11d)T) (2)

Making d very small yields the simple relation a<S>4Td<S>/dT,
which can be solved to give the power-law relation <S>(T)4S0T

a.
The exponent a is called a critical exponent, and is a universal predic-
tion of a given theory. (This means that if the theory correctly
describes an experiment, the critical exponents will agree.) In our
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Figure 7 Scaling of avalanche shapes. a, Voltage pulse (number of domains 
flipped per unit time) during a single large avalanche (arbitrary units). Notice how 
the avalanche almost stops several times: if the forcing were slightly smaller, this 
large avalanche would have broken up into two or three smaller ones. The fact that 
the forcing is just large enough to keep the avalanche growing is the cause of the 
self-similarity: on average a partial avalanche of size S will trigger one other of size S.
b, Average avalanche shapes94 for avalanches of different duration for our model 
(A. Mehta and K.A.D., unpublished results). In addition to predicting power laws, 

our theories should describe all behaviour on long scales of length and time 
(at least in a statistical sense). In particular, by fixing parameters one can predict what
are called scaling functions. If we average the voltage as a function of time over all
avalanches of a fixed duration, we obtain an average shape. In our simulation, this
shape is the same for different durations. c, Experimental data of Spasojević et al.95

showing all large avalanches averaged after scaling to fixed duration and area. 
The experimental average shape is very asymmetric and is not described correctly 
by our model.
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work, we write the exponent a relating time to size in terms of three
other critical exponents, a41/snz. 

There are several basic critical exponents, which arise in various
combinations depending on the physical property being studied. The
details of the naming and relationships between these exponents are
not a focus of this article. Briefly, the cutoff in the avalanche size dis-
tribution in Fig. 2 gets larger as one approaches the critical disorder as
(R1Rc)

11/s (Fig. 2). The typical length L of the largest avalanche is
proportional to (R1Rc)

1n. At Rc, the probability of having an
avalanche of size S is S1(t&sbd) (Fig. 2); and just at the critical field it is
S1t. (Note that the small change in scale d should not be confused
with the critical exponent d.) The fractal dimension of the avalanches
is 1/sn, meaning the spatial extent L of an avalanche is proportional
to the size Ssn. The duration T of an avalanche of spatial extent L is Lz.

To specialists in critical phenomena, these exponents are central;
whole conversations will seem to rotate around various combina-
tions of Greek letters. Critical exponents are one of the relatively easy
parameters to calculate from the various analytic approaches, and so
have attracted the most attention. They are derived from the 
eigenvalues of the linearized flows about the fixed point S* in Fig. 4.
Figure 8 shows our numerical estimates76 for several critical 
exponents in our model in various spatial dimensions, together with
our 6-; expansions78,80 for them. Of course the key challenge is not to
get analytical work to agree with numerics: it is to get theory to agree
with experiment. Figure 9 shows that our model does well in 
describing a wide variety of experiments, but that two alternative
models (with different flows around their fixed points) also fit.

Critical exponents are not everything: many other scaling 
predictions, explaining wide varieties of behaviour, are relatively
straightforward to extract from numerical simulations. Universality
extends even to those properties of long length scales for which 
written formulas do not yet exist. Perhaps the most important of
these other predictions are the universal scaling functions. For 
example, consider the time history of the avalanches, V(t), denoting
the number of domains flipping per unit time. (We call it V because it
is usually measured as a voltage in a pickup coil.) Each avalanche has
large fluctuations, but we can average over many avalanches to get a
typical shape. Figure 7b shows the average over all avalanches of fixed
duration T, which we shall call <V>(T, t). Universality again suggests
that this average should be the same for experiment and a successful

theory, apart from an overall shift in time and voltage scales: 
<V>experiment(T,t)4A<V>theory(T/B, t/B). Comparing our model to
itself with a shifted timescale becomes straightforward if we change
variables: let v(T, t/T)4 <V>(T, t), so v(T, t/T)4Av(T/B, t/T). 
Here t/T is a particularly simple example of a scaling variable. Now, if
we rescale time by a small factor B41/(11d), we have
v(T,t/T)4(1&bd)v(t/T,(11d)T). Again, making d small we 
find bv4T!v/!T, with solution v4v0T

b. However, the integration
constant v0 will now depend on t/T, v04V(t/T), so we arrive at the
scaling form

<V>(t, T)4T b V(t/T) (3)

where the entire scaling function V is a universal prediction of 
the theory. 

Figure 7b,c shows the universal scaling functions V for our
model94 and an experiment95. For our model, we have drawn what 
are called scaling collapses, a simple but powerful way both to 
check that we are in the scaling regime, and to measure the universal
scaling function. Using the form of the scaling equation (3), we 
simply plot T1b<V>(t, T) versus t/T, for a series of long times T. All
the plots fall onto the same curve, which means that our avalanches
are large enough to be self-similar. (If in the scaling collapse the 
corresponding plots do not all look alike, then any power laws 
measured are probably accidental.) The scaling collapse also provides
us with a numerical evaluation of the scaling function V. Note that we
use 1/snz11 for the critical exponent b. This is an example of an
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calculated only to linear order in ;, except for the correlation length exponent n, where
we use results from other models78,80. The agreement even in three dimensions is
remarkably good, considering that we are expanding in ; where ;43. Note that
perturbing in dimension for our system is not only complicated, but also
controversial111 (see also section VI.C of ref. 78 and section V of ref. 76).
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Figure 9 Comparing experiments with theory: critical exponents. Different
experiments on crackling noise in magnets measure different combinations of the
universal critical exponents. Here we compare experimental measurements88,95,112–122

(see also Table I of ref. 73) to the theoretical predictions for three models: our
model15,73–76, the front-propagation model46–51,121 and mean-field theory. (In mean-
field theory our coupling J in equation (1) couples all pairs of spins: such long-range
interactions occur because of the boundaries in models with magnetic dipolar
forces90. Mean-field theory is equivalent to a successful model with a single degree of
freedom123,124.) Shown are power laws that give the probability of obtaining an
avalanche of a given size, duration or energy at the critical point ; also shown is the
critical exponent giving the power as a function of frequency94 (due to the internal
structure of the avalanches; Fig. 7a). In each pair of columns, the first column includes
only avalanches at external fields H in equation (1) where the largest avalanches
occur, and the second column (when it exists) includes all avalanches. The various
combinations of the basic critical exponents can be derived from exponent equality
calculations similar to the one discussed in the text73,80,94. Many of the experiments
were done years before the theories were developed, and many did not report error
bars. All three theories do well (especially considering the possible systematic errors
in fitting power laws to the experimental measurements; see Fig. 2). Recent work
indicates a clumping of experimental values around the mean-field and front-
propagation predictions121.
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exponent equality and is easily derived from the fact that
<S>(T)4¢<V>(t, T)dt4¢T b V(t/T)dt ~ T b&1, and the scaling 
relation <S>(T) ~ T 1/snz. 

Notice that our model and the experiment have different shapes
for V. The other two models from Fig. 9 also give much more 
symmetrical forms for V than the experiment does94. How do we
react to this? Our models are falsified if any of the predictions are
shown to be wrong asymptotically on long scales of length and time.
If duplication of this measurement by other groups continues to
show this asymmetry, then our theory is obviously incomplete. 
Even if later experiments in other systems agree with our predictions,
it would seem that this particular system is described by an 
undiscovered universality class. Incorporating insights from 
careful experiments to refine the theoretical models has always been
crucial in the broad field of critical phenomena. The message we
emphasize here is that scaling functions can provide a sharper tool 
for discriminating between different universality classes than 
critical exponents. 

In broad terms, most common properties that involve large scales
of length and time have scaling forms. Using self-similarity, we can
write functions of N variables in terms of scaling functions of N11
variables: F(x, y, z)4z1aF(x/zb, y/zg). In the inset to Fig. 2, we show
the scaling collapse for the avalanche size distribution:
D(S,R)4S1(t&sbd)D((R1Rc)/S1s). (This example illustrates that
scaling works not only at Rc but also near Rc; the maroon unstable
manifold in Fig. 4 governs the behaviour for systems near the critical
manifold C.)

Many other kinds of properties beyond critical exponents and
scaling functions can be predicted from these theories. Figure 10
shows the spatial structure of a large avalanche in our model: notice
that not only is it fractal (rugged on all scales), but also that it is longer
than it is wide96, and that it is topologically interesting97. (It has 
tunnels, and sometimes during the avalanche it forms a tunnel and
later winds itself through it, forming a knot. It is interesting that the
topology of the interfaces in the three-dimensional Ising model have

applications in quantum gravity97.) In other systems, the statistics of
all of these properties have been shown to be universal on long scales
of  length and time.

Continuing challenges
Despite recent developments, our understanding of crackling noise is
far from complete. There are only a few systems28,32,48,49,53,54,78–80 where
the renormalization-group framework has substantially explained
even the behaviour of the numerical models. There are several other
approaches63,64,87,98–100 that have been developed to study crackling
noise, many of which share our view of developing effective descrip-
tions on long scales of length and time. But the successes remain
dwarfed by the bewildering variety of systems that crackle. Achieving
a global perspective on the universality classes for crackling noise
remains an open challenge.

An even more important challenge is to make quantitative 
comparison between the theoretical models and experimental 
systems. We believe that going beyond power laws will be crucial in
this endeavour. The past focus on critical exponents has sometimes
been frustrating: it is too easy to find power laws over limited scaling
ranges101, and too easy to find models which roughly fit them. It also
seems unfulfilling, summarizing a complex morphology into a single
critical exponent. We believe that measuring a power law is almost
never definitive by itself: a power law in conjunction with evidence
that the morphology is scale invariant (for example, a scaling 
collapse) is crucial. By aggressively pursuing quantitative 
comparisons of other, richer measures of morphology such as the
universal scaling functions, we will be better able both to 
discriminate among theories and to ensure that a measured power
law corresponds to a genuine scaling behaviour.

Another challenge is to start thinking about the key ways that
these complex spatiotemporal systems differ from the phase transi-
tions we understand from equilibrium critical behaviour. (The
renormalization-group tools developed by our predecessors are
seductively illuminating, and it is always easy to focus where the light
is good.) For example, in several of these systems there are collective,
dynamical ‘memory’ effects15,102–105 that may even have practical
applications106. The quest for a scaling theory of crackling phenome-
na needs to be viewed as part of the larger process of understanding
the dynamics of these nonlinear, non-equilibrium systems.

A final challenge is to make the study of crackling noise profitable.
Less noise from candy wrappers11–13 in cinemas and theatres is not the
most pressing of global concerns. Making money from fluctuations
in stock prices is already big business58,59. Predicting earthquakes over
the short term probably will not be feasible using these approaches107,
but longer-term prediction of impending large earthquakes may be
both possible86 and useful (for example, for guiding local building
codes). Understanding that the large-scale behaviour relies on only a
few emergent material parameters (disorder and external field for
our model of magnetism) will lead to the study of how these 
parameters depend on the microphysics. We might dream, for 
example, of learning eventually how to shift an active earthquake
fault into a harmless, continuously sliding regime by adding 
lubricants to the fault gouge. In the meantime, crackling noise is basic
research at its elegant, fundamental best. ■■
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95. Spasojević, D., Bukvić, S., Milos̆ević, S. & Stanley, H. E. Barkhausen noise: elementary signals,

power laws, and scaling relations. Phys. Rev. E 54, 2531–2546 (1996).

96. Family, F., Vicsek, T. & Meakin, P. Are random fractal clusters isotropic? Phys. Rev. Lett. 55, 641–644 (1985).

97. Dotsenko, V. S. et al. Critical and topological properties of cluster boundaries in the 3D Ising model.

Phys. Rev. Lett. 71, 811–814 (1993).

98. Kadanoff, L. P., Nagel, S. R., Wu, L. & Zhou, S.-M. Scaling and universality in avalanches. Phys. Rev.

A 39, 6524–6537 (1989).

99. Dhar, D. The Abelian sandpile and related models. Physica A 263, 4–25 (1999).

100. Paczuski, M., Maslov, S. & Bak, P. Avalanche dynamics in evolution, growth, and depinning models.

Phys. Rev. E 414–443 (1996).

101. Malcai, O., Lidar, D. A., Biham, O. & Avnir, D. Scaling range and cutoffs in empirical fractals. Phys.

Rev. E 56, 2817–2828 (1997).

102. Fleming, R. M. & Schneemeyer, L. F. Observation of a pulse-duration memory effect in K0.30MoO3.

Phys. Rev. Lett. 33, 2930–29321(1986).

insight review articles

NATURE | VOL 410 | 8 MARCH 2001 | www.nature.com 249© 2001 Macmillan Magazines Ltd



103. Coppersmith, S. N. & Littlewood, P. B. Pulse-duration memory effect and deformable charge-

density waves. Phys. Rev. B 36, 311–317 (1987). 

104. Middleton, A. A. Asymptotic uniqueness of the sliding state for charge-density waves. Phys. Rev.

Lett. 68, 670–673 (1992).

105. Amengual, A. et al. Systematic study of the martensitic transformation in a Cu-Zn-Al alloy—

reversibility versus irreversibility via acoustic emission. Thermochim. Acta 116, 195–308 (1987).
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I
t has become hard for us to

watch a nightly news bul-

letin without hearing phras-

es such as “thirty dead in

Iraq,” “five wounded in

Afghanistan,” “three guer-

rilla attacks in Colombia,” or “ten

killed in a terrorist bomb in Indonesia.” We are then typ-

ically presented with a number of studio experts who try

to explain away the numbers by drawing on idiosyncrat-

ic details of the conflict in question. Although often uncon-

vincing, their approach is perfectly defensible given the

very different origins, motivations, locations and durations

of these separate conflicts. However recent research by a

multi-disciplinary team of Complexity scientists suggests

that all these sociological, political and strategic experts

may have missed something crucial. 

Using techniques from the physics of Complex Systems,

the research team has shown that the dynamics underly-

ing all such modern conflicts, including global terrorism,

are remarkably universal. Furthermore they have devel-

oped a physics-based theory describing the dynamics of

insurgent group formation and attacks, which neatly

explains the universal patterns observed in all modern

wars and terrorism. The implications are quite sobering:

Regardless of the origins and locations of modern conflicts,

the insurgent groups in each case are operating in the

same way. In short, it is effectively the same enemy on all

fronts.

There are two reasons why the field of human conflict

should be of interest to a physicist. First, the increased avail-

ability of computerized datasets means that there is a data

revolution underway across the social sciences–just as

the field of astronomy recently caught alight as a result

of improved data collection. Human conflict is as old as

mankind itself–however, a lack of reliable time-series data

in the past has kept it out of reach of the quantitative sciences.

This has now changed with the media, governments and

non-governmental organizations all now regularly collecting

data on ongoing conflicts. Admittedly the analysis of their

datasets is not always straightforward–not only do the indi-

vidual agencies differ in their numbers, but the way in which

the figures are reported can differ quite markedly. Extensive

cross-checks from the various sources must therefore be car-

ried out prior to any data analysis. 

The second reason touches the fascinating aspect of

Complexity Science itself. In particular, modern wars seem

to exhibit all the common characteristics of Complex Systems:

(1) There is feedback, both at the microscopic and macro-

scopic scale, yielding a system with memory and non-

Markovian dynamics. (2) The time-series of events is non-

stationary. (3) There are many types of “particle,” according

to the various armed actors, and they interact in possibly time-

dependent ways. The war's evolution is then driven by this

ecology of agents. (4) The agents can adapt their behavior

and decisions based on past outcomes. The system is far

from equilibrium and can exhibit extreme behavior–for exam-

ple, if the strategies of several groups of agents suddenly coin-

cide. (5) The observed war constitutes a single realization of

the system's possible trajectories. (6) The system is open, with

this coupling to the environment making it hard to distinguish

between exogenous (i.e. outside) and endogenous (i.e. inter-

nal, self-generated) effects. 

Mike Spagat from the University of London, Jorge Restrepo

and Roberto Zarama in Bogota, Colombia, and I have com-

piled, cross-checked and analyzed event datasets for a wide

variety of ongoing and recent wars, including acts of global

terrorism. In each case, we plotted the histogram of the num-

ber of events within a given war with x or more casualties,

versus x, on a log-log plot. What we found was really quite

startling. Although wars are the antithesis of a ordered sys-

tem, the datapoints for each war fell neatly on to a straight

line (see the figure). This suggests a power-law behavior, which

we then confirmed statistically. We repeated this exercise for

wars as diverse as Israel, Senegal, Peru, Afghanistan and

Colombia. In each case we obtained a power-law, i.e. the frac-

tion of events with x casualties varies as x-a. This finding is

remarkable given the different conditions, locations and dura-

tions of these separate wars. For example, the Iraq war is being

fought in the desert and cities and is fairly recent, while the

twenty-year old Colombian war is being fought in mountain-

ous jungle regions against a back-drop of drug-trafficking and

Mafia activity. This power-law finding also has some very

important practical implications in terms of military planning.

It means there is no typical size of event –unlike the bell-curve

for population heights, for example, which is centered around

an average height. Deadly events with many casualties will

occur–rarely, but they will occur. This is again unlike the case

of heights, where the chances that someone will be taller than

ten feet are truly negligible.

But the surprises don't stop there. Not only did we obtain

straight-line slopes, but these slopes all produced a power-

law exponent α near 2.5. Furthermore Aaron Clauset and co-

workers recently analyzed an extensive database of global

terror events, and also obtained a power-law–with an α value

equal to 2.5. By contrast when we looked at data from older

wars–such as the civil wars in the US, Spain and Russia –we

found no statistical evidence for a power-law at all.

Furthermore, the power-law exponent is insensitive to any

systematic over- or under-reporting of casualties, because the

overall number of casualties is just a normalizing factor.

Hence the power-law signature successfully focuses on the

war's internal pattern of events and hence casualties, as

opposed to simply monitoring the aggregate number.

But why should 2.5 be such a magic number for modern

wars and global terrorism? To answer this, we developed a

model of dynamical group-formation to describe an insur-

gent force. Our cue came from the fact that most modern wars,

including terrorism, can be characterized by an asymmetric

‘David-and-Goliath’ structure in which a small, but agile, insur-

gent force faces a much stronger, but more rigid, institution-

al force such as a state’s army. Because of its less rigid struc-

ture, the insurgent force is able to self-organize itself into a

loosely connected soup of attack units which combine and

dissociate over time in response to their own ad hoc opera-

tions, and in response to the state army's operations. These

attack units are shown in the inset in the figure. The number

of dark shadows in each unit is proportional to the number

of casualties that that unit will inflict in a typical conflict event.

Each attack unit comprises a group of people, weapons,

explosives, machines, or even information, which temporar-

ily organizes itself to act as a single unit. In the case of peo-

ple, this means that they are probably connected by a com-

mon location, or by some common communication system.

However, an attack unit may also consist of a combination

of people and objects–for example, explosives plus a few peo-

ple, such as in the case of suicide bombers. Such an attack

unit, while only containing a few people, could have a high

attack strength. Information could also be a valuable part of

an attack unit. A lone suicide bomber who knows when a cer-

tain place will be densely populated–for example a military

canteen at lunchtimes–and who knows how to get into such

a place unnoticed, will also represent an attack unit with a

high attack strength. When a given

attack unit undertakes an attack, it

creates a number of casualties pro-

portional to its strength–hence the

distribution of attack-unit strengths

will reflect the distribution of casu-

alties which arise in the war. 

When our model is solved analytically, it produces a

power-law with α =2.5. If we then make the group for-

mation-dissociation probabilities depend on the existing

group sizes, this α value can be moved toward 2.0 or 3.0,

thereby incorporating all the results for modern wars.

Generalizing the model further to include multiple insur-

gent groups, yields a near-perfect fit with the real data over

the entire range of  x, including the nonlinear deviations

at high and low x. Hence we can explain the entire range

of casualty events in all modern wars and terrorism using

slight variations of the same basic model.

While outside the realm of traditional physics, this new

line of physics research has led to a novel quantitative

understanding of current world conflicts, terrorism and

insurgent warfare. In particular, it suggests that the dynam-

ics of insurgent group formation are the same across all

arenas–from the jungles of Colombia through to the

deserts of Iraq, and including the entire world stage of glob-

al terrorism. In short, the way in which modern wars and

terrorism are being waged has less to do with geography

or ideology, and more to do with the day-to-day mechan-

ics of human insurgency–in other words, it is simply the

way in which insurgent groups of human beings fight when

faced with a much stronger, but more rigid, opponent. As

a consequence of this, it would seem that unless the

stronger, but more rigid, opponent can change its tactics,

the same statistical patterns of casualties will be repeat-

ed indefinitely into the future.

What about the future of this research? Having looked at

event sizes, we are now focusing on their timing–not only in

ongoing wars, but also in organized crime activity including

homicides, kidnappings and extortion. With the help of Sean

Gourley, Juan Camilo Bohorquez and Elvira Restrepo at the

Universidad de Los Andes in Colombia, we have success-

fully created multi-agent models which mimic the decision-

making dynamics of insurgent groups, just as had been done

earlier for groups of financial traders within the so-called

Econophysics community (see Financial Market Complexity

(Oxford University Press, 2003)). By analyzing the size,

timing and spatial coordinates of a given event, as well as

the groups involved, we are now able to reconstruct the pos-

sible trails which a particular insurgent group might have fol-

lowed. Just as in a multi-species ecological setting within the

natural world, we are interested in determining the behav-

iors and possible protocols which arise when a particular group

from insurgent army A happens to cross the path of a partic-

ular group from insurgent army B. In particular, we are try-

ing to deduce whether they decide to fight each other, col-

laborate, ignore each other–or even consciously avoid each

other. Going further, we know that wars like the ones in

Colombia and Afghanistan have taken place against the back-

drop of an illicit trade such as drug trafficking. This activi-

ty provides an effective nutrient supply in the form of money

for buying supplies and weapons, and thereby helps feed the

war as a whole. So just like a fungus will thrive in a forest,

or a cancer tumour will thrive in a host, these armed groups

are fed by a rich source of nutrients which allows them to

self-organize into a robust structure. Admittedly, just like a

jungle itself, this is all very far from our everyday experiences

as physicists. But the exciting news is that the tools to help

answer such unlikely questions are now beginning to emerge

–and they are emerging from a very unlikely source: Physics.
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Log-log plot of the fraction of all events in the Iraq War with x or more casu-

alties, versus x. Squares are actual war data. The line is produced by the

physics-based analytic model (see inset). All modern wars, including terror-

ism, show power-law like behavior with exponents in the vicinity of 2.5. The

analytic model considers insurgent armies as an ecology of attack units, which

undergo frequent coalescence and fragmentation. The number of dark shad-

ows is proportional to the number of casualties which each attack unit can

typically inflict in a conflict event. Full details are given in e-print “Universal

patterns underlying ongoing wars and terrorism,” by Neil F. Johnson, Mike

Spagat, Jorge A. Restrepo, Oscar Becerra, Juan Camilo Bohorquez, Nicolas

Suarez, Elvira Maria Restrepo, Roberto Zarama, which is available at

http://xxx.lanl.gov/abs/physics/0605035
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